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Abstract: This paper considers a robust observer-based He controller design method for descriptor systems with parameter
uncertainties using just one LMI condition. The sufficient condition for the existence of controller and the controller design method
are presented by a perfect LMI condition in terms of all variables using singular value decomposition, Schur complement, and
change of variables. Therefore, one of the main advantages is that a robust observer-based H,, controller is found by solving one
LMI condition compared with existing results. Numerical example is given to illustrate the effectiveness of the proposed controller

design method.
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1. INTRODUCTION

The problem of H, control for standard state-space has
received considerable interest over the last decade. Although
H,, control theory has been perfectly developed, most of
works have been developed based on state space equations.
Recently, much attention has been given to the extensions of
the results of H,, control theory for state-space systems to
descriptor systems. State space models are very useful, but the
state variables thus introduced do not provide a physical
meaning. Hence, the descriptor form 1is a natural
representation of linear dynamical systems, and makes it
possible to analyze a larger class of systems than state space
equations do[1,2], because state space equations cannot
represent algebraic restrictions between state variables and
some physical phenomena, like impulse and hysterisis which
are important in circuit theory, cannot be treated properly.
Wang et al.[3] presented necessary and sufficient condition of
H,, control for singular systems using bounded real lemma
based on two generalized Riccati equations. Cobb[4] dealt
with the problem of controllability, observability, and duality
in singular systems. Lewis[5] treated the optimal control for
singular systems.

Recently, the singular H, control problem has been
considered by many researchers. Especially, Masubuchi et al.
[1] considered the H,, control problem for singular systems
that possibly have impulsive modes and/or jw axis zeros in
order to eliminate the assumptions. Lin[6] considered on the
stability of uncertain linear descriptor systems with state
feedback approach. Rehm and Allgower[7] treated the H,,
control problem of high index or even non-regular linear
singular systems with norm-bounded uncertainties in the
system matrices. Much recently, Fridman and Shaked[§]
proposed a descriptor system approach to H,, control of linear
time-delay system. Although the approach[8] had the
effective method to solve H,, output feedback problem, their
approach was based on the solvability of two LMIs for
special dynamic forms. Therefore, there are no papers
considering robust observer-based H,, control design methods
for descriptor systems with parameter uncertainties by a strict
LMI technique. If we do not know all states in descriptor
systems, the state feedback controller design methods cannot
be applied. Although some papers treated H,, control problem
of descriptor systems, it was not easy to calculate the
solutions because of non-convexity of sufficient conditions.

In this paper, one LMI sufficient condition for the existence

of robust observer-based H, controller and robust
observer-based H,, controller design algorithm for descriptor
systems with parameter uncertainties are presented using
singular value decomposition, change of variable, and LMI
approach, Therefore, all solutions including feedback gain
and observer gain can be obtained at the same time, because
the presented sufficient condition is an LMI form regarding
all variables. Compared with existing results, one of the main
advantages is that the proposed robust observer-based H.,,
controller is found by solving one LMI condition.

The following notations will be used in this paper.(-)', ()",
deg (), det(*), and rank(-) denote the transpose, inverse, degree,
determinant, and rank of a matrix. An identity matrix with
proper dimensions is denoted as /. I,, x,(2), and R" denote an
identity matrix with rxr dimension, rx1 dimensional
vector, and »x1 dimensional real vector, respectively. *
represents the transposed elements in the symmetric positions.

2. PROBLEM FORMULATION

Let us a linear time invariant singular system with
parameter uncertainties

Ex(1) = [A+ M@ e(t) + [B, + AB (O ]u(1) + Byw (1)
2(t) = Cyx(¢) + Dyu(r) (1)
w(t) =[Cy + AC, () x(1) + Dy eo(t)

where, x(f)eR”" is the descriptor variable, z(r)eR' is the
controlled output variable, y(r)e R? is the measurement
output variable, u(f)e R™ is the control input variable,
w(t) e R? is the disturbance input variable, E is singular
matrix with rank(E)=r<n, and all matrices have proper

dimensions. And we assume that D; has full column rank.
Here, parameter uncertainties are defined as follows:

AA(r)= N1F()H,
AB|(1) = N,F, (D) H, 2
ACy (1) = N3F3(H)H;

where, N;,(i=123)and H,,(i=1,2,3) are known constant
real matrices with proper dimensions and F;(¢), (i =1,2,3)

are unknown matrix functions which are bounded by
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Here, we summarize some definitions and useful properties[1]
for descriptor systems in the following.

