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Abstract ,
We give the characterization of an intuitionistic fuzzy ideal[resp. intuitionistic fuzzy left ideal, an
intuitionistic fuzzy right ideal and an intuitionistic fuzzy bi-ideal] generated by an intuitionistic fuzzy
set in a semigroup without any condition. And we prove that every intuitionistic fuzzy ideal of a
semigroup. S is the union of a family of intuitionistic fuzzy principle ideals of S. Finally, we
investigate the intuitionistic fuzzy ideal generated by an intuitionistic fuzzy set in S'.

1 Introduction

In his pioneering paper[21], Zadeh introduced the
notion of a fuzzy set in a set X as a mapping from X
into the closed unit interval [0, 1]. Since then, some
researchers[16,17,19,20] applied this notion to semigroup
and group theory. In 1986, Atanassov[2] introduced the
concept of intuitionistic fuzzy sets as the generalization
of fuzzy sets. Recently Coker and his colleagues[6,7,8],
Hur and his colleagues [13] , and Lee and Lee[18]
introduced the concept of intuitionistic fuzzy topological
spaces using intuitionistic fuzzy sets and investigated
some of their properties. In 1989, Biswas[3] introduced
the concept of intuitionistic fuzzy

subgroups and studied some of it’s properties. In
2003, Banerjee and Basnet[2] investigated intuitionistic
fuzzy subrings and intuitionistic fuzzy ideals using
intuitionistic  fuzzy sets. . Also, Hur and his
colleagues[1,9-11, 14, 15] applied the  notion of
intuitionistic fuzzy sets to algebra. Moreover, Hur and
his colleagues[12] applied one to topological group. In
this paper, we give the characterization of an
intuitionistic fuzzy ideal[resp. intuitionistic fuzzy left
ideal, an intuitionistic fuzzy right ideal and an
intuitionistic ~ fuzzy  bi-ideal] generated by an
intuitionistic fuzzy set in a semigroup without any
condition. And we prove that every intuitionistic fuzzy
ideal of a semigroup S is the union of a family of
intuitionistic fuzzy principle ideals of S. Finally, we
investigate the intuitionistic fuzzy ideal generated by an
intuitionistic fuzzy set in S'.
2. Preliminaries

We will list some concept and one result needed in
the later sections. For sets X, Y and Z
F=(f1f2): X>YXZ is called a complex mapping if
fi:X>Y and f,: X—Z are mappings.

Throughout this paper, we will denote the unit
interval [0,1] and L
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Definition 2.1[2.6]. Let X be a nonempty set. A
complex mapping A= (uy4v,): X—>Ix I is called an
intuitionistic  fuzzy set(in short, IFS) in X if
pa(z)+vy (z) <1 for each zEX, where the mapping
the degree of
the degree of
non-membership(namely »,(x)) of each zEX to A,
In particular, 0_ the
intuitionistic  fuzzy empty set and the intuitionistic fuzzy
whole set in a set X defined by 0_(x)=1(0,1) and
1_{(z) =(1,0) for each zE€ X, respectively.
We will denote the set of all IFSs in X as IFS(X).
Definition 2.2[2]. Let X be a nonempty sets and
A=(p4v,) and B=(ugvy) be an IFSs in X.. Then
(1) AC B if and only if p, < pg and v4 > vp.
(2) A=PB if and only if AC B and BD 4.
() A= pp4)
4 ANB=(u ApgvsVug)
() AUB=(usVppvaAvg)
6) JA=(pp1—py), < >A=(1-v4v,)
Definition 2.3[6). Let {A,.}i <, be an arbitrary family of
IFSs in X, where A, =(p;,v,;) for each i€J. Then
(D) NA;=(Apy,Vr,)
¢4 UAi=(V/"’A,’/\VA,)
Definition 2.4{18]. Let A\, uE7 with A+u<1. An
intuitionistic fuzzy point(in short, IFP) x,,, of X is
IFS in a set Xdefined by for each y&X
%.,,)(y) ={((;\)’q)) ift, y=e

In this case, x is called the support of z(, ,) and p
are called the value and the nonvalue of =, ),

pa:X—I and v,:X—>I denote

membership * (navely p4(z)) and
1_denote

respectively. and

respectively. An IFP z(, ) is said to belong to an IFS

A=(pyvy) in X, denoted by =z, €4, if
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A< puy(z) and p=vy(z).

