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Abstract

By generalizing the definition of B. S. Zhong, we introduce the concept of fuzzy weakly r-semicontinuous maps
in fuzzy topology of Chattopadhyay. Then the concept introduced by B. S. Zhong become special case of our
definition. Also, we show that fuzzy weakly r-semicontinuity and fuzzy weakly r-continuity are independent

notions.
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1. Introduction

Chang [1] introduced fuzzy topological spaces and
several other authors continued the investigation of
such spaces. B. S. Zhong [7] introduced the concept of
fuzzy weakly semicontinuous maps in Chang’s fuzzy
topology. Chattopadhyay and his colleagues [2, 3] in-
troduced another definition of fuzzy topology as a gen-
eralization of Chang’s fuzzy topology. By generalizing
the definition of B. S. Zhong, we introduce the concept
of fuzzy weakly r-semicontinuous maps in fuzzy topol-
ogy of Chattopadhyay. Then the concept introduced
by B. S. Zhong become special case of our definition.
Also, we show that fuzzy weakly r-semicontinuity and
fuzzy weakly r-continuity are independent notions.

2. Preliminaries

We will denote the unit interval [0, 1] of the real line
by I and Iy = (0,1]. A member p of I¥ is called a
fuzzy set in X. For any u € I, u denotes the com-
plement 1 — .. By 0 and 1 we denote constant maps on
X with value 0 and 1, respectively. All other notations
are standard notations of fuzzy set theory.

A Chang’s fuzzy topology on X is a family T of
fuzzy sets in X which satisfies the following properties:

(1) 0,1eT.
2) fpy,pp €T thenpy Ay €T,
(3) If p; € T foreachs, then \/ p; € T.

The pair (X, T) is called a Chang’s fuzzy topological
space.

A fuzzy topology on X isamap 7 : IX — [ which
satisfies the following properties:

() TO)=7T(1) =1
(@) T A pz) > T (1) AT (p2).
(3) TV ) 2 AT (pa)-
The pair (X, T) is called a fizzy topological space.

For each a € (0,1}, a fuzzy point x,, is a fuzzy set
in X defined by

To(y) = {g

In this case, = and « are called the support and the value
of x4, respectively. A fuzzy point z, is said to belong
to a fuzzy set p in X, denoted by z,, € p, if & < p(x).

if y=uz,
if y#zx.

Definition 2.1. ([5]) Let u be a fuzzy set in a fuzzy
topological space (X, T) and r € Ip. Then y is said to
be

(1) fuzzy r-openif T (u) >,
(2) fuzzy r-closed if T{u®) > r.

Definition 2.2. ([5, 6]) Let i be a fuzzy set in a fuzzy
topological space (X,7) and r € Iy. Then y is said to
be
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(1) fuzzy r-semiopen if there is a fuzzy r-open set p
in X such that p < pu < cl(p, 1),

(2) fuzzy r-semiclosed if there is a fuzzy r-closed set
pin X such thatint{p,r) < pu < p,

(3) fuzzy r-regular open if int(cl(u,r),r) = p,
(4) fuzzy r-regular closed if cl(int(p, ), 1) = p.

Theorem 2.3. ([S]) Let u be a fuzzy set in a fuzzy topo-
logical space (X,7) and r € I;. Then the following
statements are equivalent:

(1) pis afuzzy r-semiopen set.
(2) pcis afuzzy r-semiclosed set.
@) cl(int(p,r),7) > p.

@) int(cl(p®,r),r) < pc.

Definition 2.4. ([5]) Let (X, 7) be a fuzzy topological
space. For each r € Iy and for each p € IX, the fuzzy
r-semiclosure is defined by

scl{p, ) — /\{p € I* | p < p, pis fuzzy r-semiclosed},

and the fuzzy r-semiinterior is defined by

sint(,m) = \/{p € I | p > p,
p is fuzzy r-semiopen}.

Obviously scl(u,7) is the smallest fuzzy 7-
semiclosed set which contains g and sint(y,r) is the
greatest fuzzy r-semiopen set which is contained in .
Also, scl{u,r) = p for any fuzzy r-semiclosed set u
and sint(p,r) = p for any fuzzy r-semiopen set p.
Moreover, we have

int(p, ) < sint(p,7r) < p < scl(p,r) < cl(p,r).
Also, we have the following results :

(1) sel(0,r) = O, scl(I,r) = I, sint(0,r) = 0,

sint{1,r) = 1.
(2) scl(u,r) > u, sint(p,r) < p.

