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Abstract: In this paper, we use the input and output maps and develop simple procedures to obtain realizations for linear

continuous-time systems. The procedures developed are numerically efficient and yield explicit formulae for the state space

matrices of the realization in terms of the system parameters, notably the system modes.

Both cases of the systems with

distinct modes and repeated modes are treated. We also present a procedure for converting a realization obtained through the

input or output map into the Jordan canonical form. The transformation matrices required to bring the realization into the

Jordan canonical form are specified entirely in terms of the system modes.
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1. INTRODUCTION

The realization problem requires the determination of an in-
ternal state-space description of a system from the knowl-
edge of the input-output (I/O) data. The I/O data is often
represented in terms of the transfer function matrix or the
impulse response matrix of the system. The problem has
been thoroughly investigated for linear time-invariant sys-
tems and excellent discussions of the most popular solutions
are available in the standard texts on system theory, for ex-
ample, in [1], [4], and [6]. A relatively recent overview can
also be found in the article [9].

An alternative approach utilizing the input maps has been
proposed in [3]. These maps are useful in factorizing the
impulse response matrix and yield a worthwhile representa-
tion of a given transfer function matrix for the purpose of
building a balanced state space realization [7]. An important
property of the I/O maps, that makes them attractive from
the computational point of view, is that the system control-
lability and observabilty Gramians can be computed from
them directly without requiring solutions to the Lyapunov
equations. Unfortunately, the results presented in [3] do not
produce the state space realization matrices explicitly and,
as a result, the dependence of the system parameters, such
as the system modes, on these matrices cannot be studied
when such a study is desired.

In this paper, we present a computationally efficient formu-
lation of the input map realization approach taken in [3]. We
derive a minimal realization for linear continuous time sys-
tems when modes are distinct and then extend the results to
situations where modes are repeated. We obtain closed form
expressions for the controllability and observability Grami-
ans which greatly simplify the computation of the minimal
realization. The case of distinct modes is treated in Section
2 and that of repeated modes is considered in Section 3.

In Section 4, we use the results obtained in the previous two
sections and provide a method to derive the Jordan canon-
ical form of a realization obtained through the I/O maps.
This will be done by breaking down the impulse response
matrix of a system in terms of a number of simpler impulse
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response matrices obtained through a parallel combination of
some elementary building blocks. The transformation matri-
ces required to bring the realization into the Jordan canonical
form are specified entirely in terms of the system modes. As
a result, we will show that a Jordan canonical structure of
a system can be obtained efficiently through the use of the
I/O maps.

2. REALIZATION WITH DISTINCT MODES

Consider a system whose impulse response matrix has dis-
tinct modes, that is,

Ht)=| F F» Fo | 15(t) = Lo (t) F*T

where
et n
6)\2t F2
I¢(t) = . ® Ima FbT - . ’
e>\nt F,
Igr(t) = [ Mt ghat ernt ]®Im~
In this representation, F;, ¢ = 1,2,...,n are [l X m nonzero

constant matrices. It is assumed that the modes have both
the geometric as well as algebraic multiplicity of one, that
is, Ai # A; whenever i # j.

The notions of the input and output maps, to be introduced
shortly, will rely on the computation of the impulse response
matrix derivatives

; d'I4(t)
HO () = n ¢
(t) [ P Fy | =5
)\ieht
)\éekﬁ
= [A B Fo | ® I
)\i e’)\”t
= [ NF NP NoFu ] Lo(t).
Using H(t) and these derivatives, the so-called coefficient



matrix Ly can be formed as

H(t)
HY (1) _
Vi(t) = . = Lviy(t) = Isr(t)Lv
L HO(t)
a3 Fy Fy
MFL A Fy AnFn
Ly =
L MNP AP AnFn

Finally, the reduced forms of the coefficient matrix Ly can
be utilized to define the input and output maps. The input
map is defined as

L(t) = e B = Lal,(t)

where L, is the row reduced form of Ly, while the output
map is defined as

R(t) = Ce™ = I, (t)Ra

where R, is the column reduced form of Ly .
when £(X;) < 0 for ¢ =
,mn, the input map has the controllability Gramian W,

For a strictly stable system, i.e.,
1,...
and the observability Gramian W,. Using the Kronecker
product for matrices, these Gramians can be written down
explicitly as

We = / L(t)L*(t)dt = L, {/ I¢(t)1;§(t)] L;
= [)\ +>\*} ® L,
W, = R*(t)R(t)dt = R, OOI*T Tpr R,
/O (1) R(t)dt [ / 5O, <t>]

. -1

R, [m} ® ImRa.