Clearly an intuitionstic fuzzy point can be represented
by an ordered pair of fuzzy points as follows:

T = (@p1—7,_,)

We will denote the set of all IFPs in a set X IFp(X).
Definition 2.5[9]. Let A be an IFS in a set X and let
(Lu)EIXI  with  A+p<1. Then the set
A = {z€X: py(x) = X and vy(z) < p} is called a
(M p)-level subset of A

Result 2.1[18, Theorem 2.4]. Let X be a set and let
A€ [FS(X). Then

A= U{z(r\,#): m(A,u)EA}'

In fact, it is not difficult to see that

A = U :L‘A(I).
,I:EA(O‘”
3. Intuitionstic  ideals generated by

intuitionistic fuzzy sets

Lets 5 be a semigroup. By a § we mean a
non-empty subset of 4 of such that
Alc A
and by a [resp] ideal of § we mean a non-empty
subset of § such that
SAcC A [resp. ASc A],

By tow-sided ideal or simply ideal we mean a subset 4
of § which is both a left and a right ideal of S. We
well denote the set of all left ideals [resp right ideals
and ideals] of S as LI(S) [resp. RI(S) and I(S)].
Definition 3.1[9]. Let S be a semigroup and
0_#AESIFS(S). Then A is called an :

(1) intuitionistic fuzzy subsemigroup (in short, IFSG) of
S if py(zy) = pyz) Apy(y) and

vilzy) < v (x)vyyy) for any T,yES,

(2) intuitionistic fuzzy left ideal (in short, IFLI) of S if
palzy) = py(y) and va(oy) < valy)

for any z,yES8,

(3) intuitionistic fuzzy right ideal (in short, IFSG) of §
if pylzy) = py(x) and v (zy) < vy(z)

for any z,y<.S,

(4) intuitionistic fuzzy (two-sided) ideal (in short, IFI)
of § if is both an in-tuitionistic fuzzy left and an
intuitionistic fuzzy right ideal of S.

We well denote the set of all IFSGs [resp. IFLIs, IFRIs
and LFIs] of S as IFSG(S) [resp. IFLKS), IFRI(S) and
IFKS)]. It is clear that AE€IFAS) if and only if
palzy) = palz) Vi, (y) and vy(zy) < viAv,(y) for
any z,yES, and if AESIFLIS)[resp. IFRIKS) and
IFI(S)], then A € IFSG(S).

Result 3.1[9, Proposition 3.7 and 14, Proposition 2.3].
Let S be a semi-group and let (A u)EIXT with
Atp < 1. Then AEIFSG(S) [resp. IFKS), IFLIS) and
IFRI(S)] if and only if AOW g a subdemigroup [resp.
ideal, left ideal and right ideal] of S.

It is well-knownf{4] that / is complete completely
distributive lattice. Thus we have the following result.
Proposition 3.1. Let S be a semigroup. Then IFI(S) is a
complete completely distributive lattice with respect to
the meet 'N' and the union 'U’.

let
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Definition 3.2, Let S be a semigroup and let A€
IFS(S). Then the least IFLI{resp. IFRI and IFI] of §
containing 4 is called the IFLI{resp. IFRI and IFI] of S
generated by A and is denoted by (4); [resp. (4)z and
Z))8

Lemma 3.1. Let X be a set, let AESIFS(X) and let
zEX. Then A(z) :(V,eA‘“" A, /\IeAuA,.)u) ,

where A\ pST with A+p < 1.

Proof. Let X, = VIEA“"’)’\’ let Ho =N, g0 and
let €>0. Then V__,;ed >X—€ and A _,up<pyte .
Thus there exists (st) €{(\y): 2cA™W} such that
s>A;—e and ¢ < p,+e. Since zEA(*“‘), walz) = 2
and v,(z) < p. Then py(z) > A —e and v,{z) < py..
Since & is an arbitrary real number, u,(z) = A, and
v4(x) < py. On the other hand, let A{x) =(s,t). Then
€A™ Thus (s,t) €{(\p): 24O},

So s < VIEN_,.)/\ and t > AzeAuA,,)y,i.e.,

palz)=s< X, and v (z) =t = w,

Hence A(z) = (14(2),04(x)) = (Ng, )