(3) scl{p V p,ry > scl{u,r) V scl{p,r), sint(u A
p,7) < sint{p,7) A sint(p, 7).

(4) scl(scl(y,r),r) = scl(p, ), sint(sint(p,r),7) =
sint(g, ).

Theorem 2.5. ([4]) For a fuzzy set u in a fuzzy topo-
logical space X and r € Iy, we have :

(1) sint(p, ) = scl{p®,r).
(2) scl(u,r)¢ = sint(u, 7).
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Definition 2.6. ({4, 5, 6]) Let f : (X,T) — (Y,U)
be a map from a fuzzy topological space X to a fuzzy
topological space Y and r € Iy. Then f is called

(1) afuzzy r-continuous map if f~!(u) is a fuzzy r-
open set in X for each fuzzy r-openset pin Y,

(2) a fuzzy r-semicontinuous map if f~l(u) is a
fuzzy r-semiopen set in X for each fuzzy r-open
set 1 in Y, or equivalently, f~!(u) is a fuzzy r-
semiclosed set in X for each fuzzy r-closed set
mnY,

(3) a fuzzy almost r-continuous map if f~1(u) is a
fuzzy r-open set in X for each fuzzy r-regular
opensetpinY,

(4) a fuzzy weakly r-continuous map if f='(p) <
int(f~(cl(u, 7)), ) for each fuzzy r-open set p
inY.

(5) a fuzzy r-irresolute map if f=1(u) is a fuzzy -
semiopen set in X for each fuzzy r-semiopen set
pinY.

3. Fuzzy weakly r-semicontinuous maps

We define the notion of fuzzy weakly r-
semicontinuous maps, and investigate some of their
properties.

Definition 3.1. Let f : (X,7) — (Y,U) be a map
from a fuzzy topological space X to a fuzzy topo-
logical space Y and r € Ip. Then f is called
a fuzzy weakly r-semicontinuous map if f~1(y) <
sint(f~1(scl(u, 7)), r) for each fuzzy r-open set y in
Y.

Remark 3.2. It is obvious that a fuzzy r-
semicontinuous map is also a fuzzy weakly r-
semicontinuous map for each r € Ip. But the converse
does not hold as in the following example.

Example 3.3, Let X = {z,y,z} and p; and pg be
fuzzy sets in X defined as

1 1 1
pi(x) = 3 piy) = 3 pi(z) = X

and
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DefineT; : IX —» Tand T : IX — I by

i p=ps,

1
T(w) =13
0 otherwise;

and

if p=0,1,

if p=pm, po,
otherwise.

Ta(p) =

O ol

Then 7; and 73 are fuzzy topologies on X. Con-
sider the map f : (X,71) — (X,7;) defined by
f(z) = z foreach z € X. Thus f is fuzzy weakly %-
semicontinuous map. But f~1(u1) = py is not fuzzy
1-semiopen in (X, 7;) and hence f is not a fuzzy 3-
semicontinuous map.

Theorem 3.4. Let f : (X,T) — (Y,U) be a fuzzy al-
most 7-continuous map. Then f is also a fuzzy weakly
r-semicontinuous map.

That the converse of Theorem 3.4 need not be true
is shown by the following example.

Example 3.5. Let X = I and p; and u, be fuzzy sets
in X defined as

1 (z) = 0 if 0<z<i,
T ez -1 i L<a<

and
1 if 0<z <y,
po(z) = ~4z+2 if 1<z <3,
0 if 3<z<L
Define 7 : IX — I by
1 if u=0,1,
T(w) =43 if p=p, p2, 11V po,
0 otherwise.

Then 7 is a fuzzy topology on X. Let f : (X,T) —
(X,T) be defined by f(z) = 3z. It is easy to
see that f—l(()) = 67 f_l(i> = i!f~1(u1) =
0 and f(uo) = f 1w V p2) = p§. Since
cl(uz,%) = pf, p§ is a fuzzy %-semiopen set and
thus f is a fuzzy 2-semicontinuous map. Hence f
is a fuzzy weakly 5-semicontinuous map. Note that
int(cl(pua, %), %) = po. Thus sy is a fuzzy -regular
open setin Y. But f~(ug) = u§ is not fuzzy %-open.
Hence f is not a fuzzy almost %-continuous map.

