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Abstract: In this paper, a new type of output feedback control, called a Hz/Hos finite memory control (FMC), is proposed
for deterministic state space systems. Constraints such as linearity, unbiasedness property, and finite memory structure with
respect to an input and an output are required in advance to design Hz/Ho FMC in addition to the performance criteria in
both Hy and Hoo sense. It is shown that Ha, Heo, and mixed Hz/Ho FMC design problems can be converted into convex
programming problems written in terms of linear matrix inequalities (LMIs) with some linear equality constraints. Through
simulation study, it is illustrated that the proposed H2/H. FMC is more robust against uncertainties and faster in convergence

than the existing Ha/H output feedback control schemes.
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1. Introduction

The mixed Hs/H o output feedback control utilizes measure-
ments to generate the control that satisfies both Hy and Hoo
specifications given in terms of bounds [1], [2], [3], [4]. These
controls can be synthesized by combining a control part and
an estimation part or by generating the control from dynamic
models. In case of the latter, the transfer function from the
measurement to the control has an infinite impulse response
(IIR).

In signal processing area, the system with finite impulse re-
sponse (FIR) is preferable since the accumulation of undesir-
able effects can be avoided due to a finite memory structure.
Thus, there have been a wide of researches on characteris-
tics and efficient implementations for FIR systems. As FIR
systems, FIR filters have been widely used and investigated,
which were also proposed in state space models as a sub-
stitute of Kalman filter [5], [6]. In case of controls, there
are some trials to apply the finite memory structure as the
FIR system to the design of the control according to the lin-
ear quadratic Gaussian performance criterion for continuous-
time systems [7] and discrete-time systems [8], respectively.
However, there are no results for Ho, performance criterion
and mixed Hz/Hs performance criterion. In this paper,
H and mixed Hz/Ho output feedback controls with finite
memory structure will be proposed.

Hs, and mixed Hs/Hoo output feedback controls with finite
memory structure can be represented using measurements

and inputs during a finite time, i.e., a horizon, as

k—1 k—1
U = Z Hy_iyi + Z Ly—iu; (1)

i=k—Np i=k—Ny

for some gains H; and L;. Note that even though the con-
trol (1) uses the finite measurements and inputs on the recent
time interval as FIR filters, this is not of the FIR form. So
this kind of the control will be called finite memory controls
(FMC) rather than FIR controls. In this paper, H; and L;
will be determined to minimize the Ho performance crite-
rion under the upper bounded Hs performance and the FMC

with these H; and L; will be called the mixed H2/H. FMC.
The proposed Hz/H. FMC is both unbiased and opti-
mal by design for the given performance criterion. The
‘by design’ means that the unbiased property and optimality
are built into the proposed FMC during its design simultane-
ously. In addition, the centering concept [9] of the control to
the optimal state state feedback control makes BMI problem
change into LMI problem so that it gets easier to solve the
mixed Hz/Hs FMC problem.

This paper is organized as follows. In Section 2, some defi-
nitions and problem statement are given. In Section 3, Ha,
H, and mixed Hs/Hs FMC problems are solved in terms
of linear matrix inequalities (LMIs). In Section 4, numerical
example is given. Finally, conclusion is stated in Section 5.

2. Problem Formulation
Consider a linear discrete-time state space model:

Try1 =  Axg + Bup + Gy, (2)
Yy = Cxr+ Dwyg (3)
zk = Dixk+ Doug (4)

where z, € R, up € R, yr € R, and z; € RP are the
state, the input, the measurement, and the controlled signal,
respectively. Note that DY Dy = 0, DI Dy, = I, DGT = 0,
and DDT =T.

The system (2)-(3) will be represented in a batch form on
the time interval [k — Ny, k] called the filter horizon. On the
horizon [k — Ny, k], measurements are expressed in terms of
the state x at the time k and inputs as follows:

Yo = éwak + BNf Up-1 + GNfWk—l + DNfWk—l (5)

where
JAN T T T T
Yt = [We-n, Ye-Ngp+1 0 Y] (6)
AN T T T 1T
Ue-1 = [up-n; Uk-nyp41 00 Uk—a] s (7)
AN T T T 1T
Wi-1 = [wk—Nf Wk—Np41 " W—1]",



and C_'Nf, BNf, GNf are obtained from
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— A /_/;
D; = |[diag(D D --- D)]
= [diag(Di-1,D)], 1<i<Ny.

