Optimality in Designs of Experiment
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Abstract

Optimality for block designs have received much attention in the literature.
Here we review these criteria and present results showing their A,.D and E
connection.Also we acquainted with the mathematical methods of designing
optimal experiments.In this paper, we will to do work about optimality in

experimental designs.

1. Introduction

Experimentation is an essential part of any problem of decision—making.
Whenever one is faced with the necessity of acception one out of a set of
alternative decisions , one has to undertake some experiments to collect
observations on which the decision has to be based. In order that it may be
possible to select an optimum decision procedure, the choice of the
experiment must also be optimum in some sense. This is how the problem
of optimal designing of experiments arises.

Let D(v,bk,r) denote the set of connected, binary block designs that involve
vtreatments and b blocks such that each treatment is replicated r times and
each blocksize its equal to k. The information matrix of any design d in
D(v,b,r,k) is given by C,=rl—k 'NN’, where N is the incidence matrix of
the design.

Note that C is symmetric and nonnegative definite and that it arises from
the reduced normal equation for the treatment effect alone.

The main purpose of this paper is to prove the relationship between
A-optimality and any other optimalities.

2. Model and Preliminaries

Suppose that the model for a design is given by,
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Yju=p+m+Bi+e;, =1, ,v,5=1-,b,£=1, - ,n; , te.
y=X0+¢,

where  y;; 1s an observation from the ith treatment and the jth block, p
is the overall mean , 7; and f;are the effects of the treatment and the jth

block respectively. Then, it shows that

XtX: (1n|X7'|Xﬂ)t(1n|X'rlXﬂ)

1% 111, 11X, 11X,
=l X} (1, X, X3)=| X1, X!X, X!X,
X; X4, XX, X;X,
n rt kt
=|r R N
ENC K)ot (1)

The normal equation is given as the following :

(X'X)0 = X'ty More explicitly, it can be written as

nrt kY p 1;
r R N| r |=| X! |y ,which is equivalent to
k N' K B Xﬂt
np +rit + kB Ly
ra+RI+N3 |=| Xy
kp +N'ir + KB Xy
Setting the corresponding terms equal, we obtain the following equations.
nﬂ +rt%+kt,3=lfly= G e (2)
T+ RT+ANB=Xly=T =« .. (3)
ki +NT+KB=Xy=B . .... (4)

To simplify the equations , we compute Let's be controled as the following,
(3)— (4) X NK~'on both sides of (3) and (4).

Then, the following equality holds.

(r— NK " 'k)p + (R— NK 'N*)7 + (N— NK "'K)3 = T— NK ~'B.

Since it holds that

r—NK 'k=r—Nl,=r—r=0

N—-NK'K=N-N=0

If we set, R—NK "'N'=C, T—NK 'B=gq , then

we obtain the following reduced normal equation which illuminates the block
effect 3.

C7:=q ...... (5)
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In (5),& is a v X v information matrix.
Denoting G- inverse of C by C, the following solution of (5) is obtained.
r=C7q e (6)
Using (4) and (6), the block effect 8 can be obtained as
B=K'B-K 'N't —K ‘kpu
=K 'B-K 'N'(Cq)—1,u + * + *» « (7)

Theorem 2.1 Let C, be the information matrix for d € D(v,b,k,7). Then,

it can be shown that

(a) C, is a symmetric matrix.

®) i) Sum of row and column of C, equal to zero
ii) rank (C;) € v—1.

3. Optimal Criteria

Let Bvo be a set of all vXw nonnegétive definite matrices of which sum of
row is zero. Let, Ay, ,A,_1(A;=X,=,--,=X,_;) be the eigenvalues of

C; € Buo ford € D(v,b,k,7).
A function ¢,: Bvo—R is defined by ¢,4(C;) = Tr(C;7) = Z“——

Then ¢ ,: A —optimal criteria are follows.

Definition 3.1. d* € D(v,b,k,r) is A—optimal if and only if
man ¢A(Cd) = ¢A(Cd*)-

de D

If ¢p: Bvo—R i1s defined by

1
so(C) = {2y me N}
then ¢ is an optimal criteria.

Definition 3.2. d* € D(v,b,k,r) is ¢r—optimal if and only if
man ¢P(Cd) = ¢P(Cd* )

de D
Definition 3.3. d* € D(v,b,k,r) is D—optimal if and only if

TN 61 (Cy) = $p(Cy )= det (C,7)-

de D
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Definition 3.4. d* € D(v,b,k,7) is type 1—optimal if and only if
mn ¢f (Cd) = (bf (Cd* )
de D

where f: (0,00 )—>R is a function satisfying
f(0) = Lim f(z) =+

fiz)<0, f"(z)>0, f"(z)<0,
v—1
and ¢, (Ci) = Y37 (0.

Definition 3.5. d* € D(v,b,k,7) is E—optimal if and only if

d* maximizes the smallest eigenvalue of any information matrix

C, for d € D(v,b,k,T).

It is important to study the interrelationships among the various criteria
because

if a class of optimality criteria is included in a larger class, a design which
is

optimal with respect to each criterion in the larger class is optimal w.r.t.
each

criterion in the smaller class.

It can be verified that all the criteria considered so far satisfy D, A,
E—optimality criteria.

If \;(#0),i=1,2, ---,v—1 are the eigenvalues of the information matrix

C; € Bvo for d € D(v,bk,r), then the average efficiency E,; can be written

)

by Edz,,i}—l__l— , where e; =

e

13

Theorem 3.1. Suppose the information matrix C,. has v—1 nonzero

eigenvalues that are all equal for d* € D(v,b,k,r).
(a) If d* is D—optimal in D(v,b,k,7), then d* is A—optimal in D(v,b,k, 1)
(b) If d* is A—optimal in D(v,bk,r), then d* is E—optimal in D (v,b,k,r).

Theorem 3.3. If d* € D(v,b,k,r) is ¢,—optimal, then d* is A—optimal.
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Theorem 3.4. Let f:(0,00)—R be a function defined by f(z) =%. Then

¢f—criteria is type 1—criteria, and also ¢f~criteria 1s A—optimal.

1
Theorem 3.5. For d* € D(v,bk,7), let X, =(—U—E——1—)“_2 (i=1,--,v—1)

be the eigenvalues of the information matrix Cd* .Then d* is D—optimal if

and only if d* is A—optimal.
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