Definition 1. For the descriptor system Ex(¢)= Ax(?), if
det(sE-4) is not identically zero, a pencil sE-4 (or a pair
(E,A)) is regular. The property of regularity guarantees the
existence and uniqueness of solution for any specified initial
condition. The singular system has no impulsive mode (or
impulse free) if and only if rank(E)=degdet(sE-A). The
condition of impulse free ensures that singular system has no
infinite poles.

Associated with the uncertain descriptor system (1), we
propose the following robust observer-based H,, control law

E(0)= AL+ Bu() + L[y() - C2¢ (0] @
u(t) = KZ (1)
where (7)€ R” is the observer state, L is an observer gain

matrix, and K is a feedback gain matrix with proper
dimensions. When we take error state vector
e(t) = x(t) - £ (¢), the error dynamics can be obtained as

Eé(t)=[4-LC, - AB (1)K |e(t) )
+[Ad() — AB (K — LAC, (0 (1) + [By — LD, ().

Moreover, the state equation for the closed-loop system can
be obtained as

Ex(1) = [A+ AA(t) + (B, + ABy(6)K Jx(1) )
—[B, + AB, (1) |Ke(r) + Byoo(1),

and controlled output, z(?), can be expressed as
2(1) = (Cy + Dy K)x(1) = Dy Ke(t) = Cy g x(1) = Dy Ke(7) (7

where, Cjx =C)+ D K. Also, we introduce H,, performance
measure as follows:

wﬂz(rﬂzm—yzw(t)Twm]dt (8)
0

Hence, the objective of this paper is to determine observer
gain L and feedback gain K satisfying not only regular,
impulse-free, and asymptotic stability of the closed-loop
system but also H,, norm bound within a prescribed level in (8).

3. MAIN RESULTS

The sufficient condition in terms of an LMI form and
robust observer-based H, controller design method are
presented in this section. In the following, we present
sufficient conditions for the existence of a robust
observer-based H.,, controller for uncertain descriptor systems.
Theorem 1. For a given positive real number y , if there
exist invertible symmetric matrices P,, P,, observer gain L,
and feedback gain K satisfying

T T

ETP.=PTE>0 )
T T

ETP,=P'E>0 (10)

T T

I, -P'BK-CygDK PI'B,

* I, PI'(By—LD,) |<0 (1)
* * _7/21

then, (4) is a robust observer-based H,, controller such that the
closed-loop system in (5), (6), and (7) is regular, impulse free,
and asymptotic stability. Also, the closed-loop system is
satisfied with » bound. Here, some notations are defined as

follows:

[ =A"P.+PT 4+ KBl P.+ PTB K + Clx Cx + PTN,N] P,
+2PTNoNT P+ 2H] Hy + 2K HY HyK + HY H,

D,=A"P,+P 4-CI1"P,-P'LC, + K" D] DK + PT N, N] P,
+2PT N, NI P + PTINNT TP + 2Kk THI HL K.

Proof . For asymptotic stability of system in (5) and (6), if we
take a Lyapunov functional

V(x(®) = x(t)T ET P.x(t) + e(t)T ET P,e(r) (12)

with ETP,=PT'E>0 and ETP,=PIE>0, then the time
derivative of (12) is given by

V(x(0)) = x(t)T ET P.x(1) + x(t)T P! Ex(1)

(13)
+e(t)T ETPe(t) + e(r)! P Ee(1).