The mixed Hz/Ho FMC with FIR structure can be ex-
pressed as a linear function of the finite measurements Y _1
and inputs Uk_1 on the filter horizon [k — Ny, k] as follows:

wp 2 HYioy + LUk (11)

where H and L are gain matrices. It is desirable that the
FMC (11) should be unbiased from the desirable optimal
state feedback control as

Uk = Uk, Ywi =0 (12)

Denote Tew(2z) as the transfer function from the exogenous
input wy, to the difference ey, = ur —uj, between the input ug
and the optimal state feedback law uj,. H and L of the mixed
H>/Ho, FMC are determined by optimization problem based

on the following performance criterions:
B
subject to

wup Sizollzsl _
Do llwnlE =7

In the next section, we will present the solution of Hs and
H., FMC problems.

[Tew(2)ll2 < B (13)

3. Mixed H,/H., FMC

3.1. H, FMC
For wy, = 0, we obtain from (5)

HY), 1+ LUk

Uk
= HCnzp + HBNUr_1 + LUj_;.

The optimal state feedback control under the following LQ
criterion

Ncg—1
D [#heiQurrs + ks Runs;] + zign, Forin,  (14)
=0

is given by
up = —R 'BT[I+ KiBR 'BT|T'K;Auxy
= —[R+ B"K\B|"'B"K, Az, (15)

where K is given by

K, = A"Kip A—A"K, BI[R+ BTK,,,B]"'B”
X KH_lA + Q (16)
= A"K,[I+BR 'B"Kin| 'A+Q (17)

with the boundary condition
Ky, = F (18)

c

Therefore, the following constraints on H and L are required
for (12) to hold:

HCn, = —[R+B"K:B|"'B"K\A
HBn, = -L. (19)

From (19), the FMC in (11) is rewritten into

Uk = H(Yk_l 7BNka_1) (20)
HCn, = —[R+B"K:B|"'B"K\A (21)
The constraint HCn, = —[R+ B"K1B]"'B" K1 A will be

called the quasi-deadbeat constraint in the sense that it is a
deadbeat constraint for the nominal system without the ex-
ogenous input wr = 0, but may not be a deadbeat constraint
for the system (2) and (3) with nonzero exogenous input.
Next, we derive the transfer function 7Tew(z). Exogenous
input wy, satisfies the following state model on Wj_1

Wi = AuWi—1 + Bywg, (22)
where
0 I O 0
0o 0 I .0
A, = e ) .| e RPNr*PNs(23)
0 0 0 I
o o0 -- 0 0



(e R en)

B, = € RPNIXP (24)
1
It follows from (5) that
Yi1 — By Uk—1 = Cnpar 4+ (G + Dy )Wio1. (25)

Pre-multiplying (25) by H and using the constraint HC’Nf =
—[R+ BTK1B]"'BT K A gives

ek:uk—uZZH(G’Nf—l—DNf)Wk,l. (26)

From (41) and (40), we can obtain Te.,(z) as follows:
Tew(2) = H(Gn; + D, )(2I — Au) ' Bu. (27)
Based on T, (2), we have the following theorem for H> FMC:

Theorem 1: Assume that the following LMI problem is fea-
sible:

min tr(W) subject to
W

WS
gt 1| >0

where
S =FM(Gn, + Dn,) + Ho(Gn, + Dn;) (28)

, Ho = —[R+ BT K\B] ' B'K1 A(CY Cn,) "', and M7
is the bases of the null space of C% e Then the optimal gain
matrix of the Hy FMC of the form (20) is given by

H =FM + Hp.

Proof. The constraint HC’Nf =—[R+ BTKlB]leTKlA
is required for the Hy FMC to be of the form (20). Hs norm
of the transfer function Tew(2) in (27) is obtained by

||Tew(z)||§ = tr(H(GNf + DNf)M(GNf + DNf)THT),

where
M =" A B.B; (A7)
i=0
Since A%, = 0 for i > Ny, we obtain
0o Ny—1
M =" ALB,BL(A)) = Y ALB.Bl(A]) =1
i=0 i=0

Thus we have
||Tew(z)||§ = tr(H(éNf + DNf)(G’Nf + DNf)THT), (29)
Introduce a matrix variable W such that

W>H(GNf—‘y—DNf)(éNf-i-DNf)THT. (30)