Remark 3.6. That a fuzzy weakly r-semicontinuous
map need not be a fuzzy weakly r-continuous map and
a fuzzy weakly r-continuous map need not be a fuzzy
weakly r-semicontinuous map is shown in the follow-
ing examples.

Example 3.7. A fuzzy weakly r-semicontinuous map
need not be a fuzzy weakly r-continuous map.

Let X = {z,y, 2} and p1, p2 and p3 be fuzzy sets
in X defined as

3 1 1
pa(x) = 0 lll(y) =10 Hl(z) =10
1 1 1
po(z) = 7 paly) = bX po(2) = 5
and
Y= %, pa() = ==, Halz) =0
ps(z = Haly) = 15> Ha(2) =0

Define T; : IX > Tand 75 : IX — I'by
1 if u=0,1,

Ti(p) =3 if p=ps,

0 otherwise;

and o

if p=0,1,
if H = l1, U2,

1
Topw) =4 3
0 otherwise.

Then 7; and 75 are fuzzy topologies on X. Con-
sider the map f : (X,71) — (X,72) defined by
f(z) = z foreach x € X. Then f is a fuzzy weakly
%-semicontinuous map. f is not a fuzzy weakly %—
continuous map.

Example 3.8. A fuzzy weakly r-continuous map need
not be a fuzzy weakly r-semicontinuous map.

From the above two examples, we have the follow-
ing result.

Theorem 3.9. Fuzzy weakly r-semicontinuous maps
and fuzzy weakly r-continuous maps are independent
notions.

From the above definitions and theorems one may
easily verify the following implications.

Theorem 3.10. Let f : (X,7) — (Y,U) be a map
from a fuzzy topological space X to a fuzzy topologi-
cal space Y and r € I. Then the following statements
are equivalent:
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(1) f is a fuzzy weakly r-semicontinuous map.

(2) scl(f~(sint(p,7)),7) < f~1(u) for each fuzzy
r-closed set pin Y.

(3) f~(int(p,r)) < sint(f~(scl(p,7)),r) for each
fuzzysetpin Y.

@) scl(f~1(sint(p,7)),7) < f~1(cl(p,r)) for each
fuzzysetpinY.

Definition 3.11. Let f : (X,7) — (Y,U) be a map
from a fuzzy topological space X to a fuzzy topolog-
ical space Y and r € I. Then f is said to be fuzzy
weakly r-semicontinuous at a fuzzy point z, in X if for
each fuzzy r-open set pinY and f(z,) < p, there ex-
ists a fuzzy r-semiopen set p in X such that z, € p and
flp) < scl(p, ).

Theorem 3.12. Let f : (X,7) — (Y,U) be a map
from a fuzzy topological space X to a fuzzy topolog-
ical space Y and r € I,. Then f is fuzzy weakly
r-semicontinuous if and only if f is fuzzy weakly r-
semicontinuous for each fuzzy point z, in X.

Let (X,7) be a fuzzy topological space. For an
r-cut 7, = {u € IX | T(w) > r}, it is obvious that
(X,7,) is a Chang’s fuzzy topological space for all
r € Iy.

Let (X,T) be a Chang’s fuzzy topological space
and r € Iy. Recall [2] that a fuzzy topology 7" : IX —
I is defined by

1 if p=0,1,

roif p=T-1{0,1},

0 otherwise.

Theorem 3.13. Let f : (X,7) — (Y,U) be a map
[rom a fuzzy topological space X to a fuzzy topolog-
ical space Y and r € Iy. Then f is fuzzy weakly r-
semicontinuous if and only if f : (X, 7;) — (Y,U,) is
fuzzy weakly semicontinuous.

T" (1) =
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Theorem 3.14. Let f : (X,T) — (Y,U) be a map
from a Chang’s fuzzy topological space X to a Chang’s
fuzzy topological space Y and r € Ip. Then f is fuzzy
weakly semicontinuous if and only if f : (X, T") —
(Y,U™) is fuzzy weakly r-semicontinuous.

Remark 3.15. By the above two theorems, we know
that the concept of a fuzzy weakly r-semicontinuous
map is a generalization of the concept of a fuzzy weakly
semicontinuous map.
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