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1. INTRODUCTION 
 

Recently, lots of parallel mechanisms for spatial 3-DOF and 
6-DOF were investigated. However, when an operational 
space is requested less than 6-DOF or more than 3-DOF, the 
candidate will be to have 4-DOF and 5-DOF parallel 
mechanism. Fang and Tsai [4] proposed 4-DOF parallel 
mechanism with four-link limbs and three-link limbs. Wang 
and Gosselin [5] analyzed planar a 4-DOF kinematically 
redundant parallel mechanism and a spatial spherical 4-DOF 
kinematically redundant structure. Zlantanov and Gosselin [6] 
proposed parallel architecture with four degrees of freedom 
that consists of four 5R legs. Huang and Li [7] proposed type 
synthesis of 4-DOF parallel mechanisms that have three 
categories. It consists of three rotations + one translation, three 
translations + one rotation, and two rotations + two 
translations. Li and Huang [8, 9] analyzed 3-5R parallel 
mechanism family whose limb consists of a 2R and a 3R 
parallel subchains or presented a family of symmetrical 
lower-mobility parallel mechanisms with spherical and 
parallel sub chains, which consist of two 5-DOF, one 4-DOF 
and five 3-DOF parallel mechanisms. Company et al. [10] 
presented a family of fully parallel robots producing motions 
of the Schoenflies displacements sub-group for high-speed 
handling and machining. Choi et al. [11] deal with the design 
and dynamic control simulation of a 4-DOFs parallel 
mechanism providing 3 translations and 1 rotation for high 
speed handling and machining. D. chablat and P. Wenger [12] 
proposed a modular parallel mechanism with 2-translation and 
2-rotation motions. 

The performance of mechanism can be improved with 
section of optimized link parameters found by various 
optimization methods. Lee et al. [1] applied Powell’s method 
to anthropomorphic robot module with redundant actuators. 
Lee et al.[2] also applied Powell’s method by using exterior 
penalty function to five bar finger mechanism with redundant 
actuator and applied genetic algorithm to 6-DOF parallel 
Haptic device [3]. 

In this paper, firstly, we analyze the mobility of the 4-DOF 
system using Grübler’s mobility formula and describe the new 
feature of this parallel mechanism. Secondly, we analyze the 
reverse position of an internal and external chain and obtain 
the embedded Jacobian by using external Jacobian and 
internal Jacobian. Thirdly, we describe kinematic design 
indices (the isotropic index, max force transmission ratio, and 
workspace). Fourthly, we find optimized link parameters by 
genetic algorithm to improve the kinematic performance 
indices. Finally, we show that the performance of the 
mechanism with the optimized link parameter is superior to 

the non-optimized mechanism with arbitrary parameters.  
 

2. STRUCTURE 
2.1 Mobility 

Mobility is defined as the number of independent variables 
that are required to specify all the motions of the system 
relative to another. The mobility of the mechanism could be 
found from well-known Grübler's mobility formula as below: 

( ) ( )
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i
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M D L D F
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= − − −∑ ,                    (1) 

where D represents the maximum motion space (6 for spatial 
motion, 3 for planar motion), and L, Fi, and J represent the 
number of links including the ground, the number of degree of 
freedom of the i th joint, and the number of joints, respectively. 
From Eq. (1), when D=6, L=11 and J=14, the mobility of the 
mechanism shown in Fig. 1 is 4.  

 
 

Fig. 1 The description of mechanism 
 

2.2 Description of mechanism 
This mechanism consists of four external legs with UPS 

(universal, prismatic, and spherical) structure, an internal leg 
with PS (prismatic and spherical) structure, a top plate, and a 
base plate. The advantage of the system includes a large 
workspace and high stiffness because of the parallel structure. 
Specially, this system is constrained by the internal leg not to 
move in the x- and y- directions. There is no prior 4-DOF 
mechanism that constrains the x and y motion by this way. 
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Another merit of this mechanism having an internal leg is that 
it can support a large payload applied to the horizontal 
direction. Denote [ ]T

t t t
P x y z= as the position vector from 

the origin of the base frame to the origin of the output frame. 
So, the position vector of the output can be expressed as 

[ ]0 0 Tz because of the fixed x and y position. ir  and iR   
represent the position vector from the origin of the base plate 
to the ith universal joint of the external leg and the position 
vector from the origin of the top plate to the ith spherical joint 
of external leg, respectively. il denotes the position vector 
from the ith universal joint to the ith spherical joint of the 
external leg. 
 

3. Position analysis 
3.1 Reverse position  

Reverse position analysis is to find the active input vector 
when the output position/orientation vector of the mechanism 
is given. Denote the orientation matrix of the output frame as 

[ ]t

bR using the x y z− −  Euler angle set: that is,  

[ ] [ ( , )][ ( , )][ ( , )]t
bR Rot Rot Rot

c c c s s

s s c c s s s s c c s c

c s c s s c s s s c c c

β γ β γ β

α β γ α γ α β γ α γ α β

α β γ α γ α β γ α γ α β

α β γ=

−

= + − + −

− + +

 
 
 
  

x y z

.        (2) 

The position vector P  for the ith external leg can be 
expressed as 

i iiP R l r= + − , for 1,2,3,4i =                    (3) 
where  

( )[ ] Tt
i ibr R r= .                                   (4) 

Rewriting Eq. (3) with respect to il  yields  

i iil P r R= + − .                                 (5) 
The value of the input variable il can be found by taking 

inner product of itself as follows: 
( ) ( )2

i i i i ii i ll l P r R P r R= = + − + −i i                 (6) 
Reverse position of the internal chain can be directly 

obtained from the given output position. 
 