Therefore, V(x(f))<0 with zero input, w(r)=0, implies
that the closed-loop systems in (5) and (6) are asymptotically
stable. To satisfy asymptotic stability and H,, norm bound in
the closed-loop system from the (8), (12), and (13), we can
obtain the following relations

207 2(6) = 7> w(t)T w(e) + V (x(1)) < 0. (14)

Therefore, we have

20" 2() = P w(e) W) +V (x(1)

= [Cixx(t) = DiKe) [ [Cix x(1) = D Ke(1)]- 7> w(t)T wiz)

+ {4+ A4 + (B + AB (0)K x(2)

~[B, + AB (1) |[Ke(r) + Byoo(1) ! P.x(t)

+x(0) BY {4+ AA(0) + (B, + AB, (1)K Jx(1)

~[B, + 8B (1) [Ke(t) + Byw(n) |+ {4~ LC, — AB (1)K (1)
+[Ad(t) + AB (1)K = LAC, (1) (1) + [By — LD, Jo(0)}T Pye(t)
+e())" P} {4—LCy = ABy (K (1)
+[AA(t) + AB, (1)K — LAC, (0) x(1) + [By — LD, Jo(1)} < 0.

(15)

And, using the following Lemma

2x(¢)" PNF (1) Hx(t) < x(£)T PNNT Px(¢) + x(t)T HT Hx(¢) (16)
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(15) is transformed into

0] |1 -P'BK-CxDK P'B, x(1)

e(r) | | * I, Pl (B, —LD,) | e(t) | <0.

o@)] | * * 4t B 0]
17

Therefore, the proof is completed.

However, it is not easy to solve Theorem 1, because the
sufficient condition of (11) is not an LMI form and the
equality conditions are included in (9) and (10). In order to
make a perfect LMI condition in terms of finding all variables
and eliminate equality condition, the obtained sufficient
conditions are changed in the following Theorem 2 by proper
manipulations. Moreover, the robust observer-based H,,
controller design method for descriptor systems with
parameter uncertainties is proposed.

Theorem 2. For a given positive real number y, if there

exist positive definite matrices P;, P,, an invertible symmetric
matrices P;, Py, and matrices P,, Ps, M;, M, satisfying

2 0 2, g 0
* DY D W 0 I1,

* L B 0 |<0 (18)
* * * -7 0
* * * * —7J

then the matrices expressed by

T -1, pT T
K=—(D; D) (B F.+D; ()

(19)
L=)"'M

are controller gain and observer gain in robust observer-based
H,, controller of (4) satisfying asymptotic stability and H,
norm bound within y. Here,

I, I,
fm
3
[ T
5, = RBy + P, Bzz:l
BBy,
i T T2 T
s, - My 5 A4—M1C22—C21M2:l
3 * b
L I1s
i T
T, = PyByy + Ps Bzz—MlDzjl
FsByy — M, D,

[T, = 4 B + B, + C{\Cyy +2H{ Hyy + HA Hy,,
M1, = P/ 4y + C\Cp + 2H{\Hyy + H3 H,

[Ty = 4§ Py + Py Ay + CHCpy + 2H Hyy + Hip Hy,
[y = 4] P+ PA - M Cy - Co M

[1s = 44 Ps + PsAy — MyCyy — C1y M3,

(20)

M, = ANy +PI Ny N2(RNy + P Nyp)
BN 2PNy
~V2(RBy; + P By + C1T1D1)(D1TDl)_1H2T}
—J2(PB1y + CHDN(D] D) H
I, - {— (RBy + P By + DD D) ' D
—(BBy, +CHhD)(D] D) D]
PNy +PINyy, N2(PNy + P Ny)
FsNia V2PN,
~V2(BBy, + P By + C1T1D1)(D1TD1)_1H2T}
—2(RBy, + ChDND! D) HY
Proof. The matrix inequality of (11) can be changed to

Ay O P,
* A, PI'B,—MD,|<0 1)
* * 7}/21'

with controller gain and observer gain matrices of (19). Here,
some notation are represented as

A =ATP.+PTa+clc,-k"DI Dk + PTN,NT P
+2PINyNI P+ 2H] Hy + 2K HY H,K + HY H,
Ay=da"P + PTa-MmC, -cITMT + KT DI DK +
PINNI P, +2PT NyNT P, + MN3NT M + 2K T HY H) K,
M=PIL

