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Abstract:

In this paper, we derive the guaranteed bound of the horizon size for the stabilizing receding horizon control(RHC).

From the convergence property of the solution to the Riccati equation, it is shown that the lower bound can be represented in

terms of the parameters in the given system model, which makes an off-line calculation possible. Additionally, it is shown to be

able to obtain the stabilizing RHC without respect to the final weighting matrix. The proposed guaranteed bound is obtained

numerically via simulation.
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1. Introduction
Receding horizon control(RHC), also known as model pre-
dictive control(MPC), has received much attention due to
its many advantages such as good tracking performance, I/O
constraints handling and extension to the nonlinear system
compared with the steady state linear quadratic(LQ) con-
trol[1], [2], [3]-
In order to obtain a stabilizing RHC, the final weighting ma-
trix is required to satisfy some matrix inequality [4]. If con-
trol gains of the RHC are obtained from these final weighting
matrices, the stability is guaranteed irrespective of the hori-
zon size. If the system dimension is large, it may be difficult
to find out a proper final weighting matrix from the matrix
inequality. In this paper, the stability based on the horizon
size is considered regardless of a final weighting matrix. We
provide a guide on how large the horizon size should be for
a stabilizing RHC. In this paper, it is not necessary to find
out a proper final weighting matrix separately. Additionally,
the guaranteed horizon is represented in terms of the pa-
rameters in the given system model, which makes an off-line
calculation possible.
This paper is structured as follows: Section 2 introduces
some preliminaries of the RHC; Section 3 describes the
derivation of the guaranteed bound of the horizon size for
the stabilizing RHC, Section 4 provides the numerical exam-
ple and finally, the conclusions are stated in Section 5.

2. Preliminaries of the RHC
Let consider the following discrete time-invariant linear sys-
tem without constraints:

Az + Bug
Cl‘k

Tk+1

(1)

Yk

where ur € R™ is the control input and zx € R™ is the state
of the plant, and yr € RP is the output of the plant. The
optimal control is obtained first on the horizon [k, k + N].
Here k indicates the current time and NN is the horizon size,
i.e., K+ N is the final time.
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The cost function is given by

N-1
. 1

J(zp, k,k+N) = min E §(xf+iQa§k+¢ + uf_‘_iRukH)
i=0

1
ixg+NQk+N33k+N (2)

where Q > 0, R > 0, and Qr+~ > 0. Then, the optimal
solution on the the horizon [k, k + N] can be obtained from

+

T —1pT
Upri=—[R + B" Potit1,k+NB]" B Pryit1,54+N8ATpti

i=0,...,N —2,N —1 (3)

where the Riccati equation are given by

Pitirsn=AT[I + Poriv1issNnBR BT ' Poyiv1ian A+ Q
=N —1,N—2,..,1 (4)

with
(5)

The receding horizon LQ control at time k is given by the

Piy N+ N=Qr+N

first control ux, which can be obtained from (3) with ¢ =0
as

up=—[R+ B Poy11snB] ‘B PopypinAzr  (6)

From (6), it can be seen that the RDE(4) should be itera-
tively computed N — 1 times with (5) to obtain the RHC.
In order to obtain a stabilizing RHC, it is necessary to deter-
mine an appropriate horizon size to obtain the steady state
solution of RDE.

3. Guaranteed bound of the Horizon Size
In this section, we derive a numerical guaranteed bound of
the horizon size for the stabilizing RHC.

Let
Roxt1 = R+ B PeyrsnB (7)
Ly, = [R+ B" Pey11+nB) "B  PeyipinA (8)
Aoy & A-BI, 9)
pk+1,k+N = Pryigyn — P (10)



and Ry, L and A, is the steady state value of Ro x+1,Lr and
Ae,k, respectively.
Then, from the convergence property of the solution of RDE,

we have
Ro k41— Ro = BTPkJrl,IH»NB (11)
Ly—L = RaiJrlBTpk-H k+NAc (12)
Acr = (I — BRy kBT Periiin)Ae (13)
and

_ -
Peyikiyn = Ag Pretiv1 k4N Ae
T 1 —1 T 15
— Ac Peyit1k4NBR; i B” Prgiv1 kv Af14)

From (14),

Pk+i,k+N < Azpk+i+1,k+NAc (15)

Since p(A) < ||Al|, for any matrix norm, where p(A) is the
spectral radius of a matrix A. Thus from (13) we have

1Ae ko <(Illo + 1 BRg k1 BT lloll Perr i llo) | Aello
<(Mllp + IBR B |l Pasrsen o)1 Acll, - (16)
and from (15) we have
1Pesiminllo < IAS ol Prrisrirnlol el (17)
From (17),
1Pesrirnllp < NAC IR 1Pt n s n o1 Al ™ (18)
Substituting (18) into (16), we have

Al <y + IBR™ BT ||l Pt n 1) | Acll
<(Il, + 1BR*BY||, | AT 15

|| Poen i [l Aclls ™ 1 Aello (19)