Both Gramians are symmetric, and due to the stability as-
sumption, they are also positive definite. These properties
allow efficient factorizations of W, and W, into their lower
and upper diagonal factors using the Cholesky decomposi-
tion [5]. Specifically, let T' be the normalizing transformation
for the input map obtained from the Cholesky decomposi-
tion. T is a nonsingular transformation whose computation
is known to be numerically stable; it produces the orthonor-
malized input map

L(t) = Laly(t) = TLaIs(t),
where L, = [ Lo1 | Lao | | Lan }, Lo € RP*™, § =
1,...,n. A similar procedure can be utilized to normalize

the output map as

R(t) = Iy Ra = I4R,S,

~ ~ ~ bT ~
Ral | Ra2 | e | Ran } ) Rai S RnXZ7
,n. Note that T is a normalizing transformation in the

where f%a = [
1,...

7=
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sense that the transformed Gramians satisfy the normalized
property

We = [ L(t)L* (t)dt
Wo = [ 7 R*(t)R(t)dt

Lo [y~ TeOI®)] L = In,
R* LIt I¢T( )] Ra = In.

We are now in a position to state the main result of this
section.

Theorem 1 Let R(\;) < 0fori=1,...
malized input map yields the state space realization

,n. Then the nor-

A= Z?:l Z? 1 A_-:\A* L, Law
B = Z:‘L:I Lai,
C=>i, Z: 1N +>\* FiLg;,

while the normalized output map yields the realization

A= Z?:l E: 1
B=3", Zyz
C=>" R

] * 7 .
)\*+)\ R; ifaj,

*
)‘*+)\ Raz Js

Proof Observe that the derivatives of the normalized input
and output maps are given, respectively, by

)\1€>\1t
di(t) _ 7 dlg(t) _ 7
dt La jt = La & I
) )\ndeknt
d]zit) _ qu;,;(t) L= [ Arett Ay ernt ] ® ImRa
Thus, the state matrix is given by
dL(t) =, - X dly(t) b ] s
A = —=L7(t)dt= L, I;(t)| Ly
iz wa=r.| [0
[ = - N s
= L, ®IL, = LaiLy;
|:/\i+/\;:| l:)‘iJr)‘; ]:|ij—1 oy
n n 7A7( B B
= LoiL .
Ai + A% ’
i=1 j=1 J
The input matrix is computed as
B=¢""B=1L0)=Lals(0) = Y Lai,

and the output matrix is found as

[

Pl emi =YY

=1 j=1

oo}

c W, Io(t) I (t )dt}

I L
}® hy +>\*

This completes the proof for the first half of the theorem.
The proof for the second half of the theorem can be given in
a similar way by using the output map instead of the input
map. In particular, the matrix B is obtained with the help
of the transformed observability Gramian while the matrix
C is obtained through the evaluation of the output map at

t = 0. Details are omitted for brevity. O



3. REALIZATION WITH REPEATED
MODES

For repeated modes, we consider the impulse response matrix

Hit)y=[ Fun F Fing | Ts(t)

where
ey, e
e, teti
I¢(t) = ® Im, ex; (t) = . )
€ex, tvi~ley,

i

the integer n; is the multiplicity of the i-th mode, and n is
the number of distinct modes. Although a mode does not
necessarily have the geometric multiplicity of one, its alge-
braic multiplicity is still assumed to be one. In particular, it
is assumed that Fj; are nonzero constant matrices of appro-
priate dimensions and A\; # A; whenever ¢ # j.

For the repeated modes case, computation of the derivatives
of H(t) are more involved. However, using a variant of the
well known identity (see [1], p. 203])

dw) () mam
dti _Z< k )“ v

k=0

namely,

. min(i,5)
d'(t'eM) ( J! i—kyi—k Xt
A TN

dt > k) G—Fk)! co

k=0

one can see that the derivatives of the impulse response ma-
trix can be computed explicity as

no d'Ts()
=1 dti

HYt) = [Fu Fo sz}

= [ NFua+i) "Fo+...

