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Abstract: In this paper a mathematical framework for deriving acceleration bounds from given joint torque limits of multiple
cooperating robots are described. Especially when the different frictional contacts for every contact are assumed and the torque
limits are given in 2-norm sense, we show that the resultant geometrical configuration for the acceleration is composed of
corresponding parts of ellipsoids. Since the frictional forces at the contacts are proportional to the normal squeezing forces, the key
points of the work includes how to determine internal forces exerted by each robot in order not to cause slip at the contacts while
the object is carried by external forces. A set of examples composed of two robot systems are shown with
point-contact-with-friction model and insufficient or proper degree of freedom robots.
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1. INTRODUCTION

Many studies handling robot motion capabilities given
actuator constraints are included in the research area of so-
called robotic manipulability. In recent, many studies of
multi-arm cooperative manipulations which provide flexibility
and versatility in task execution have been performed [1-2].
The studies for multiple cooperating robot system are largely
classified into robot kinematics analysis (handling velocities)
kinematics [3-6] and dynamics analysis (handling forces or
accelerations) [7-9].

Many kinematical analyses have been made along the
geometry so-called manipulability ellipsoid [4, 10] which is
derived when the joint constraints are given in 2-norm sense
[1] or along the geometry of polytope which is derived when
the joint constraints are given in infinity-norm sense [6, 11].
Also, many works have handled such contact conditions as
hard finger, soft finger, and very soft finger [6]. Especially
when dynamic situations are under consideration in practical
problem, contact conditions play important roles in the
manipulability. The contact condition determines the
convey-ability of force and moment from robot end-effecters
to the object grasped by the robots. Since the contact friction,
however, is difficult to be included in the usual dynamics of
both robots and object to be carried, one can hardly find any
works including contact friction in the analysis of robot
dynamic manipulability. Since each robot can only push the
object in general frictional contacts, the conventional
techniques assuming that robots can pull the object cannot be
applied in this situation also that the force exerted by each
robot is composed of external force and internal force. The
former is transferred to the object and carries the object while
the latter is defined as a portion of total force exerted by robot
hand which does not affect the object motion but just squeezes
1it.

The goal of this study is to derive the acceleration bound of
object carried by the cooperating robots with limited torque
bounds through frictional contacts. The joint constraint taken
in this paper is defined in 2-norm sense which reflects the
energy of the system. To be specific, under the assumption
that the contact geometries and friction coefficients are known,
we calculate minimum internal forces needed to generate
frictional forces required in carrying the object while the robot
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system carries the object. And then we include the internal
force to the robot dynamics to decide which parts of torque
contribute to carrying object and sustaining the frictional
forces required not to slip the object. Finally we figure out
how much and which way the contact frictions change the
geometry of usual manipulability ellipsoid with different
frictional coefficients at every contact.

I1. FRICTION CONE AND INTERNAL FORCE
1. Friction cone

Let’s assume m robots make frictional point contact with
an object and also assume each robot can only push the object.
Then, the maximum static frictional condition is given as

cosHiZ;Eni )

v1+ﬂi2
where ,, is maximum static frictional coefficient between

the object and the i -th robot. We call the shaded area in Fig 1
as friction cone [1].

Object

Fig. 1 Static frictional constraints

2. Internal force
When m robots apply forces r - [ﬁT I f'”r to one object,
the resultant force and moment Q of the object is given as
Q=WF with grasp matrix W . In reverse relation, we get

F= W#Q+(E—W#W)V )
where E is identity matrix and V' is arbitrary vector. Note

W#Q is portion of force that contributes to object motion



while (E —W#W)V is portion of force that does not

contribute to object motion. In this paper, we call the former
‘external force’ and the latter ‘internal force’. Also, in
individual robot, the force f; exerted by the robot is

decomposed into external force £ and internal force £

fi=1E+ 1 3)
To carry the object without slip, every robot exerts its force
/; along direction inside of friction cone. Referring to Fig. 2,
with given external force determined from the object motion

there are lots of ways to make the total force align inside
friction cone with any internal forces satisfying

WF!' =0
where F'is [(f;)f (ﬂf)f...(fmf)f]’.

