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An Itd formula for generalized functionals for
fractional Brownian sheet with arbitrary Hurst

parameter®

Yoon Tae Kim'and Jong Woo Jeon?

Abstract

We derive an It6 formula for generalized functionals for the fractional Brownian sheet with
arbitrary Hurst parameter Hy,Hs € (0,1). As an application, we consider a stochastic

integral representation for the local time of the fractional Brownian sheet .

Keywords: Fractional Brownian sheet; It6 formula; Fractional white noise; Local

time.

1 Introduction and Preliminaries

The purpose of this paper is to extend the fractional white noise theory of Hu et al (2000)
to the case where the Hurst parameter takes any numbers H; and Hz in (0,1) not only
in (1/2,1). Using this developed theory, we derive an It formula for fractional Brownian
sheet with arbitrary Hurst parameter. Our result holds for Hurst parameter Hy, Hy € (0,1),
whereas that of Tudor and Viens (2003) is valid for Hurst parameter Hy, Hy € (1/2,1). As

an application, we give a stochastic integral representation for the local time.

Let S(R?) be the Schwartz space and the dual space Q := S'(R2?) be the space
of tempered distribution. We consider the white noise space (Q,F,P) as the underlying

probability space.. By Minlos Theorem, there exists an unique probability measure P such
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that for all f € S(R?),

/ <> qp() = =P 2y,
5'(R?)

For s = (s1,82),t = (t1,t2) and = = (21,%2) € R%, we define 1(54(z) = 2, 1ot (i),
where 1;, ¢,y(z:) is given by

1 fors; <z; < Y

1(s,~,ti)(mi) =4¢ —1 fort; Lx; < s

0 otherwise.

We introduce two-variable fractional integral and derivative. For o, 8 € (0, 1),

(Ii®1§f)(w,y)=ﬁa)lw /0 /0 w11 (g F u, y F v)dudy,

(A2, 5 (=)
(D2 ® DN(e) = T e =T ) g

00 o= 1 u, v
(12 ® DS f)(=,y) = P—(m/ / iz F ygﬂﬂ GTuwyT )]dUdv,
6-1 .
(D8 ® 18 f)(m,y) = a)p(g)/ / v f(z, y?viwlf( i“’y:':")]dudv,

where ® denotes the tensor product of linear operators and
(AL (hy po) F) (@1, 32) = f(21,22) — f(@1 + b1, 2) — f(m1, 22 & o) + f(@1 % b1, 22 £ ho).

For Hy, Hy € (0,1), we define

[ cH) (DD @ DIy f for 0< Hy < 1,0< Ha <}
cE) (DY M @ =02y fr0<Hi <L l<H <1
(Ax ® By)BHaf = o= @ p{/A-H2y ¢ for L < Hy <1,0< Hp < }
cH)(IH 0D g =2y gor L < H < 1,1 < Hp < 1
f for HH = Hy = 5

\

The following Theorem is the two-parameter version of Theorem 2.2 given in Bender (2003).

Theorem 1 A continuous version of < -, (A~ ® B_)Hl’H21(0,t) > is a fractional Brownian

sheet with arbitrary Hurst parameter Hy, Hy € (0,1).

From Theorem 1, approximating by step functions we easily see that

<w,(A-@B_)HuHf 5 / f(t1,t2)dBER 2 () for (A- @ B_)HH2f @ [2(R?),
]R2
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2 Generalized functionals of fractional Brownian sheet

Let H,(z),n = 0,1,---, be Hermite polynomials defined by Hyp(z) = (-1)"e 2d‘i",,e =
and hn(z),n = 0,1, -, be Hermite functions hn(z) = 7r14(nl—7—,2n)7-2-Hn(x) -22/2 Let N =
{1,2,---}. Define the operator A = —'di;Q' + 22 + 1. For each p € Z, we introduce the norm
[flp = |(A®%)P flo, where | - |o is the L2(R?)-norm. The set {h; ® hm,n,m =1,2,---} is an
orthonormal basis for L2(R?). Hence |f]|, is given by

o0
flo=D_ (@n+2P@m+2)*(f, hn @ hm),
n,m=1
where (-,-) is the inner product of L?(R?). Define Sp(R?) as the completion of S(R?) with
respect to the norm | - |, and denote by S_p,(R?) its dual.

Let (L?) = L*(Q,P). The multiple stochastic integrals I, are interpreted with respect
to the 2-parameter Wiener process W. For every ¢ € (L?), there exist (uniquely determined)
functions f, € L?(R®) such that p(w) = Y02 o In(frn). Here L2(R?") denotes the space
of symmetric functions in L2(R?"). Moreover we have |p||3 := E[p] = E°° o Nl fal?. We
define the second quantization operator T(A)p € (L?) by T(A)p = S0, I((A®)®" f,).
For each p € N, define llell, = [IT(A)Pello where | - [lo is the (L%)-norm. Let (Sp) ={p €

: |lpllo < oo} be a Hilbert space with norm || - [|. Define (S) by the projective limit
of { (Sp) : p € N} called the space of test functions. The dual space (S)* of (S) is called a
space of generalized functions (or Hida distribution). Also (8)* = Up(Sp)* and the norm on
the dual space (Sp)* of (Sp) is given by ||¢||-p = [|[7(A)"P¢llo, p > 0. The dual action is
denoted by < -, >>. Then Bg 1t,2H2 is differentiable in (S)* .