Once again, the coefficient matrix Ly can be formed using
H(t) and its derivatives as

H(t)
H(”(t)

Vi(t) = = Lv I4(t),

H <"'>(t)

where the expression for Ly is given in the Appendix. As
in the distinct modes case, we may use the row reduction
procedure to obtain a set of linearly independent rows from
the coefficient matrix Ly to write the input map in the form

L(t) = Lo I4(2).
Next, we use the identity

n At At - T nlt" "
/t edt=e Z(*l) m,

r=0

to evaluate the integral
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)\éané ]Zzl I¢(t).

k40 (N +A5)t
/0 {t e ] k=01, n—1 %

(=0,1,...

— (e (k+0)!
()\¢+)\;)k+é+1 k=0,1,...,n; — 1
0=0,1,...,n; — 1

,njfl

This result helps us express the controllability Gramian W,
in the closed form

We = La[Wijlij=1,....ng ® Im Ly,

where W, is a symmetric matrix.

For a strictly stable system, i.e., when R(\;) < 0 for i =
1,...,n, W, is a positive definite matrix and can be factor-
ized using the Cholesky decomposition [5]. The Cholesky
factors can be used to transform L(t) into the orthonor-
malized input map L(t) with the transformed controllability
Gramian W, satisfying the normalized property as discussed
in the previous section.

We now state the main result of this section.

Theorem 2 Let R(\;) < 0 for ¢ = 1,...,n. Then the nor-
malized input map yields the state space realization

—_ ng nooF AT
A=) 4 ) i1 LaiAij LY,
n
B = E i1 Lai1,

C= Z;lzl Z;L:1 FiWijEZjv
where

(—1)kHe+1

Ay = [ﬁwwﬂ (k+0—1)!
i J

g
R e G | R

s NG — 1 ’
EZO,I,...,’I’L]'—l
o ktet1 _ (kt0)!
Wi = [0 ) 01
{=0,1,...,n; — 1
Proof By a direct calculation we have
Aée)\gt n
7 B (t)\g + l)exft
i g, | o
-1 —23 At
(™ Ao+ (ne — 1)t %)ee v

Thus, the state matrix of the realization is given by

dL(t) =, . X dIs(t) | s
A = ZUindt = La | L
i wa=L| [T e
= Ea[Aij]i,j:L...,n@ImEZ: EaiAile/Z7
i=1 j=1
where
o - ke k4f—1y (A+A%)t
Asj |:/0 (Nt™" + Kt e J dt] k=01,
(=0,1,

— (e Ai(k +0)!
= ()\z +)\;)k+£+1



we (40— 1)1
+h(=D" (/\,‘+/\;f)k+f} k=01, ..n—1
(=0,1,...,n;—1
_ et
)
X{L(mewkﬂ
)\Z‘-f—)\; k=0,1,...,n; — 1
= U, ,...,nj—l

The input matrix is given by

3

B=L(0) = LoI4(0) =

and the output matrix is given by

C = H VL*( —F{/ Id,(t)ld’j(t)dt] L
0
= ZZFWHLW
=1 j=1

O
Note that a similar type of realization can be obtained by
employing the output map instead of the input map as was
done in Theorem 1. Details are omitted here for brevity.

4. JORDAN CANONICAL
REPRESENTATION

The results of Theorems 1 and 2 suffer from two shortcom-
ings, namely, in each case
1. The computation is carried out on the entire set of data
at once, and
2. In the case of complex modes, the matrices produced for
the realization are complex.
In this section, we will show that both shortcomings can be
alleviated. To this end, we study the problem as a realiza-
tion problem for a parallel system of elementary problems,
each of which serving as a building block for the original
problem. The discussion will be limited to the single-input
single output systems and, for the case of repeated modes,
only real modes with multiplicity of two will be considered.
Considerations for more general cases require further efforts
and is not pursued here.