Fig. 2 Associations of internal force and external force

In this work we adopt a rule that selecting internal forces to
make the total force on the boundary of friction cone.

3. Dividing acceleration workspace by friction cones and
contact geometry
The key idea of this work is to apply different elliptic
geometry to every divided acceleration workspace according
to the maximum static frictional condition and contact
geometry. The former is rewritten as

T
Ci=il e fiznlA] ®)
where ey; is normal vector of contact point { while the

latter is rewritten as

=Yl en fi20f. (©)
When multiplied by object mass, the object acceleration
becomes total force exerted to object. Since the acceleration
workspace is equivalent to the total force exerted to object, we
apply the rules that divide the force workspace to the
acceleration workspace and from now on we handle only
acceleration workspace. Note that for every divided
workspace different rules for introducing internal forces and
different rules for distributing the force required to move the
object are specified. An example for dividing the acceleration
workspace by (5) and (6) is shown in Fig, 3.

As can be seen in Fig. 3, the boundary described by dashed
line is determined by (5), and the boundary described by
dash-dot line is determined by (6). Note that the (6) implies
that the robots con only push the object. Based on the
observation there are 8 possible regions: regionl = C,PC,P,,

region2 C, 13152132 , region3 6‘1 ]31521'32 , region4
6‘1131521)2, region5 = 6'113162102, region6 = aECZPz , region?
= C,PC,P, and region8 = C,PC,P,. For example in region

3, only robot 1 can push the object (B), robot 2 can’t push the
object (P, ) and internal force for two robots are required since

region 3 is outside of two friction cone (C,C, ).
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Fig. 3 Divided workspace (a) contact configuration
(b) The friction cones depicted in mass center
(c) The workspace divided by Eq. (5) and (6)

L regionf

I11. Classifying acceleration workspace
In this section, we describe how to class the workspace
according to whether the internal forces are required or not
and the object motion can be realized a single robot or not.
When we denote each robot’s force as

AT A A

: . . , (7)
F=| fi |=| 17 [+ £ |2 FE+F!

Ll 50

The problem is summarized as:
[Problem] When Q is specified, find each f,»E and f,-]

satisfying Q =WF EandwF! =0, and locating each robot’s

total force f; = f,»E + fil on or inside of corresponding robot’s

friction cone.

1.1 Class A: No internal forces required

E

/ f i

friction cone

Fig. 4 Force relationship of class A

When the force exerted to the object is in a friction cone, the
robot system always exerts the force without any frictional
force, i.e., no internal force. In this case it is natural that a
robot whose friction cone contains the total force in its region
contributes to all the force:

F=fF ®)



1.2 Class B. Single robot covers object motion

— external force
----* internal force
— —* total force

f r/ friction cone ‘

Fig. 5 Force relationship of class B

This case implies force exerted to object is not included in
any friction cones, and so internal forces are required to
generate the needed frictional forces. And in this case the force
exerted to the object is generated by single robot that can push
the object. Note that the internal forces play roles of pushing
the total force of the specified robot into its friction cone.

A A
Ry ©)
il
1.3 Class C. Multiple robots contribute to object motion

\ I

‘ — external force
----= internal force
— —* total force

-
-

f;-[/’,/"
4

f i / friction cone

Fig. 6 Force relationship of class C

The situation of this class is little bit complex compared
with other classes. The problem is that the required external
force is not generated by single robot and to generate the
external force some robots require internal forces to generated
friction force. to calculate each robot’s internal force so that
each robot’s total force is located on or inside of each robot’s
friction cone.