3.2 First-order kinematics 

To obtain relation between the active input joint vector and 
an independent output vector in operational space, we start to 
obtain the first-order kinematics for each of five legs, namely 
four external legs and an internal leg. 

Firstly, the first order kinematics of the external legs can be 
obtained in the following way. Assume that active joints are 
located in prismatic joints of the external leg. Therefore, the 
first-order kinematics of the external legs can be obtained by 
differentiating Eq.(6) as follows  

( ) ( )i i i i ii il l P P r R r P r R= + − + + −� � �i i ,              (7) 

( )ii i i il l l P r l ω= + ×� �i i .                           (8) 
Eq. (8) can be expressed as the matrix form 
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,          (9) 

where v  and ω  denote a linear velocity vector and an 

angular velocity vector in the operational space, respectively. 
The relationship between the active joint and the output 
velocity vector can be expressed as 

a
ua

G uφ  =  
� � ,                                   (10) 

where 
a

φ�  and u� denote an active joint velocity vector and 

output velocity vector in operational space, respectively. 
a
uG    can be expressed as 
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.          (11) 

Secondly, the first-order kinematics of the internal leg can 
be obtained as  

3

2 2 3

2 2 3
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I
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 −
 
  

� �� ,             (12) 

where 
I

φ� and 
I

uGφ    denote a joint velocity vector of the 

internal leg and the relation between the output velocity vector 
in the operational space and 

I
φ� , respectively. The output 

velocity u� of Eq (12) can be separated as the independent and 
dependent output vectors 

P

I

I
I

I

u
p U

I Iu
I
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u G

φ

φ

φ

φ φ
       = = =          
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,                  (13) 

where [ ]Tpu x y=� � � and 
T

x y zpu z ω ω ω =  � �  denote a 

passive output and a active output velocity vector, 
respectively.  

Finally, we embed Eq. (12) into the external Jacobian 
matrix Eq. (10). An Embedded first-order kinematics can be 
obtained from relation between independent output vector and 
the active joint velocity vector by using the constraint relation 
between the internal leg and the external leg. From Eq. (13), 
we can derive the relation between the passive output ( Pu� ) 
and independent output velocity vector ( Iu� ) as the follows  

1
P I P

I I I

u u u
up I Iu G G u G uφ φ

−
     = =     � � � .                  (14) 

So, the relations between the output velocity ( u� ) and the 
independent output velocity vector can be expressed as 

4 4

IP

I

I u
uI Iu

uP

Iu
u u G u

u G
×    = = =          

�
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�
,                  (15) 

where 4 4I × denotes an 4 by 4 identity matrix. Substituting Eq. 
(15) into Eq. (10), we have 

I

a
u Ia

G uφ  =  
� � ,                                  (16) 

where 
I

a
uG    can be expressed as 

I I

a a u
u u uG G G    =      .                            (17) 

Finally, we can obtain the first-order kinematic relation 
Iu

aI a
u G φ =  

�� .                                  (18) 
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4. KINEMATIC DESIGN INDICES 
 
4.1 Workspace  
 One of the basic aspects in robot design is to determine the 
workspace. The operating region or workspace of a 
manipulator could be defined as a reachable and dexterous 
workspace, accordingly. The volume of reachable workspace 
is used in this analysis and defined as 

V
V dV= ∫ .                                    (19) 

 
4.2 Isotropic index 
 

The kinematic Isotropic Index is defined as 

( )
( )

min

max

I

I

u
a

I u
a

G

G

σ
σ

σ

  =
  

,                         (20) 

where minσ and maxσ denotes the minimum and the maximum 

singular value of Iu
aG   , respectively. When Iσ  becomes 

unity, the end-effector can generate uniform velocity in all 
directions. In addition, the global design index, which 
represents the average of the manipulator’s isotropic index 
over the whole workspace, is defined as 

IV
I

V

dV

dV

σ
∑ = ∫

∫
.                                (21) 

The greater I∑  is, the better isotropy the mechanism has 
over the workspace. Therefore, I∑  should be maximized. 
 
4.2 Force transmission ratio  

The maximum force transmission ratio implies the 
maximum magnitude of an actuator load required for the unit 
end-effector force, and it is defined as 

( )max
Iu

F aGσ σ  =   .                          (22) 
IF Fσ becomes smaller, the actuator load will be reduced. 

This means that the manipulator can bear more weight with 
less actuator. The global design index for Fσ  is defined as 

FV
F

V

dV

dV

σ
∑ = ∫

∫
.                               (23) 

The smaller F∑  is, the smaller capacity actuator required. 
Thus, F∑  should be minimized. 