Case 1 Consider a system with the impulse response

h(t) =
At

where A < 0. Using our earlier results we have I4(t) = e
and Ly = f. Thus, the reduced form of Ly is L, = 1, and
L(t) = Laols(t) = I4(t) = e*. A simple calculation gives

= 1/(—2)) with the Cholesky factor W, = 1/v/—2X\.
Hence, L, = v/—2X. Moreover, fo dj‘b(t)ld)( t)dt = —1/2.
Therefore, the realization of h(t) is given by

feM e >0,

A [ Ve2x
Sh=|—F |
V—2X

Case 2 Consider a system with the impulse response

h(t)

= fre™ + fate™ t >0,
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where R(A) < 0. This form of h(t) represents the impulse
response of a system with a repeated real mode of multiplic-
ity 2. The vector I(t) and the coefficient matrix Ly of the

system are
} ’ LV N { } .

The reduced form of Ly is L, = I so that L(t) = I(t).
This yields

e)\t

*
te)\ t

f1
A1+ f2

f2

Iy(t) = { Ao

1 1 =5 1 1 0
We = -2 :| ; Wep = —— |: :| ’
_2)‘{ —2A # V=22 —Lz,\ —LQA
where W, = W/, Wes. Therefore, L, = W, 'Le = W, is
given by
~ 1 0
Lo =v-2 .
=L
Finally, by computing the integral
*dly(t A —1)2
/ o(0) ) gy — L [ /]7
o dt —2X 1/2 0
we obtain the realization
oo ~ A0
[ Ha® 1, (1) dt} - 7
—2X A
. 1
B = Lalg(0) = /-2 { e
C=F[[T LMt Lo= A= h-5% %]

Evidently, the realization produced by the algorithm is not
in the canonical form. The following lemma provides the
transformation of the realization into the canonical form.

Lemma 1 The canonical transformation for the repeated
modes case with multiplicity two is given by

1 142X 1 1 0
T P T
V22X =23 0 11+ 5
t1 to .
Proof Let T\ = e Then, a straightforward calcu-
3 la

lation, based on the similarity transformation

e[ 2]

by
shows that the entries of the transformation are constrained
as 2t3\ = 1, tot3 = —1, t4 = 0. This gives the solution
to =1/V/ =2\, t3 = —v/—2)\, t4 = 0, with ¢; serving as a free
1

parameter, i.e.,
V=2\ [ ] '

We choose t1 so that the input matrix of the realization is

A 0
—2X A

Al
0 A

t1 1

Ty =
A —2) 0

in the canonical form. Since in the new coordinate
t1—1
7

hB= { —2)



So, the claim is proved by setting t1 = 1+ 2\. Note that the
matrices of the new realization now take the canonical form

A1
TNATTY =
1
"B = 2\ _1},
cTyt = %m[fz f1+f2}~

Case 3 Consider a system with the impulse response
h(t) = fe + Nt 0,

where R(A\) < 0.
pulse response of a harmonic oscillator where A\ = —({ +

JV1—=Cwn, f=jwn/(24/1—(?),0< (<1, and w, > 0.

The vector I4(t) and the coefficient matrix Ly of the system
foor

R O P

A*t
The reduced form of Ly is L, = I2 so that L(t) = I4(t).
This yields the controllability Gramian

o

Since W, > 0, the Cholesky decomposition of W, = W, W,
is found to have the factor

|
|

This form of h(t) represents the im-

are

At

I(2)

—1
2R(N)

1
A)/A"

RN)/A
1

c =

1
R(N) /A"

0
L—RA)?/[A?

1

Wep = ———
RO\

from which we have ia = WC_ZIL(L = Wc_zl, where

|

Finally, by computing the integral

0
1

—oR(\)
1= R(A)?/IA2

L—=R(N)?2/[A?
RO /A

-1 _
cl

> dI(t) . -1 AR
/0 &= gy { R() A ] !
we obtain the realization
A [ A 0 ]
L A=AA)RN) /T =ROZ/AZ A ]

1
B = /=2R() [ (1= R()/X)/ /1= ROP/AP ] ’

C= L [1-20)/A —VI-RO/IAF .

where, in obtaining C, we used the fact that ®(f) = 0 which
—f.