According to the number of robots the solution of the
above problem is not uniquely determined. To be specific,
finding external force from object force is related with force
distribution or load distribution. Among many selection rules,
distributing external force according to friction coefficient is
adopted in this work, which will be described in case studies.
In conclusion, some robots’ external forces that belong to set

S are described in terms of their internal force:
fsE:ﬂs(ers)gstSI’sESI{”Q(ZUPi} (10)
where 4 is maximum static frictional coefficient between
the object and the contact point §, g,  is the matrix that
calculates magnitude of internal force of robot §, and ¢, is

the unit vector along tangential direction of contact point S .
Example 1: Let’s consider an example of Fig. 6. Eq. (4) is
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extracted as fl’ +_f2’ +...+fn: =0 . Let’s define size and

f;'l

rearranged

direction of internal force of robot I as and

1
¢

by‘ﬁ[‘€f+‘le‘eé+”'+‘fr2‘€fn:0‘ If number of robot is
changed, number of internal force is changed such that

direction of internal force is changed. Though the number of
robot isn’t changed, the direction el_’ of internal force of

respectively. Then front equation is

robot i is various as seen in Fig. 2, too.

€ra

er1

~
; N

. region J '~

Fig. 7 An example of class C situation (Shaded area)

In this paper, when two robots carry one object in
cooperative way as Fig. 7, we determine direction of internal
force, get internal force and external force, and represent force
of all robots as external force of specific robot.

From position vector p; between robot i and the mass
center of object, we define direction of internal force as
_bP>—p

‘pz 4 1‘
With the direction vectors of internal forces, internal forces are
determined from Fig. 7. Therefore, from an observation based
on geometry, we get following equations.

fllZMljflE
fz[:_Mljf]E

And, finally we get the external force of robot 2 as
sz :_/uz(en)gNzMuf]E (14)

where g, =[1 0]. Note that external forces and internal

!
€

el =—¢. an

(12)
(13)

forces of every robot are expressed by external force of
specific robot (robot 1 in this example).

IV. Dynamic Equation of Multiple Robot Systems

Fig. 8 Multiple-arm cooperating robot system



1. Acceleration relationships between robots and object
Let r be a vector from the origin of the absolute

coordinates to the mass center of the object and /; be a
position vector from base axis to end-effecter of roboti . Then
one gets 7+ p; =h; . When we assume point-contact-with-
friction model [6] and stationary object (@ =0 ), we have

(15)
(16)

where D= [P,-x- D, Ds ]T in 3-dimensional case. From (16)

h=woxp +7=r

h=wxp, +7

we have
hi=le, -r)) |<le el (17
W
. 0 -p. b, . . .
with in 3-dimensional case
P=l p. 0 -p,
—Py P 0

Let p; be angular acceleration of the end-effecter of

robot I . Then both the position of the end-effecter and
orientation of the end-effecter in the Cartesian coordinates
are x . When the robots and the object are stationary ( g =0),

we have ¥=J¢ from x; =J;q;[1]. When all robots have

as many degrees of freedom as necessary arbitrary

position/orientation in the task space, J; in X; =J,q; is

1
; :J{E}J{Bﬂ

:|E[DilBi D, |:14:|
p,- pi ' ' pi

Since angular acceleration ( p; ) is irrelevant to object motion

invertible, so one has

(18)

weset p; as free variable in Eq. (16).

2. Force relationships between robots and object
Let’s derive external force and internal force of all robots

to external force of specific robot qu as seen in Eqs. (12) ~
(14).
S =My S f =My ffs £ =Hyff (19)

For case class A, all M; and H, Aare zero matrix when i

isn’tq , only Hj is identity matrix and others are zero matrix
when i is ¢ . For class B, M, isn’t always zero matrix and
Hy is identity matrix when i is ¢ . M, and H; are zero
matrix when i isn’t ¢ . For class C, all M, and Hy aren’t

zero matrix. Then total force of robot I is represented as

L=+ 1= [H,./ +Mif1qu =K,/ (20)

At point-contact-with-friction model, only forces (not

torques) can be exerted [6] such that the resultant force and
moment @ of the object is rearranged as

m g nrgl & _
QZZ{PII}JKI‘ZZ{ET:‘KU@EEZWU‘quEWj-/qE(Zl)

where E, is sxs identity matrix. Note W, isn’t square

matrix so it isn’t invertible. If we multiply both sides of Eq.
(21) by selection matrix H which makes W, a square

matrix, one gets
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HQ =(HW) [, (22)
We multiply both sides of object dynamics [11] by selection
matrix f .

