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Higher Order Zig-Zag Theory for Composite Shell under
Thermo-mechanical load
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ABSTRACT

A higher order zig-zag shell theory is developed to refine the predictions of the mechanical
and thermal behaviors partially coupled. The in-plane displacement fields are constructed by
superimposing linear zig-zag field to the smooth globally cubic varying field through the
thickness. Smooth parabolic distribution through the thickness is assumed in the out-of-plane
displacement in order to consider transverse normal deformation and stress. The
layer-dependent degrees of freedomn of displacement fields are expressed in terms of reference
primary degrees of freedom by applying interface continuity conditions as well as bounding
surface conditions of transverse shear stresses. Thus the proposed theory has only seven
primary unknowns and they do not depend upon the number of layers. In the description of
geometry and deformation of shell surface, all rigorous exact expressions are used. Through the
numerical examples of partially coupled analysis, the accuracy and efficiency of the present
theory are demonstrated. The present theory is suitable in the predictions of deformation and
stresses of thick composite shell under mechanical and thermal loads combined.

2o B F2EL 129 ¥ A FolA He Aot WM 2T 5
=9t 1P S MR e ERARY B 129 FHAME duHA 71A sFolAM g
2 93% $9< JHAA 89 28E2 ERYR F2E9 WY A Ze&Hola AFY
a7H3 QU 53], F5#, 87, $F4959 72 A BHARY B¢, FES
Ae A2 7497 W2, 54 4 728 & @Y s Ty & F Yo
a4 4 5 7229 MY did B 77 En oS3 L2l #3494 FdAs
A4 Aoz A 7Hx Fele ;A ool AW APtk 1Y, R AAZ, A SAHS o]
B34]2 A 72EY FANZLE JAGZY A52AE USR] Koy "o o] of&
of Zlzxst] F&EE HH& & 7 fd. F HAAR, FARFZeE Suh AFEE FHE F

* A2 Sn 7| ATEETE

3] IE R
-] (3] T
s A2 TER AAGT IR

RN E:
_\i_l_

A

-217 -



3 o] g[5lo] Ut o] o2 L AFEIt 9 Fo &8I YE, Ao UF BolE o
o gith oA B AHFS) A% PR AA/FL AaAL Pl6- 8]°l At =t ot
Aetoz wesd NTAT o Z[9-11]e) gtk I

A A ey 3 gestd Ao ol8e ARYY medoz A vt
A= olZolt £ AToA AHSE ATAL olEl2e Wslel A
W ovhoh BEs 1 B3 WYAL ZAEY] 98 2o ok Aufle] A W
a2 A A Be 3HE zHA 9

2 BRAR A2 FREL JAEE sl S8HE Aol ohd stEG d 34
o o A= ALE WAt 53 Ao Fw FzEO FFrY 2, $F T2E T
AW 1L B4 HAsA @k 2ne HZde 4 §4FH JA Fo] FAY FgHE 2
AR M2 FxEo $8 Wy 2 A% =g A2 FRE AA A ndser & a3
2A7E f1 QUHI3]. ASAANE G JASEY BE 3% sold FBEYG TEAL FAl
HZ A o2 /Le o} nFacz BoA) 53 w2 Azl AT E Fsiol HE 2] 4
A SAME He o 2% HFE /HXE LAY oo urFA s,

FAL A2 B4 A9 AL JNARE soME 3 Ad ¥y aRE uyste ol A9
Z W ¢85 Hee ABEE xoluy £23 2JQAAT F FHEL BE ALE B

AEe) SAuE AXTE 3 52 ¥39 FRE FAS £ oo o ZHE AAFF A
= ASolE WR ¥y U selste uhrt ololakAR & 8% seldE 2 ZAt =g
AA dedez 3 A ¥y ouxe §4 598 AL FLEES /AN A0 neHojo}
gk o] A%E 349 B o EHME F UBzZ Y4, HE ALE 108 5
ANE FAY 5 ArHIS]. |