Unfortunately, the matrices produced above are defined over
cn.

complexification transformation must be performed to bring

implies f* =

Therefore, for this realization to be useful, a de-
the entries of these matrices into real forms. The following

lemma shows that such a transformation can be character-
ized entirely in terms of the system modes.
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Lemma 2 The de-complexification transformation for a pair
of complex conjugate modes is given by

TA:l_j{j(lﬂR()‘)/)‘*) - ROV2/NE }
SRRV L—RO)2/IAP |
ST —i\/T= RO/ AP

YT ERTROEDE [ L RO/

L—=RA)?/Al2 }
—j(1L=3RMN/X) |
Proof We construct the transformation in two steps. In the
first step, we bring the system matrix into the diagonal form,
and in the next step, we de-complexify the result using the

similarity transformation

A0 o ROY =S
Q{ 0 X }Q B { 3(N)  Re(N) ]
where
i -1 1) =51
o-[1 5] e=3[3]

The transformation required by the first step, namely,

P[ A0 }Pl_[)‘ 0 ] v= (1= A/ AR
D 0 A |’ 1— RO/ N2

entails more work due to the redundancy inherited from
the triangular structure of the system matrix. We use
this redundancy to our advantage for the purpose of de-

complexification. To this end, we partition P as
P N { ] ’

and observe that the constraints
p1#0, p3 #0, pa#0, p2 =0, ps(A—=A") +pap =0,

P2
P4

P1
b3

are to be imposed on the entries of P, the last of which gives
A=A

“:( v )“

Thus, the free parameters p1 and ps are to be chosen so that

the transformation T\ = QP renders the original realization
into the de-complexified form. This transformation is given

by
(3 3] - o2 2]
- or[2 e
= TA{;\} AO* ]T;l,
where
, AA®
n-[ o ]

Since the system matrix is already de-complexified without
further restrictions on pi and ps, we select these parame-
ters so that the remaining matrices, namely the input and



output matrices, are de-complexified as well. Evidently, the
de-complexification of one of these two matrices will suffice,
so we proceed arbitrarily with the decomplexification of the
input matrix

1— RO/

1

which has the representation

= T e | (o),

p1+j(a—1)ps

in the new coordinate system. Further restriction can be
imposed by seeking a canonical structure which, in turn,
translates into the conditions jpi + (o — 1)ps = 1, p1 +
j(a —1)ps = 1. Solving these equations yields the solution

pr =51, ps =11 (ﬁ), and the resulting transformation
is
po_ =i ¥ 0
T o | SR N VI—ROVE |
b2 1

1—j [ —RA)/A"V T =RA)?/IAPR)

—1//1 = RA?2/A2 ]

which was obtained upon back substitution. Therefore, the
overall transformation, Ty, can be obtained from T\ = QP,
and its inverse, T/\_l, from T;l = P~'Q7'. It is straightfor-
ward to verify that the results of this computation agree with
the ones claimed by the lemma. Finally, we observe that, un-
der this transformation, the matrices of the realization take
the canonical form

o1 RO =SV
DAL = [%(A) RO }
TB — 2§R(/\){ 1 }
CT' = \/%[ -1 1].

Note that the transformed output matrix has real entries
since f is purely imaginary. O

5. APPENDIX
The coefficient matrix for the repeated modes case is given
by (see the equations leading to Theorem 2)

n

[Fel Feo ... Fip, ]1{:1

[ MNeFor 4+ Feo M Foa2+ 2F3
Ly = .

[ XNoFor + Xy Foa+ ... NpFoo+ 2\ " Fus +...

6. CONCLUSION
In this paper, we have utilized the I/O maps for the purpose
of realizing linear continuous time systems. We have pro-
vided procedures based on which the state space matrices of
a realization can be obtained explicitly and efficiently. Com-
putation of the realization uses the system controllability and
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AeFin, ]

observability Gramians and does not require the solution
of Lyapunov equations. The procedures developed handle
systems with distinct modes as well as those with repeated
modes. We have also addressed the question of transform-
ing a given realization to its Jordan canonical form once the
realization has been obtained through the input or output
map. To this end, the required transformations have been
explicitly derived. The numerical examples that have been
worked out by the authors (but not provided here for the
lack of space) demonstrate that the developed procedures
are easy to apply in practice and yield the desired results
with a high computational efficiency.
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