H(Ljii+0Q,)= HO (23)
where [ is inertia tensor of the object, Q, is a term that
includes gravity effect and Coriolis force, and Q is the

resultant force and moment at the mass center of object. From
Egs. (22) ~ (23), 7E is defined as

fF=[w [ Hi+0,) (24)
We assume that gravity and Coriolis force is neglected, so Eq.
(24) is rewritten as

15 =[mw | i (25)

3. Connecting dynamic equation of object and robot
The well-known dynamic equations of each robot are
described as

T, =M, +J F+V,(i=12,---,m)
M.

1

(26)

where is inertia term, J; is Jacobian matrix,

V.

F = [ fiT n,T ]T is force on end-effecter of robot i, and V;
includes Coriolis force, centrifugal force and gravity term.

JIF, is decomposed as:

-
JiTF;':JiT|:fi:|ES{fi:|:[S,1Ki S, |:fq (27)
n; n; ' ’ n; i
At point-contact-with-friction model, we set #; is zero and
putting (17), (25) and (27) into (26) and one gets as:
o, =MD, B,+S,K, (W) H, D[.YZ]{ ! (28)
Pi |

Eq. (28) is used as dynamic equation in class A, class B,
and class C.

V. CASE STUDIES

1. Case study I

b4

Fig. 9 Robot configuration of case I

Let’s consider the system consist of two two-link limbs
grasping an object as Fig. 9. Then the coordinates of the object

are described in terms of X, ¥ and @ while each robot has
only two degrees of freedom, this case is the insufficient
degree of freedom case.

From Egs. (5) ~ (6), each workspace of Fig. 10 is described
as regionl = C,PC,P, , region2 = C,PC,P, , region3
:aEQPZ, region4 :Z‘IECZPZ, region5 = Elﬁfzpz and
region6 = apfzfz .

... Tegion3 ! region2
rcgionci-:::-- regionl

region5 | region@"“—.____
Fig. 10 the divided workspace of case |



When the configuration and parameters of robots are given
at q, =90° , q, =-90" , q, =90° , g, =90° , my o34 =1,
L,sa=1my=1, and I, =1 in Fig. 11~12 both (a) and (b)

show the acceleration bounds from Eq. (32). Linear
acceleration of the object at left side and angular acceleration
of the object are shown at right side. Both regionl and region4
of Fig.10 are following class A and others of Fig.10 are
following either class B or class C. We get Fig.11, when
region2, region3, region5, and region 6 are following class B,
and we get Fig.12, when they are following class C. For line
(b) of Fig.12, upper left direction is larger than the right side
in acceleration of mass center of the object because left
frictional coefficient is larger than right frictional coefficient.

J
1
A

]

(Bt

Fig. 11 Ménipﬁlability ellipsoid using Cl;iSS A and class
B in Fig. 9
(a) Frictional contact with 4 =0.5, g, =0.5

(b) Frictional contact with 14,=03, 4,=0.7

Fig. 12 Manipulability ellipsoid using class A and class
Cin Fig. 9
(a) Frictional contact with 4,=0.5, 1, =0.5

(b) Frictional contact with 4, =0.1, 1, =0.9

2. Case Study 11
i
I 3 s
3 - 6

@

=)

f H
a4 X

Flg 13 Robot configuration of case 11

-

In this example, we consider the two three-link limbs
system as Fig. 13. Since the coordinates of the object are

described in terms of X, J and @, and each robot has three
degrees of freedom, so this case is the proper degree of
freedom  case. When  the robot  configurations
ofg =90°,q, =-45",q, =—45"5q, =90",q, =45°, q,=45",

Myysase=1> laysase=1> m, =1 and [ =1 are given,

this system is proper D.O.F. such that we use Eq. (26) and we
get the result of Fig. 14~15.

If number of link of robot is increased, force to move robot
itself which conforms to A;g; in Eq. (24) is increased, too.

Therefore force to move the object which conforms to J; F;
in Eq. (24) is decreased. Consequently the ellipsoids in Fig.
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14~15 are smaller than the ellipsoid in Fig. 11~12.