B ATdAE BEAE 2 4 T2E0] JA, d H3L BS o Py T4 W A
£2 A8 BASE M A o]2L AUdE AL AT EHoz #r) oE Yo uA
ol WY ves sgon 3 Aw HPEH Bk ol 53 WPe) WY zUE 1Y
Sty A o2 5 dE T3 Prigo

2. ME o _
4, 714 8Fe g8 BIHE FRE Free energys B3 Zo] 2o At}

1

F(g,,E,, )=2C‘f"'e 5k,—e”"Eejk—k"t9£

o

@)
714, C* o e = vA A%} Plezoelectnc Agolth. Y9 (HWAe=zXE, thgn 2
o] A WAANE Fx F F Ut}
oF

ol =——=C%g, —™E, k"0 ,

88,.1. (2)

0=T-T, € z7] 2EFHI &= #E yetdr E,; £ A7F Fg9 FHHLH
ke @-714 o 2-27139 QA Aotk '

-218 -



A¥o) 7128 F Piezoelectricity E , £ 223 ¥4 %45 924 a9y,
E=-¢, (i=123) (3)
WS Ee&Hes 2499 7] A 3A A& AR B ¥9L 7]
A stFol A8 W) T wFoz AAHoT uwjBA WatE 329 W Zvit} 12 A
aaz Wake WAdS FHY AAFE devh oy Foith Ao FFeR we 9
AZL Frin F F& UFE IARE F5 8FY FE HF Fo w8t sojuA ok
ol F4o2 FHA olefet Pt

U, (xY=u,(xX*, ) +y, (o ) + & (P, )Y+, (7, )Y + fSi"’(f ~ X ) H (X —x3,) "
k=1

U,(x"y=uy (7, )+ 17(x7 , 3°)x + 1, (P, ) () (5)
A7, u; € 71FHAAA Aed A, v, € 7|EW FAL Fo2HH A M7
Eolth, N & 29 Foj3, H(x*—x%,) & 294D F5olth. s® = 7 % Alo]9 gdg
i ol Wstekolrt. o] FA WFgoR WU WYE Y. LA HoRT

gt FHEANA Y 21U AP E dME T 2o

( ViV V) 6)

Von Karman HIAE S LFo2M, 49 HYE HJES O3 2ol Yyegd F Qo

(Valﬂ + Vﬂla + V3laV3I/9 + V3Itz V3|/‘J + V3la V3I/’)

1
zxﬂ 2
1

a 2 ( a|3 3|a )
=V,

(7

33

WE 7 o] o de W AAY HIFE HEL gL 2k
2ga3 = Ua,3 +U. 3o +b (U Uﬂ,s) )
9] 24 Piola-Kirchchoff SHAHEEL L3 Zo] dof & £ rh
O_uﬂ - Hﬂﬂlvglv’ o_ll3 — Hﬂ}l:’gl:” 0_33 - H3333£33 (9)

0:17]}\_1’ E ijk[_‘_?__ ‘{:}—.Ag E\ﬂ}‘:i /\6‘_&'_%0] __11, Haﬁ}.v = Eaﬂ/lv _Eaﬂ33E1V33/E3333 z 23 94 %q_
H@3 62 AE® HAFozH, ofzje Zo| AT WIYE AES MY Fdo= Y &
S\t
N-1
26,5 =y, +2£,(X)+34,(x°) + ;Sz(zk)H(xa _x(ak)) tiuy, + ’i"a‘x3 + e =y

N-t
+b? {uﬂ +Y 0+ EH () + () + Y. SO — X YH(E = x3)
k=1

- (W,, $25,(0)+ 3, (P + 3 SOH( —xfk»)}
k=1

-219 -



N-1
=y, iy, H DU+, (O 2 w)E 8 + 3 ()E by + Y () o SPH (X - x3,)
k=1

(10)
o714,
1 2
(m), = (5:: _5“‘731’5) , (w)e=(8f —§x3bf) ’ (#“.))f =6, _x(ak)bf) an
3 3 d4¥E AL ot #roh
=V =Uy =U;; =1, +2rx> (12)

Ao @Gl BlAFE Folv] Asl QA ol P Wu 742D wha0 g 2y g
|, o 2o
Eay |0 =Wy Htty, +BEu, =0 (13)

