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Abstract:

We propose a result on the stabilization of nonlinear time-delay systems via the feedback linearization method.

Using the predictor based control and the parametric coordinate transformation, we introduce a stabilizing controller to com-

pensate time delay. Specifically, we present the delay-dependent stability analysis to makes the considered system stable. Also,

an illustrative example is provided
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1. Introduction

Feedback linearization method is recognized as useful tool for
designing nonlinear systems. Also, feedback linearization re-
quires the accurate plant model to achieve exact linearization
of the closed loop system. However, there exist inevitable
time delays in many engineering systems. In other words, in
real world, there are time delays because of transport pro-
cess, computation process and other effects. In particular,
an input time delay is one of the most common forms of
time delay. It is well known that the existence of time delay
degrades the controller performance. Worst of all, a time
delay makes systems unstable. The research of control the-
ory for time delay systems has established various types of
approaches for linear systems with time delays. However,
the nonlinear time delay systems was rarely analyzed. Thus,
the time delay problem still remains as open problems [1].
In [2], the Smith predictor is usually used to improve the
control performance of linear time delay systems. Thus, the
Smith predictor framework is not available for nonlinear sys-
tems. The control scheme for nonlinear time-delay systems
has been presented [3],[4]. In [5], using the extended Lie
derivative for functional differential equations, the nonlinear
systems with the state delay have been analyzed. Several
theses deal with the control problem of the time delay sys-
tems via predictor based controller [6]-[8]. Therefore, a time
delay system can be transformed into a delay free system.
An input delay system based on a transformation that con-
verts the original system into a delay free form. It is shown
that the asymptotically stability of the transformed system
guarantees the asymptotically stability of the original sys-
tem.

In this paper, we use a predictor type transformation and the
parametric coordinate transformation to compensate time
delay. Also, based on the Lyapunov-based approach and the
improved Razumikhin theorem, we propose a stabilizing con-
troller and a stability analysis for the feedback linearizable
system with time delay.

2. Preliminary
Consider the following single-input nonlinear system :

a(t) f(@(t),x(t = 7)) + g(x(t))u(t —7)
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feedback linearization, time delay, reduction method, parametric coordinate transformation.

with € R™ and (f(z(t),z(t —
linearizable where f(x(t),z(t —
tions defined in a domain D, C R"™ that contains the origin.
Without loss of generality, it is assumed that f(0) = 0. The
initial conditions are given as x(0) = xo and xo(0) = ¢(0),
—7 < 60 <0 where z(0) = z(t + 6).
From an extension of the Lie derivative [5], the derivative of
O (x(t),z(t — 7)) along f(x(t),z(t — 7)) is defined as
0P 0P

= e /O ©
where f(-) = f(z(t—71),z(t—27)). Since L;®(x(t),z(t—7))
is a real-valued function with time delays, this operation can

7)), 9(z(t))) being feedback
7)), g(z(t)) are smooth func-

Ly®(z(t),z(t —

be respected for higher orders as

_ oL ® oL ®
k1 _ oy o 2Ly 7 ,
where f(-) = f(z(t — 7),x(t — 27)). This operator is called
the delayed state derivative.

From a coordinate transformation z(t) = ®(z(t),z(t — 7)),
the system (1) is transformed into the following form

Zi(t)

Zn(t)

zig1(t), fori=1,..,n—1

B7H(=(t), 2(t — 7))

X[u(t = 7) — a(z(t), 2(t — 7))] (4)

where 871 (z(t), 2(t — 7)) = LgL:}_lz(t) and a(z(t),z(t —

7')) _ L?’z(t) .
LgL}~'z()

be written as a(z(t),z(t — 7)) = a1 (2(t), z(t — 7)) + a2 (2(t —

7).

Moreover, the term a(z(t), z(t — 7)) can

Assumption 1: There exist a nonzero constant mg and
positive constants mi, mso such that

LQL?_lz(t) = mg"
laa(2(), 2t = )| < ma > |ak(@®)] +me Y |zt —7)]
k=1 k=1

Note that all norms are used in the sense of Euclidean 2-norm
in this paper.

3. Main Results
From Assumption 1, the system (4) is written as
Zi(t)

Zn(t)

zig1(t), fori=1,.,n—1
mg fult — 1) = a(z(t), z(t —7))]

()



We introduce the control input w(t) = ui(t) + u2(t). Using
a linear transformation based on the reduction method [6],
we obtain a simple transformation as follows:

Z(t) = 2(t) + /t tTcholul(e)de (6)
Then, the system (5) is transformed to
zZi(t) = Zig1(t), fori=1,...,n—2
Zaa1(t) = Za(t) — tt mg 'u1(0)do
Za(t) = mal[u1(t)_—l ua(t —7)
—au(z(t), 2(t = 7)) — a2 (z(t = 7)) (7)

Also, we introduce the control law w1 (t) = a1 (2(¢), 2(t—7))+

mov(t). Then, the system (7) is obtained as follows
Zi(t)

Zn—1(t)

Zix1(t), fori=1,---,n—2
2= [ n5 an 0). 20— 7))+ o0)0
®)

Using ua(t — 7) = aa(z(t — 7)), the system (8) is written as
follows

Z(t)

Zn (1) v(t) +u2(t — 7) — ax(z(t — 1))

Acz(t) + Beo(t)

—B[/ (mg o (2(6), 2(6 — 7)) + v(8))do] (9)

where (Ac, B.) is the Brunovsky controllable pair and B =
[0 ---010]".