Then tr(W) > ||Tew(2)||3. By Schur complement, (30) is
equivalently changed into

w H(GNf + DNf)
_ _ > 0. 31
(Gn; 4+ Dn;)"HT I 31
Hence, by minimizing tr(W) subject to HC’Nf = —[R+
BTKlB]leTKlA and the above LMI, we can obtain the
optimal gain matrix H for the Ho FMC. The equality con-

straint HC'Nf = —-[R+ BTKlB]leTKlA can be elimi-
nated by computing the null space of C'%. All solutions to
the equality constraint HC_‘Nf =—-[R+ BTKlB]leTKlA

are parameterized by
H = FM + Ho, (32)

where F' is a matrix containing the independent variables.
Replacing H by FM + Hp, the LMI condition in (31) is
changed into the one in the Theorem 1. This completes the
proof. B

3.2. H, FMC
For the system transfer function

A|B
C|D

we introduce the well-known bounded real lemma.

G(z) 2 =C(zI - A) " 'B+ D,

Lemma 1: (Bounded real lemma) Let v > 0. The following
two conditions are equivalent:

(1) 1G] < 7.

(2) There exists an X > 0 such that

-X XA XB 0
ATX -x o CO7
BTX 0 —I DT

0 C D —I

<0.

If we use the bounded real lemma to derive Hoo FMC, the
resultant matrix inequality can be described by BMI(Binear
Matrix Ineqality) with respect to H and L. Some compli-
cated BMI should be solved numerically. In the following,
instead of this BMI form, a LMI form of Ho, FMC will be
proposed by introducing a centering technique.

The state-feedback solution to the infinite horizon H per-
formance criterion of (13) is given in a form of

ui = —BTP[I+(BB" —7*GG")P] Az, (33)
wj = ~ *GTP[I-~y°GGTP]!
X (Azg + Buwy) (34)

where P is the solution to the following algebraic H, Riccati
equation:

P=A"P[I+ (BB" -~y ?GG")P| ' A+ DI D;.

Using wj, and the state space (2)-(3), the following new state
space is obtained :

Tiy1 = Azi+ Bu; + Gu;



Ax; + Bu; + G(w; — w]) + Gw;
[I+~72GGTP[I —y~*GG" P

(Az; + Bu;) + G(w; — wy)

[I —~?GG" P]™"(Az; + Buy)

GAw;

Cz; + Dw;

Czi + Dw;

— 7 2DGTPII — 4 2GGT P ' (Azi + Bu,)

where Aw; = w;—w;. We can treat Aw; as disturbance. The
control problem based on (13) is reduced to the estimation
problem as (42). In other words, all that remain to do is to
estimate uj, in (33).

The new state space (35)-(36) can be represented in a batch
form on the time interval [k — Ny, k]

Yio1 = C';rf&”k + Bz*\rf Uk-1+ (G}F\rf + DNf)AWkA (37)

where

*
Wk—Ny — Wk_N;
*
Wk—Np+1 — Wk—Ng+1

*
AWi_1 Wk—Np+2 _wk—Nf-!—Q

"
Wg—1 — W1

C_’j{,f, B}“\,f, and C_l?\,f are defined by replacing A and B with
[ —7y2GGTP]7'A and [I — v~ >GG”* P]~' B. Without dis-

turbance, uy in (11) is represented as

U HY, 1+ LUk

= Héjtrfwk + HB?vf Ug—1+ LUk—1.

uy can be centered to the optimal state feedback control by
setting

HCy, = -B"P[I + (BB" —v*GG")P|"'A (38)
HBy, = —L. (39)

Using the constraints (38) and (39) gives
[ é Uk — uz = H(ijf =+ D;Vf)Akal- (40)

Disturbance Awj, satisfies the following state model on
AWk_ll

AWy = Ay AW _1 + By Awy, (41)

where A, and B, are given in (23) and (24). In the new
state space, the performance criterion (13) can be changed
to

llur —uill2 _ 2

sup = <y
w |Jwe — w2

(42)
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From (41) and (40), we can obtain a transfer function
Teaw(z) from the disturbance Awy to the estimation error
e as follows:

Teaw(z) = H(GN, + Dy, ) (2] — Au) "By (43)

Using Lemma 1, we can obtain the LMI for FMC satisfying
the Hs performance .

Theorem 2: Assume that the following LMI is satisfied for
X >0and F:

i
subject to
-X XA, XB, 0
ATx X 0 =T
“ <0
BIX 0 -yl 0
0 E 0 —Yool
where
= = FM(Gy, + Dx,) + Hi (G, + Di,) (44)
H; = -B"P[I+(BB" —4’GG")P|'A

X (CRECx,) O (45)

, and M*T is the bases of the null space of C’J*\;‘; Then, the
gain matrices of the Hoo FMC of the form (20) are given by

H=FM*"+H;, L=-HBx,.