Theorem 3.1. Let S be a semigroup, let ASIFS(S) and
let (A\u)EIXTI with A+pu < 1. We define a complex
mapping A” = (p,-v,.): S—>IxI as follows for each
€S

A= V x A nu )

ze(A®r peqBm
Then A"=(A), where (A™#) denotes the ideal
generated by 4
Proof. For each z&S, let (st)€{(Ay):2€4"¥} | Then
z=A6Y Thus 2e(4Y) | So (st)e
[(O): ze(AB)} | Le,
{u): (4™} { () : s(APH)} Then, by
Lemma 3.1,
(@) = Ve atit = V,e(A“f‘ﬁl‘:l‘A'(z)
and p, ()= A gt = /\ze(A"“ﬁuzyA'(z)
So AcA". For each (st)EknA" | let s"=s—% and
tﬂ=t-——11; for each neEN. Let 2€4"™Y _  Then
pelz) =s and v, (z) <t . Thus, for each nEN
Vie(ammA S s> s——%=s"
and
/\IG(AQ,.VtStSt-%-:;:t“
So there exists a(\.u,)E(Mp) zE(AM) such that
A, >s, and #,<t,. - Then A < glat)
2 (AN  (4't)) Consequently, we have
€N, (A™Y) | Now let 2€n,cy(A™™) . Then
clearly (s,.t)E () :ze(A™) for each neN. Thus
for each nEN, s«%=s" SV, =pp (@) and

1 . . .
t——=t <A, o =va(r) . Since n is an arbitrary
n .

So

is

positive interger, s<pu,(r) and t=v,(z) . Thus .
ADen (At is clear that ﬂ,,F‘V(A(”""'))
an ideal of S. So, by Result 3.1, A €IFKS).
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Now let B=IFI(S) such that ACB and let z€S5. If
A'(z)=(01), then clearly . (z) <pyls) and
vp() >ip(e) , Le, A'CB. If A'(z)(st)=(0,1) , then
IEEA‘("’” = nneN(A(,"'“))

Thus a:E(A("""‘)) =A(’"t").SUS‘l(""t").SUA("‘t")‘SUA(*’t“)
each nEN. We consider the following cases:
Case(i) : Suppose z=A™™
nEN s <p,le) <pgla) and .
Case(ii) : Suppose 7€A™" . Then there exist a4
and bES such that £ =ab. Thus for each nEN

5, <pyla) < pplb) < pglad) = pglz) and

t, 2v,(a) > vg(b) = yylab) =vp(x)

Case(iii) : Suppose z€S4* .

for

Then clearly for each

Then by the similar

arguments of Case(ii), we have pp(z)=s,  and
vglz) =¢, for each nEN
Case(iiii) Suppose z€S4™ | Then there exist

acA™" and €S such that z=abe. Since BE IFLS).
for each neN

s, S#A(a) SyB(a) Syﬂ(z)
t, 2y,(a) > vgla) = ()
Since n an arbitrary number in N, in all,
e () =s<pglx) and v, (z)=t=p(x) . Thus A'cB.
Hence A°=(4). This complete the proof.

Corollary 3.1. Let § be a semigroup and let
7, EFP(S) . We define a complex mapping
(2,,y):5—IxI as follows : for each z=3§,

=[O if yE(2),
@0 () = {(o,f) ifzz %)

where (z) is the principal ideal of S generated by x.

and

is

Then (x,,) is the IFI generated by z;,, . In this '

case, (z(,w) is called the intuitionistic fuzzy principal
ideal(in short, ZFPIjof S generated by z, ) .

Proof. By Theorem 3.1

(@)@ =(V 8 A gt for each y=S5.

Case(i) : Suppose y=(z). Let (s)€(0Mx[wl). Then

A(”t)-_-zES:pk(/\m)(z) Zs,ux(w)(z) <t=z Thus
=lz)=(4") . If s>A and t>p, then clearly
i, =(01) , So

@@=V s A tE(V s, A t)y=Op.