€43 ]Xa=,,= Ve +u3||a +bf“p 1||ah+rz||a (h) +2(h)(,ux i J_,,)ﬂép +3(h) (/lz l s_,,)ﬂ¢p +Z(/‘(k) LJ h)ﬂ S(k)

= 2h(i1)e 8 + 30 (1) + g h + 1y ()" + Z(u(k,)fjs,g“ =0 (14)
A4(13), (14) 025, 3§ du WEES Go3} 2o 2ol F & ot

N-1 x3
2e,,= p:’iu;. +q,f’z"1 +d;¢y +Z(/‘m)£ S;k) (6:11()‘3 _x(Bk))_Tc: (15)
k=1

7] A,
pi =8 =X (W)aE )y 5 a =00V =X (W) Yk
=30 (), =3RS BV, co = ()2, (16)
dAol 2oL & Alole]l BE AWM ¥ A $8 A&zl wHdh oY, d%
Z74%& ofefet Zo| & = Qi -

(m-1) _a3l _(m) _a3
c . ="g . m=2,.,N
I.‘J ="(3».-n l.‘.\ :_‘(am_” s ( 3oy ) (17)

A© B 1HZFE, 2N-D Ad o5 BHAE ¢ + ATk A N2 R st 2e
4e 9¢ 4 A

SP =(@®)e, + BN, +(®Nr, a®)
A%, 433, (19 418)& 4@, G A3, oeish T WARE 2L + Ak

~_1NA '~—1
U, = plug—uy,x’ _%1)!— {rah + 1y, (B3 () + faﬂ¢ﬂ G, (x y Z(ﬂmy ((b(k));”l‘w + (c(.k));)’z‘w)
N-1 .
+ Y (B0, +H(e®)on,, ) - X H(F - X)) (19)
k=1
Uy=u,+ "1"73 +r (XJ)Z (20)

-220 -



4 71A,
R R 1 . N-1
fl=8]&y —%(x’) BV By =2 OOV B 2 G Y @)
+kz=_l(a(k))f(x3 _x(s,())H(xs _xfk)) ‘ 21)

WY WeE JFAY WFRon AWt 1 A%, Fause = 39 Fo B
Agel 712 s 3ol A g A9 WAYH WpHeE s FY PR
AA 22 2T 4 Atk A7A, AAEHel U S ANHPL AR BAY AFach

L

il

=X
AeE ol2e Ase AZdy] U84 958 G AN WIS HHHAT 713 L
e 9% ZolE Yz, RS Adre 24 WA uA h & FAE Vet S(=R/Mh)E
SAuE yehdoh, 2 ¥4e L/R=4, Rh=4 9 A9 L/R=4, Rh=10 ¢ Z$ olth. Mg 4
#x olge} 2o

E[JE+=2 G7/E =05 G/E=0.2 vV, =V 7=0.25 (22)
NARE, LE8ES nASAL SA ALY WA -JA-L5 3% S nEsA LI decouple®
J2g Mge Fu A4e 59 At LEI 5 RE wA TAPYYIAT neje
o #14 [90/0/9017 [90/0/90/0/0/90/0/90/Piezo] 2 7Fxl HZ& wjde maetdrh. A4 4
AgE 27 BN dAh AT sFo) AT, AAZAL vE XA AAZAL B

3} shsich

xﬂ
3 — )
T a
X
/?\ o
&),
h /5\
- 2 sy
Se Q
(2.9
.
X'y

a2 L RANges Ay we 84

=]

"

0lo
Ao

3.1 ZiAstEste] wel

Z1A dtEol ZisiAle Bte 3 sANEe A€ 29 2 o 29 3 o YEdiE, 34
Ag S8 39 404 o] Ao FAZAFGAA B vkt 2o], 3-D @4ds g HmaA £ o]