(b} E ) ‘

- (a) P
\ | (a) 7’ ,'!._r_bj.
| e /s ’I'
s e
t {af’

Fig. 14 Maﬁif)ﬁlability ellipsoid using Cl.?.l.SS A and class
Bin Fig. 13

(a) Frictional contact with 4 =0.5, 1, =0.5

(b) Frictional contact with 1,=03, 11,=0.7

{a)

Fig. 15 Manipulability ellipsoid using class A and class
Cin Fig. 13

(a) Friction contact with g =0.5, 4, =0.5

(b) Friction contact with 4 =0.1, 1, =0.9

3. Case Study III

Iy

T I;aﬁ! r
Jf r| 3
Tl ¢ !

F ig. 16 Robot configuration of case III

The third application is the system consists of two
three-link limbs grasping an object as Fig. 16. That is more
general position than Fig. 13. When the robot configurations

ofg, =90",q,=-90"5q, =45 ,q,=90"5q, =45, q, =45
m1’2,35475,6 :1 N 11,2,3,4,5,6 :1 . mo :1 N and lD =1 are
given, this system is proper D.O.F. such that we use (26) and
we get the result of Fig. 18.
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Fig. 17 Manipulability ellipsoid using class A and class B
with 4, =05, 1, =0.5
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Fig. 18 Manipulability ellipsoid class A and class C with
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In region4 of Fig 17~18 which is equal to region4 of Fig.
3(c), both robot 1 and robot 2 can push the object ( B, P, ) alone

and region3 exists outside of two friction cone (C,C,) such

that whatever of robot 1 and robot 2 can carry the object.
Otherwise, in region8 of Fig 17~18 which is equal to

region8 of Fig. 3(c), region8 is outside of two friction cone

(C,C,) and neither robot 1 nor robot 2 can’t carry the object

(PP,) alone such that no robot can push the object alone.

Namely, two robots need to cooperate. When both robots push,
force offset becomes internal force is and force which is not
offset becomes external force. Acceleration of the object will
be changed according as which robot makes external force. So
region4 and region8 have two acceleration boundaries.

VI. Conclusion

In this paper, we analyze the effect of friction contact to
robot manipulability ellipsoids. The system considered in the
paper is comprised of multiple robots carrying a common
object with frictional contacts. Internal forces play roles of
generating friction force at each contact and the friction forces
help each robot exert force to the object and carry the object
without slip. Specifically, we introduced friction cone to the
object acceleration workspace and apply the concept to the
robot manipulability analysis. Based on the contact geometry
and friction cones that determine slip-free region, we classify
the workspace into three kinds of region. Different rules for
determining specific relation between external forces and
internal forces are developed for different class of region in
workspace.

After connecting the object dynamics and robot dynamics,
we derived the relation between robot joint torques and object
acceleration for every class. After exerting constraint onto
joint torques in 2-norm sense, we got a compounded elliptic
geometry for object acceleration.

In distributing the forces to each robot, there are lots of
ways to implement the required object motion. So, in future
studies, we will try to answer the question: which distribution
guarantees the maximum volume of acceleration.

Appendix

A. Dynamic Equation of Insufficient Degree of Freedom
A.1. Acceleration relationships between robots and object

We consider cases where the degrees of freedom of each
robot are not sufficient to achieve arbitrary
position/orientation in task space. To make the reduced
Jacobian be invertible, we decompose Jacobian matrix into
independent motion part and dependent motion part
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Jind
as J= |:

} by exchanging the joint variables. With this
Jdep

decomposed Jacobian. That is

J.ind
X = [J dep ‘|ql'

where J;

(29)

so J; is zero matrix,

is constant matrix,

Therefore, differentiating (27) with respect to time yields.

ind
X, =J4; :{

S {h,}
g xi=| .
J pi

where p; is angular acceleration of end-effecter of roboti .

(30)

From (16) and (29) we get transforming equation from ¢;

toil .

g =P =] B €)Y
A.2. Connecting dynamic equation of object and robot
Putting (25), (27) and (31) into (26) and we get as:

a:MbﬂT&+gxﬂmﬁmdﬁ (32)
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