 
5. OPTIMUM DESIGN 

In order to maximize the performance of the proposed 
mechanism, a multi-criteria design methodology based on 
genetic optimization algorithm is employed 
 
5.1 Composite design index  

Several methodologies have been proposed to cope with a 
multi-criteria based design. However, various design indices 
are usually incommensurate concepts because of the 
differences in unit and physical meanings, so should therefore 
not be combined unless they are transferred into a common 
domain. This process consists of normalization, which 
transfers various indices to the same domain, and then 
combines several indices into one. For both indices V and 

I∑ , the most favored preference is given the maximum value, 
and the least favored preference is given the minimum value 
of the criterion. Then, the preference design indices, 

~
V and

~

I∑  are expressed as 
~

min

max min

V VV
V V

−
=

−
,                               (24) 

( )
( ) ( )

~
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max min

KSI KSI
KSI

KSI KSI

∑ − ∑
∑ =

∑ − ∑
,                     (25) 

where “~” on each design index implies that it is transferred 
into the common preference design domain. Conversely, 
for F∑� , the highest preference is given the maximum value of 

the criterion. Then the preference design indices, F∑�  is 
expressed as 

( )
( ) ( )

~
max

max min

F F
F

F F

∑ − ∑
∑ =

∑ − ∑
.                        (26) 

To deal with this multi-criteria based design, we employ a 
kinematic composite design index (KCDI) that combines 
several individual preference design indices into a unique 
design index by using the max-min principle of fuzzy theory. 
KCDI is expressed as 

{ }~ ~ ~
min , ,KSI FKCDI V= ∑ ∑ .                      (27) 

KCDI is defined as the minimum value among the preferred 
design indices calculated for a set of kinematic parameters. A 
set of design parameters, which have the maximum value of 
the KCDI, is chosen as the optimal set of design parameters. 
When any of single design indices, which are included in 
construction of the KCDI, is weighted more than the others, a 
weighted KCDI can be used. A weighted KCDI can be 
represented as 

~ ~
min , ,KSI FKCDI V

β γ
α 

= ∑ ∑ 
 

,                   (28) 

where α , β , and γ represent the weighting for each design 
index. In this work, all of the weighting is set to 1.0 in order to 
evenly satisfy the design objectives for all design indices. 

 
5.2 Optimization result  

The kinematic design parameters for the proposed 
mechanism are the radius of the top plate, link length of each 
leg, and the radius of the base plate. Bounds of these design 
parameters are described in Table 1. 

Genetic algorithm is employed to solve the nonlinear 
kinematic optimization. We set the population size to 10. In 
each generation, we evaluate the KCDI of each chromosome, 
select new population with respect to the probability 
distribution based on fitness values, and alter the 
chromosomes in the new population by mutation and 
crossover operator. After a number of generations, we obtain 
the best chromosome (i.e., parameter set) that represents an 
optimal solution. The optimization result is represented in 
Table 1. 

Table 1 optimization result 
 

Variables Min Max Optimization 
value 

Prismatic length [m] 0.1 0.7 0.2971 
Top radius [m] 0.1 0.7 0.3379 
Base radius [m] 0.3 1.0 0.5821 
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6. SIMULATION RESULT 
 

 
(a) at the z=0.3  

 

 
(b) at the z=0.5  

 

 
(c) at the z=0.7  

 
Fig.2 Isotropic index before optimization 

 
 

 
(a) at the z=0.3  

 

 
(b) at the z=0.5  

 

  
(c) at the z=0.7  

 
Fig. 3 Isotropic index after optimization 

 

 
(a) at the z=0.3 

 

 
(b) at the z=0.5  
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(c) at the z=0.7 

 
Fig.4 Max force transmission ratio before optimization 

 

 
(a) at the z=0.3  

 

 
(b) at the z=0.5  

 

 
(c) at the z=0.7  

 
Fig. 5 Max force transmission ratio after optimization 

 
Fig. 2 shows the isotropic index before optimization at z 

=0.3, 0.5, and 0.7. Fig. 3 shows the isotropic index after 

optimization at z =0.3, 0.5, and 0.7. Fig. 3(c) shows that 
isotropic performance was improved much compared to Fig. 2 
(c). Fig. 4 shows the max force transmission ratio before 
optimization at z =0.3, 0.5, and 0.7. Fig. 5 shows the max 
force transmission ratio after optimization at z =0.3, 0.5, and 
0.7. Fig. 4(c) shows that force transmission ratio performance 
was improved much compared to Fig. 5 (c). 

Conclusively, we can conclude that the optimized 
kinematic design parameters improved the kinematic 
performances of the mechanism significantly. 

 
7. CONCLUSION 

We proposed a new 4-DOF parallel mechanism (3-rotation 
+ z-axis translation). We derived Jacobian matrix that relates 
the active joint to the independent output. We analyzed the 
performance of this mechanism in aspect of three kinematic 
indices. Moreover, we find optimal kinematic design 
parameters of the new mechanism by using genetic algorithm 
and showed that performances of kinematic indices were 
improved. 
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