T«



|
ol
ra
mt)
olo
Ju
lo,

tlo

2o dzste 4o $A7 WY} We A AolAE A L + Yo
A9 o 44 A5l gaslel § sk sE 9g 4 sl

05 ; 05 - - - -
41 [90/0/90] I J— i  [90/0/90] : — Froum
034 - T T E——— el o N 03 - - i R A e -] ® 3Dexmfia]
i . . ® 3-Dexact14) : : : (T:;Bng 115
0.2 1 : : s 02 T
= Cheng [15] ‘ = 3 o
= 014 : = ot -
N . : ~ o :
'CI ae : .- - . % 0.0 e - - 1 o
% 0] : _ : " 0] : ; Do
~ H = H H
02 t : : E— 0.2 e :
03 1 \ ; i 03 ; . :
04 : ; : B 04 A o
o5 r \ — - 05 — ;

10 45 20 25 30 35 40 45 50 55 60 65 70 100 105 110 115 120 125 130 135 140 145 150

Qut-of plane displacement (S=4) Out-of plane displacemeni (S=10)
:L% 2. B 3 ¥y (FAvY 9 a9 3 Hy £ ¥y (FAM 10)
05 - - - 0s " =
04 0/0/?0] . :gs:g 044 ;[gc /0/901. ./7 f%
03 4 : NS ® varadan [14] 03 i .
’ : ; 4 cnengnsz : Iy d / !
024 i o.z* ; ‘ y ( R —
i 0.1 : " - i P T IR NS S W 0 N —e— 3-D exact [14}
Q 00 - S 00 I ‘ :
5 < i i ]
hd 02 L1 : i

82 : g . .
N . | // 034 -
04 ¢ 04

05 / o5

000 0.02 0.04 0.06 0.08 0.10 012 014 0.16 0.18 12 17 10 9 -’B -7 ] -5 4 -3 -2 -1 [ 1 2
Stress zx  (S=4) Stress 2z
a8 4 3 3% Ad §8 (FAY 4) 2¥ 5 ¥ ¥ 73 &9

Xz

S|

olo
[Ehis

32 2x5tEstel Hel

o Moz 4%z WaE 2x3e /MW VNS 14 69 EASAT. sFe
459 Adde HR™d 50T AFWe| K0T LES 23} A LxaAF SoNE JA
S23te gal 49 T Wgoz Wl YA BARh E ATFANE o x%E nelst
A A A BFoE NS TBHOE AR HYoh 2 2, 0E H4 Ang R W9
s ¢3¢ 7¢ & Aok 29 7€ By ¢4 Yehix, 39, 89 19, 9= 3 B A9
& =Asqo

-222 -



05 - 0s —
ool [o0/00] / R oo N (9000901
N —— Present
034 : O DR g 03 - \ o — Present
i 0.1 : / ‘ ,\'E 0.1 : :
o . o
oy L - — e —— e E Y3 T — BSOS S S P
ﬂ;< 0.1 ”’>l< 0.1 1 :
0.2 0.2 -
0.3 0.3 4 X N
04 i i \ B . 04 : o e [
05 : 05 ; —— \
20 -15 10 -5 [} 5 10 15 20 25 30 35 40 60 -50 -40 .30 -20 -10 ] 10 20 30 40 50 80
Out-of plane displacement  (S=4) Stress xx  (S=4)
a9 6. Bl 3 89 (FA 4) a9 7. 89 4 &8 (FAH 4
0s / 05 /
o] 100/0190] os 19010501 ' ﬁ
034 // : 03 — PY =0
02 = : : 02
e '
= 0119 —— Present =, 01
o ( —— PT =0 o
= 0.0 = 00 .
"‘,'< 0.1 4 \ . . P i . m>'< 0.4
0.2 4 \\ 024
03+ \ : 03+
04 SR \ 04
05 T T T T T T T 05
20 -18 16 -14 12 10 08 D& D4 02 00 02 -0.08 -0.06 0,04 -0.02 0.00 0.02 0.04 0.06
Stress zx (S=4) Stress zy (S=50)
ag 8 3 Ud A &9 €9 3 3% Ad &9