Proof. According to Lemmal, the condition ||Teaw(2)|co <
Yoo 18 equivalent to

-X XA, X B, 0
A, Tx -X 0 (G, + Dy )THT
f f < 0
B, TXx 0 ool 0
0 H(G‘fvf + Dj\,f) 0 Vool

-BTP[I + (BBT —
v?>GGTYP]™' A can be eliminated in the exactly same way
as in Hy FMC. B

The equality constraint H C_']’(,f

3.3. Mixed Hy/Hoo FMC

Let’s define 75 to be the ||Tew(2)||3 due to the optimal Ho
FMC. From the previous two subsections, it is so clear how
to formulate the Hz/Ho FMC problem. Thus, we have the
following theorem for the mixed Hz/Ho FMC:

Theorem 3: Assume that the following LMI problem is fea-
sible:

min 7. subject to
W,X>0,F
tr(W) < ary3, where a>1

W S
ST I

}o,



-X XA, XB, 0

ATx X 0 =T

BTX 0  —voT 0 <0
0 = 0 Yool

where S, E, and Hj are defined in (28), (44), and (45),
respectively. M*T is the bases of the null space of C_’}{,q;
Then, the gain matrix of the Hy/Ho FMC of the form (20)
is given by

H=FM" + H.

Proof. So clear, hence omitted. The above mixed Hz/H

FMC problem allows us to design the optimal FMC with
respect to the Hoo norm while assuring a prescribed perfor-
mance level in the Hy sense. By adjusting a > 0, we can
trade off the H., performance against the Hs performance.

Remark 1: Optimal H; FMC can be obtained analytically
from [8], [10]

57 . —o00As —o0 57 . —oo
HB:_ICOO(CN{TN{ CN{) CN{TN{ .
Thus we have
v = tr(HpEn; HE),

where Koo and En ; are obtained from

Ko = R 'BTI+K/ BR'B"'K,A
= [R+B"K\B]"'B"K:\A,
2 £ (Gi+Di)(Gi+ D))"
= G,GT +D;Df
_ [ GiaGL 4+ DiaDEL 0 }
I 0 I
+ | Cis aGTaT | G r
. C c
_ [=a0 }
0T
+ | i AT'qaT AT [ Cia r (46)
| C C
for 1 <i < Ny.

4. Numerical Example
To illustrate the validity of the proposed FMC, numerical
example to compare the proposed Hz/Ho. FMC and the
existing Hs/Hoo output feedback control of 3], [4] is given
for the following linear discrete-time invariant state-space

]m

model which has actual temporary uncertainty:

0.33 + 20x
0.01

0.01 + 6%
0.9 + 36k

0.3
0.5

Th+1 Tk +
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o

|

0o+ 1 0w

0 u
0 k

where d; is a model uncertain parameter which is assumed

.

Figures 1 and 2 compare the state trajectories of x1 and x2,

o

Yk

{10
Zr =

00$k+

to satisfy
0.1,
0,

100 < k£ <150
otherwise

respectively, in case that the exogenous input wy is given by

.

From this simulation result, it is clearly shown that the pro-

Wik :| , where wig ~ (0,1), war ~ (0,1).
W2k

posed mixed Hz/Ho FMC is more robust against to the
uncertainty and faster in convergence. Therefore, it is ex-
pected that the proposed Ha/Ho FMC can be usefully used
in real applications.

5. Conclusion
In this paper, a new type of control called the mixed Hz/H
FMC was proposed for discrete-time state space signal mod-
els. The control problem has been formulated in terms of
linear matrix inequalities (LMIs). The proposed control
scheme enables us to consider both the H2 and the Hs per-
formances. The proposed mixed Hz/Hs FMC is linear with
the most recent finite measurements and inputs, and has
the unbiasedness property from the optimal state feedback
Furthermore, due to the FIR structure of FMC,

the proposed scheme is believed to be robust against tempo-

control.

rary modelling uncertainties or numerical errors, while other
output feedback control method with an IIR structure such
as dynamic output feedback control or observer based con-
trol may show poor robustness in these cases. The proposed
H>/Hs FMC will be useful for many pratical control prob-
lems where signals are represented by state space models.
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