For the stabilizing RHC, the spectral radius of the closed
loop matrix A, must be less than 1. Thus,
(Tl +HIBR™ BT || AZ 5

|| Perw e nlloll Ay DI Acll, <1 (20)

From (20),

g =

T
P S EE=v—m 1
||AC H H k+N, k+NH ||A ” ||BR 1BT||p (2 )

Apply the natural logarithm to both sides of the equation
(21) getting

1
T — Ml

(N = 1)(In[JAT |, + In]|Acl,) <1 _
’ ’ IBR=*BT || Ber vt vl

Thus
N>1+4EZ (22)

where

In HA Mo =1,
_ IBR=BT ||l Py N kN lp (23)
In || AT, + In[|Ac|l,

(1]
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In order to obtain ||A.||, in (23), the eigenvalues of the closed
loop matrix must be known. Fortunately, the eigenvalues can
be obtained by computing those of the hamiltonian matrix.
Let the Hamiltonian is as follows:

1
H(xk, uk, Akt1) = 5(w£ka + u{Ruk) + /\T(Axk + ByR})

Thus we can obtain the following Hamiltonian matrix cor-
responding to the above Hamiltonian:

A —BR™'BT
Q AT

Ti+1
=H

Under the assumption that (A,B) is controllable and A is
nonsingular, (26) can be rewritten as follows:

o] e 3] &

H= (25)

That is,

i ] (26)

Ait1

where
A+ BR'BTATQ-BR'BTAT
Hp = 28
F _A—TQ A_T ( )
or
T; Tit1
—H 29
|:>\Z} ? |:Ai+1} ( )
where

A1 A"'BRBT

Hp =
P 1QA AT + QAT'BR'BT

(30)

The first n eigenvalues of Hr are the eigenvalues of A, =
A — BL and are all inside the unit circle, [A\;] < 1, i.e.,
asymptotically stable.

The remaining eigenvalues of Hp satisfy:

1

Anti = — i=1,..., 31
+ " 4 n (31)
Thus we can obtain

[Aellp = max{[As], [ Az, ..., [An]} (32)
In this paper, we consider the case of Qrin = 0, i.e.,
Piyn e+~ = 0. Thus, ||Petnk+n]lp = ||P]lp- There some

results for the guaranteed bound for the solution of Riccati
equation[5], [6], [7], [8]. In
bound of the solution of RDE is given:

[6], [7],the following guaranteed

P> AT (P +BBTY A4+ Q (33)

where the positive definite matrix Pp is defined as

Po> A" ' T+ BBY) A+ Q (34)
with

1 = on(A) + 1 (B)A(Q) — 11

¢ = n+ [° + 401 (B)An(Q))2 (35)

202(B)



In (35), Ai(A) is the ith eigenvalue of A , all of |\;(A4)] are
arranged in non-increasing order; o;(A) is the ith singular
value of A, the values of 0;(A) are arranged in non-increasing
order.

From (32)-(35), we can obtain the spectral radius of the
closed loop matrix and the bound of the solution of RDE
so that (22) and (23) can be rewritten as follows:

1
In pCA ! i}
p(BR~1BT)p(P)

N> 14— )

(36)

where P is the guaranteed bound of P obtained from (33).
Thus the guaranteed bound of the horizon size for the sta-
bilizing RHC can be obtained through off-line calculation
from (36). Furthermore, the stabilizing RHC can be ob-
tained without respect to the final weighting matrix if the
horizon size is larger than the guaranteed bound due to the
restriction of the spectral radius of the closed loop matrix to
be less than 1 in the derivation of the guaranteed bound.

4. Simulation
In this section, a numerical example is given with the follow-
ing system matrices:

4= g 8:;} T [0.0783 co=[10] @
and
Q—{éﬂ, R=1, Qx=0. (38)
The initial state is zo = [—2, 3].

The obtained horizon size by the trial and error is N = 10.
From the F'ig.1 and F'ig.2, it can be seen that the closed loop
system is unstable when N = 9 but stable when N = 10.

Discrete-time RHC for Unconstrained Systems
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From (36), we can obtain the guaranteed bound of the hori-
zon size as N = 25 for this example. The obtained guaran-
teed bound is larger than the horizon size obtained by trial,
thus it can be noted that the stabilizing RHC can be ob-
tained if the horizon size is larger than 25 considering the
stabilizing RHC is obtained with horizon size of 10.
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Fig. 3. RHC for Horizon Size N=10(Control)

5. Conclusions

In this paper, the guaranteed bound of the horizon size for
the stabilizing RHC is derived, which can be obtained by
off-line calculation due to its representation in terms of the
parameters in the given system model. Because we consid-
ered the case of zero final weighting matrix, thus the ob-
tained RHC is easier to be stabilizing for any positive final
weighting matrix when the horizon size is larger than the
guaranteed bound. In other words, the stabilizing RHC can
be obtained without respect to the final weighting matrix.
The proposed guaranteed bound is obtained numerically via
simulation.
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