duk dAol 2o 71xE & 1A A2 4 oJEL AT AT 49 suH 0}93"44]*.194

it

gAY 74 237, 2 Aol ¥ AW ¥ A% AL EAFoM, 2d JEdE W
AA Hol A A, Have AFEY Fvez YA A 722 H40l sMsaA HA
3, dut HEAE A8 Aole W) A F2EY Jdad RAust god HHe ¥ £

gst7] YA FA Bgoez J¥

f,_'
i
K

Agstgon AL 49 7183
13 AYE 714 o 4R
A, @ stFol A4 W, BY A3 7zee WYy
Q. 2 A%, BgAEst 4 A5 e o, FA4 3
4 YAk 28z £1 $93 £4 WY WY T mastE Aol u;w alh 34
dM "o e ¢+ A
2 A7 Agd 12 a2 4 ojge & F2Eo 1
o BgelEe 2e 9 WY AL 3% 4+ Y& 1eF
Aok & ATE FAFol AP} AAY B2l Yk sHoln
499 Rolm ool we fRas 4E ALY Aol

Bl
>
m?L‘
i‘Z
% H
\1
mlo
L.

to r2

=

-223 -



o 28

1. Noor, AK., Burton, W.S., 1990, “Assessment of computational models for multilayered
composite plates and shells.” Applied Mechanics Reviews, Vol.45, No.4, pp.67-97.

2. Reddy, J.N., Robbins, Jr., D.H., 1994, “Theories and Computational models for composite
laminates.” Applied Mechanics Reviews, Vol.47, No.l, pp.147-168.

3. Whitney, JM. Sun, C.T., 1974, “A refined theory for laminated anisotropic cylindrical
shells.” J. Appl. Mech, Vol.4l, pp.471-476.

4. Reddy, J.N., Liu, C.F, 1985, “A higher-order shear deformation theory of laminated elastic
shells.” Int. J. Engng Sci., Vol.23, No.3, pp.319-330.

5. Barbero, E.J., Reddy, JN., 1990, “General two-dimensional theory of laminated cylindrical
shells.” AIAA J., Vol.28, No.3, pp.544-553.

6. Cho, M., Kim, J. S., 1997, “Bifurcation buckling analysis of delaminated composites using
global-local approach.” AIAA J., Vol.35, No.10, pp.1673-1676.

7. Kim, J.S., Cho, M., 1999, “Postbuckling of delaminated composites under compressive loads
using global-local approach.” AIAA J., Vol.37, No.6, pp.774-778.

8 Cho, M, Lee, S.G., 1998, “Global/local analysis of laminated composites with multiple
delaminations of various shapes.” Proceedings of the AIAA/ASME/ASCE/ASC 39th
Structures, Structural Dynamics and Materials Conference, Long Beach, CA, AIAA, Reston,
VA, pp. 76-86.

9. Di Sciuva, M., 1987, “An improved shear-deformation theory for moderately thick
multilayered anisotropic shells and plates.” J. Appl. Mech, Vol.54, pp.589-596.

10. He, L-H. 1994, “A linear theory of laminated shells accounting for continuity of
displacements and transverse shear stresses at layer interfaces.” Int J. Solids Structures,
Vol.31, No5, pp.613-627.

11. Ossadzow, C., Touratier, M., and Muller, P., 1999, “Deep doubly curved multilayered shell
theory.” AIAA J., Vol.37, No.1, pp.100-109.

12. Cho, M., Oh, ], 2004, “Higher order zig-zag theory for fully coupled thermo-electric -
mechanical smart composite plates,” Int. J of Solids & Structures, Vol4l, No.5-6,
pp.1331-1356.

13. Thornton, E.A. Thermal structures for Aerospace Applications, AIAA Education Series,
AIAA, 1996. '

14. Varadan, T. K., Bhaskar, K., 1991, "Bending of laminated orthotropic cylindrical shells- an
elasticity approach,” Composite Structures, Vol.17, pp.141-156.

15. Cheng, Z. Q., He, L. H, Kitipornchai, S., 2000, "Influence of imperfect interfaces on
bending and vibration of laminated composite shells,” Int. J. of Solids & Structures, Vol.37,
pp.2127-2150.

- 224 -