(A% PV 0<s<A p<t<l

Case (i) Suppose  y&(z). Assume that
(#,,0)@) =©0,1) . Then there exists (st)E(0,\x[s1)
with s+t<1 such that y=(4“") . Since A“Yx=(01),

So
Thus

by Case (i), s<A and t>p. Thus AM¥ =gz
y=(A4¥)=(x) . This is a contradiction.
(2,,)@ =(0,1) . Hence (x,,)) is well-defined.
The following is an easy modification of Theorem 3.1.

Theorem 3.2. Let S be a semigroup and let ASIFK(S).
We define a complex mapping (x,,):5/x/ as

follows : for each ==,
Al@=( \/ A, n)
26 (A%, z& (A%,

then 4 =(A4),, where (A™), denotes the left ideal
generated by A™#)

Corollary 3.2. Let S be a semigroup and let
1, &IPS} . We define two complex mapping
(g,,)), - S=IxI  and  (x, ,)z:8=Ix]  as follows,
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respectively : for each =5,

=) I

T 2 =01 ifye (@),
) if yE ()

@) 2) ={(0,1) ify@ (@)

Then (-’E(,\,,,))L[WSP'(I(A,,,))RI

generated by =, in S.

In this case, (g, ,);ep(x, )8l is called the

intuitionistic fuzzy principal [resp.] ideal(in short, IFPLI

[resp.IFPRI]) generated by x,,, -

Proof. The proofs are similar to the case of Corollary

3.1. So we omit.

Remark 3.1. As the dual of Theorem 3.2, (4); can be

characterized by (A)p(a)=(V,cyoppd  Acammpgt)  for

each z=S5, where (A“"‘))R denotes the right ideal

generated by A%#

A nonempty subset A of a semigroup S is called a

bi-ideal of S if A2cA and ASAcA. We will denote

the set of all bi-ideal of S as BI(S).

Definition 3.3[14]. Let S be a semigroup and let

0_ =A<IFNS) . Then A is called an intuitionistic fuzzy

bi-ideal(in short, IFBI) of S if it satisfies the following

conditions : for any z.y2ES .

Dpaly) = pa() Ny y)  and vy (ay) < vy () Vi, (y)

(i), lme) =y (@) Ay () and v,(a) <v,(z) v, (2)

We will denote the set of all IFBIs of S as IFBI(S).

Result 3.2[14, Proposition 2.8]. Let S be a semigroup

and let ASIFI(S).

Then AEIFKS) if and only if AMER(S)  for each

O EIXKI with A+pu<l. :

Let A be a subset of a semigroup S. Then it is not

difficult to see that the bi-ideal(A4); generated by A in

S is AUAZUASA |

The foliowing can be shown by the above comment,

Result 3.2 and a moderate modification of Theorem 3.1.

Theorem 3.3. Let S be a semigroup and let ASIFN(S) .

We define a complex mapping A°:S—IxJ as follows :

for each z=S5,

and

is the IFLIfresp. IFRI] of S

A'(x) (ze(\A/W% A, zeﬁ\\% g ) then A"=(A);, where
(A); denotes the IFBI generated by A.

Corollary 3.2. Let S be a semigroup and let
z,  EFp(S) . We define two complex mapping
(z(,)p:5>IxI  follows, respectively : for each =5,

(M) if yE@)
(@5 (®) ={(0,11‘) ify&(@)p
Then (x,,)p is the IFBI of S generated by z,, in
S. In this case, (z,,); is called the intuitionistic
fuzzy principal bi-ideal(in short, IFPBI)generated by
Tnp) *
Proof. The proofs is similar to the case of Corollary
3.1. So we omit. It is well-known that every ideal of a
semigroup S is the union of some principal ideals of S.
Similarly, we have the following result.
Theorem 3.4. Let S be a semigroup. Then every IFI of
S is the union of some IFPIs of S.
Proof. Let ASZFI(S) . Then, by Result 2.1,
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A= U 2,

Iu",eA
Case (i) : Suppose A(y) =(0,1) . then
UleAm):tA(I))(y) =( Ue (:)’:EA&H))(:U)

L_Jn Taw) Let =5,
rEAY

=(Vye e avttay Ay, a8VA() If 2=y, then
there exist a0y, by, b, €S such that
y=m, o y=a,z @ y=bh, For any cases, since

AEIFRS) , ply) 2p,(2) and v,(y) <y, (2) . Thus
(UzeAunIA(I))(y) :(Vye(;),:eA“”/‘A(:)’/\ye(;),;e,q“” VA(:J)
= (“A(y) ’VA(y)) =A(y)

Case (ii) : Suppose A(y)=(0,1) . Assume that there
exists 24" such that y=(z) . Then g =ty and
Vg SV @ above. Thus A(y) =(0,1) . This is a
contradiction. Then y&(z) for each =401

So Aly) =(U__ yen {4, e} =(0,1)

A= U, c409Z4(;) - This completes the proof.