The parametric coordinate transformations are defined as
[3]:

(10)

for a positive constant p > 1. Then, we obtain the following
equation:

pio(t) t)+p"Bev(t) = p" ' B

X[/ (mg a1 (0),2(0 — 7)) +v(6))do]11)

Also, using the control law v(t) = p™" " | kiwi(t),
pui(t) t) + B-Kw(t) — p"'B
[/ (mg a1 (6),2(0 — 7)) +v(6))do]12)
where K = [k1, ka2, -, knl.
From (10) and (12),
ot) = Kk p)(t) (13)
where K(k,p) = [p""k1, p' ko, -, p” 'kn].

Let, P and Q be the positive-definite, symmetric matrices

such that (A. + B.K)"P + P(A. + B.K) = —Q where
K is chosen so that (A. + B.K) is Hurwitz. Also, let
o = Amin(Q)

2A’NLO.IL‘(P).
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Theorem 1: The control laws are defined as

{ wn(t) = a (=(8), 2t — 7)) + mo K (k, p)2(1)

(14)
us(t) = aa(z(t))
where K(k,p) = [p0” k1, p' ke, -, p Ykn].

The closed-loop system (7) with the control laws (14) is
asymptotically stable if the following condition is satisfied

g

<
Hma +ma2) + p7 ! K|

T

pn lm (15)

Proof: Let V(w(t)) = pwT(t) Pw(t) be a Lyapunov function
where (A; + B.K)"P + P(A. + B.K) = —Q. Then,

1% w” (t) Pw(t) +w”
—w" (t)Qu(t)

—ZwT(t)PB[/ (Lfloq(z(e)7 2(0 — 7)) +v(0))do]

(t) Ppuio(t)

From (6), we can obtain as follows [21 (t), Zz(t) -y Zn(1)]
[21(t), 22(t), ---, +f df]. Also, from the
equation (10) and the 1mproved Razumlkhln Theorem in [9],
12O < qllz(t)]l, ¢ > 1, —7 <6 <0, then we obtain

laa(2(t), 2t = )| < mallZ0)]| +mallz( )]
< (mu+qma) |20
< (ma+qma) (@)

Also, since ||v(t)|| < p~ " || K||||w(¢)]], we obtain

Vo< nin(@llw®)* + 20" w(@)1 Pl
x [/ (mg ' (ma + gma) [w(9) | + v (6))de)]
< Amin(@)w @) + 27llw@) 1] P

X[p" i (ma 4+ qma) (@) + p~ 5 e (O]

Again, from the improved Razumikhin Theorem, ||w:(0)| <
gllw@)|l, ¢ >1, —7 <60 <0, then we obtain

Vo< = dnin(@)lw(®)])?
+27q[p" " mg " (ma + gma) + p7 | K[| Pll[|w(®)|®
= —bllw)|?
where b = Amin(Q) — 27¢[p" *mgt(m1 + qma) +
p I

If the inequality (15) is satisfied, ¢ > 1 exists such that
b > 0. According to the improved Razumikhin Theorem [9],
the system (7) is asymptotically stable. O
From (6), 2(t) — 0 implies z(t) — 0. Thus, the system (5)
is asymptotically stable.

Remark 1: As the tuning parameter p is getting larger,
the term the term p~'|| K| can be effectively suppressed.
However, the term p"fl(ml + m2) will become large as a
large value of the tuning parameter p. Thus, the tuning

parameter p should be appropriately chosen.



4. Simulation Results

Example 1: Consider the following nonlinear system :

i’1(t) = .Z‘Q(t)
io(t) = ai(t—7)— 0.1z (t)sinza(t — 1) +ult —7)
where 7 = 0.25.

Let z1 = x1 and z2 = x2, then the control laws are defined

{

where K(k,p) = [p"%k1, p~'ka]. We select p = 10, k; = —5
and ko = —6.
For comparison, we use the conventional controller with the

as

w1 (t) = 0.121(¢) sinz2(t — 7) + K (k, p)2(t)
(16)
ua(t) = —22 (1)

same parameter values [5]. As shown in Figs. 1-2, the pro-
posed controller makes the considered system asymptotically
stable while the conventional controller makes unstable.

0 1 2 3 4 5 6 7 8
time[sec]

Figure 1: Result via the proposed controller

—xi
x2

time[sec]

Figure 2: Result via the conventional controller [5]

5. Conclusions

In this paper, we propose a controller for a class of feedback
linearizable nonlinear systems with time delay. To compen-
sate time delay, we introduce the stabilizing controller based
on the predictor type transformation and the parametric co-
ordinate transformation. Specifically, we derive the delay-
dependent sufficient condition to guarantee the stability for
the considered system.
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