Moreover, the matrix inequality of (21) is negative-definite
when the following LMI

vy 0 P'B, Z I

* oy, BB-MD, 0y,

* % -y 0 0 [<0 (22)
* * * 7 0

* % * x

is negative-definite using Schur complements, change of
variable, and proper manipulations. Here, some notations are
defined as follows:

wvi=A"P.+ P A+ Cl C\+2H] H, + H] H;,
wy=dATP +PT 4-MC, —CIMT,

vy =|P'N, 2PN, ‘/EKTHle

wa=|K'DI' PIN, J2PTN, MmN, 2KTHY ]

To obtain an LMI sufficient condition in terms of finding all
variables and eliminate the equalities in (9) and (10), we make
use of singular value decomposition and changes of variables.
Without loss of generality, we assume that the systems
matrices of (1) have the following singular decomposition
form[1,2]
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gl O A 0] [Ba] ]
G=[c, Gal. ¢, =[Cy Cnl]. D=D,, D,=D,,

N,
AA(:)—{ N‘jFl(r)[Hu Hy), (23)
1

N
ABl(r):{NﬂFz(r)Hz, ACy(1) = N3F5(0)[Hs,  H3,)
22

where, all matrices have appropriate dimensions. Also, if we
set

B 0 P 0
P.= , B = 24
P P Py F

in order to satisfy (9) and (10), and if other solution has the
following structure

M—{Ml} (25)
M,

and we apply (23), (24), and (25) to (22), then (22) is
equivalent to (18). Therefore, (18) is an LMI form in terms of
all variables, P;, P,, P;, P,, Ps5, Ps, M;, and M.

Remark 1: In the case of E =17, the problem can be
solvable directly from an LMI condition in (22) with positive
definite matrices, P, and P,. Therefore, the proposed design
algorithm can be solvable in non-singular systems with an
LMI condition. Thus, the result is general design method. In
most existing results (Masubuchi et al. 1997 and references
therein), observer-based controller including output feedback
controller can be constructed from two sufficient conditions
of control Riccati equation(or inequality), and filter(or
observer) Riccati equation(or inequality), while the proposed
robust observer-based H.,, controller can be obtained by one
LMI sufficient condition, which can be solved efficiently by
convex optimization.

Example 1. Consider a descriptor system with parameter
uncertainties

! Ox(z): —2 0 1F(z)[Ol 0.1]}x(r)
0 0 o 1| |1t
+{_ﬂ+sz(z)o.1}u(z){gﬂw(t) (26)

20 =02 0.1]x(0)+u(r)

yt)={0.5 02]+ 0.1 0.1]x(0)+ o(r)
All solutions can be calculated at the same time from the LMI
Toolbox[9] because the proposed optimization problem of

Theorem 2 is an LMI form in terms of finding all variables as
follows;

0.2888 0 0.3058 0
P.= B, =
—-0.2490 -0.1605 -0.2412 -0.2088

—0.1010
M=
—0.0209

The gain matrices can be obtained from (19) as follows:

K =[0.1286 —0.2605]

L _[-02s12 (28)
“| o.1001 |

Therefore, the robust observer-based H, controller can be
constructed as follows:

- -2.1316 0.5712|_ -0.2512
Ex(1)= x(?) +

t
—0.1787 1.2405 0.1001 }y()

(29)
u(r)=[0.1286 —0.2605x(r).

Thus, the controller guarantees not only asymptotic stability
including regularity and the property of impulse free but also
the H, norm bound, (y <1), of the closed-loop system in
spite of disturbance input and parameter uncertainties.

4. CONCLUSIONS

This paper considered the design problem of robust
observer-based H, controller for descriptor system with
parameter uncertainties by an LMI approach. One of main
advantages was that a robust observer-based H,, controller
could be constructed from the solutions of an LMI sufficient
condition. The presented robust observer-based H,, controller
guaranteed asymptotic stability, regularity, the property of
impulse free, and H,, norm bound in the closed-loop system.
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