Theorem 2 The fractional Brownian sheet Bg}gf’ =< (A~ ® B_)Hl’Hzl(o,t) > has the

second order partial derivatives

1,Hz

From the results in Section 7.1 in Kuo (1996), the generalized functionals of Bt is given
by
pHuH 1 = 1
1,412
P = S 3 | F@ounntidy
xIn(((A- ® B_)HvH21 4 1)), (2.1)

By Theorem 7.3 in Kuo (1996), we can obtain the S-transform of generalized functionals of

Hy,Hg
By v
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Theorem 3 Let H1,H, € (0,1), F € S'(R) and t1,t3 > 0. Then the S-transform of

generalized functionals of Bg lt’zH 2 is given by

Hy,Hy _ 1
SPGB = s /]R F(y)

2

1 t1 to

X eXp | =~ 5, y-/ (A4 ® By) v H2¢)(s1,59)dsudsz | |dy. (2:2)
21775 0o Jo

We define the various integrals appearing Ité formula for fractional Brownian sheet

and shall use the following notations:

b pd
| [ PO (erta), BB
a c

b d
//F(l)((tl,tz),B{f}t;H"’)o Wiz gt dt,, (2.3)
a C
b d
a [+
L LS Hy,Hy a pHLH Hi,H;
= F ((tl)t2)’Bt1,t2 )0 tl,tz O—Btl to dtldtZ) (24)
a [
2H, / / ) (b1, t2), Byl =142H2 gy, 4y, BT 12
— b dF(S) pHH: 20 2 —_pMyH2 | 2H2 gy 4
= ((tl;t2), t1,t2 )0 Bt 51 t, t1,t2 ts l1dta, (2-5)
a [
b d
2H, / / FO((t1,ta), B3 202714, BTy 2ty
a [+

b pd o o
= [ [ PO, Bff‘t;”%( B o tsz)tngdtldh, (26)
a c

3 Itd formula and local time

In this section we prove the Itd formula for generalized functionals of a fractional Brownian
sheet with Hurst parameter Hj, Hy € (0,1).
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Theorem 4 Let F € C?([a,b] x [c,d], S'(R)) such that fori=1,2,3,4,
FO = %F a8 x [e,d] — S'(R)

continuous where F®) are distribution derivative of F. Then for any 0 < a < b and

0 < ¢ < d we have that in (§)* the equation holds

F((b,d), Bf,;’”z) — F((a,d), Biy™2) = F((b,c), B;™*) + F((a, c), BH1H2)

b pd
Hy,H Hy H
/ / t11t2) Btlerz)dtldtz +/ / F(l)((tl,tz),Btl,ltz 2)dBtl,1t2 )
Ot10ts ]
+H1/ / FO((t1,t2), By ™)1 Ldtrdt,
o 1) Hy,Hy Hy,Ha
-// FY((f1,82), By gy 7 )dey By, die
b d_@ @ Hy,H2\,2H3—-1
+H2-/ / 6t1F ((tl’tz)’Btht’z )t2 dtldtz
a Je
/ / F(l) tl,t2) Btll’Hz)dtldtht]ilt’sz
bopd e o o
+/ / F@((t1,12), By, )dey By, *diy Bl
a Je
+2H1H2/ / Btflflt,sz)t?H1—1t§H2_1dt1dt2
o Hy,Hay\,2H—1,2H Hi.H
+H1/ / FO((t1,ta), By, )t g 2 dt  dy, By
a Je
b pd e
+H2/ / FO((t1,t2), Bl ™) 21452 dy, B2t
a Je

b d
+H\H, / / FO(ty, 1), BEyF2) =181 g g, (3.7)
a C

Here we assume that the integrals appearing in (3.7) are integrable.

As an application of the generalized Itd formula, we show the stochastic integral

representation of local time of a fractional Brownian sheet with arbitrary Hurst parameter.
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Define the local time Lg’lt’:{ *(a), a € R, of the fractional Brownian sheet Bg}t’f ? as the

density of the occupation measure
81,82

t1 tz
I (B) = 2H: H, / / 1p(BHH2)iH1=18H2"1 g5 45, B(R). (3.8)

Then we have the following Theorem.

Theorem 5 Let H1,H2 € (0,1), a € R and t1,t2 > 0. Then we have

LHl,Hz(a) — (BHl,Hz _ a)2|Bfé’H2

t1,t2 - (II

Hy,Hy _ Hiy,H> Hy,Hp
_—/ / Btutz |Bt1 t2 _a]dBtl,tz
b rd Hi,H Hy,H: H, ,H.
1,412 1,412 1,412
'/0 /0 IBt1,t2 —a|dt1Bt1 ty Ot Bt1 ta
b d Hy,H 2H1—-1,2H
0 JO
b rd Hy,H 2H1-1,2H. Hy,H
—Hl/o /0 sgn(B,:l,lt’2 2_a)ti T zdtldtthhlt’2 2

—H, / / sgn(B{lx — )2 2Ha=1q, vty (3.9)
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