. Hence, in all,

4 Some special cases
In this case, we study
generated by an IFS 4 in $'.

Theorem 4.2. Let § be a regular semigroup and let
ASIFY(SY) . Then

intuitionistic  fuzzy

ideal

A)=( V (), A v,(z,)) for each o<S.
:,,_ zt,l Z:S' ‘::,,-::ZQS‘
Proof. Let oSS such that a=zzz for some
7,5, LES"  and A(z,) =(st) . Then J:ZEA(”'). Thus
a€(4*Y) | So Alz) €| (st): as(A™)}
By theorem 3.1,
mlal= \/ = Vo mlz,) and
s (4" G=ZTyT,Ty
Iy Ty TES"
pA(a)= /\ t< A ﬂA(mz) 09)
PIVLE] B=T T 23
zp Tp ;€5

On the other hand, let (A\u)E{(s,t):as (AN},
Then clearly o€ (A™*). Thus there exist T, T,ES!
and z,€ A" such that a=z,z,1, Since T,€ AN,
ialzy) = X and g (x,) < p. Then

)=\ s \/ () and
a€(A") a =225ty
Ty TpTES"
pyla) = t2 AN iz @
a& (A% =TTy
Ty TpTyE 5"
Hence, by(1) and (2),
Ala)=( Voomm), A u)
I, .r,,l 1;6351 : ,,_:: ZZS'

This complete the proof.
Remark 4.1. By theorem 3.1 and its dual, we can

easily obtain (A) [resp. (A)r] generated by A in S

defined by A, (a)=( \/ p,(z), A vlz))
T
[resp'Aﬁ(a)z vn::rlj., ”A(Tl )’/\a=11xa uA(Il) ]’
Il'r'l;:ql ;,.r,_,E-:S',

for each oES

Theorem 4.2. Let § be a regular semigroup and let
AEIFY(SY) |

Then

(4)pla) =(v, < leale) Apalz)ln, na, ZIENIAECN

xp i S P
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for each a€S.

Proof. Let o=S such that a=zgzz, for some
2,2, 1, €S
and let  (st) =(uylz)) Apylay)wy(ay) v, (x) Then

clearly z,,z,€4“" . Thus clearly aS(A“"), .
So {(p(@) Apyla) vy (z) vy () El (s8) :aE(A"*‘))B}
By theorem 3.3

L‘(Aw)u(a) - vae (A"'h[,s = vn SLITE bl’A (xl ) /\“A (‘T‘j )] and
Iy Tn Isesl

V(A"’)B(a) = /\uE(A"’ﬁ,;s < /\nzmm [VA (Il ) VVA(% )] 3)
Ty Ty z,ES’

Now let (M€ (st) :as(4Y) ) Then
u.:(A(,,,ty)B:A(s.z)UA(s.e)A(a.t)UA(s,:)SlA(s,e)zA(a.t}uA(a,nslA(a,z)
since S is regular, A cALIS ALY

Then o=(AW), =484 Thus there exist
o2 €AYy (2)) 2 541 (y) <t
1a(zy) = sv, () <t

Then g, (z) Ay(zy) = s 0 (m) vy (zy) <t

and

. Thus

/'I(A“’ﬁu(a) = VaE (A"’hl;g = va =X Ty%y b‘A (.’1}1 )/\MA (% )] and
Iy, Ty 8

V(Au%(a) = NS = Ny, v (2) v, ()] “)
Zy, Ty 1365'

Hence, by (3) and (4),
(A("O)B(a)z(va=z.rm [l"’A(:tl)/\”A(z:’)]’/\ﬂ:ll?q”: Walz,) Vralas)]

Zi T E. 2, 3, ,ES
This completes the proof.
AAre 2
B ATE 4dAaRe Ado o5 slzd

P AT A(R-2004-B-133-01) F#oz +3d
A .
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