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Abstract

In this paper, we propose two new construction methods for quaternary Hadamard matrices. By the
first method, which is applicable for any positive integer n, we are able to construct a quaternary
Hadamard matrix of order 2" from a binary sequence with ideal autocorrelation. The second method
also gives us a quaternary Hadamard matrix of order 2" from a binary extended sequence of period

2™ — 1, where n is a composite number.

l. Introduction

A generalized Hadamard matrix H of order N is an
N x N matrix satisfying HH! = NIy, where { denotes
the conjugate transpose and I is the identity matrix
of order N [3]. In other words, any two distinct rows
of H are orthogonal. For this reason, Hadamard ma-
trices have been studied for the applications in many
areas such as wireless communication systems, cod-
ing theory, and signal design|[1]. Hadamard matrices
have strong ties to sequences. Matsufuji and Suehiro
proposed the complex Hadamard matrices related to
bent sequences(7]. Popovic, Suehiro, and Fan[10} pro-
posed orthogonal sets of quaternary sequences by us-
ing quadriphase sequence family A by Boztas, Ham-
mons, and Kumar|2].

In this paper, we propose two new construction
methods for quaternary Hadamard matrices. By
the first method, which is applicable for any posi-
tive integer n, we are able to construct a quaternary
Hadamard matrix of order 2" from a binary sequence
with ideal autocorrelation. The second method also
gives us a quaternary Hadamard matrix of order 2™
from a binary extended sequence of period 2" — 1,
where n is a composite number.

Let Fon be the finite field with 2™ elements. Let
F3. = Fpn \ {0} and s(z) be a mapping from Fjn to
F, or Zy. If we restrict the mapping s(z) to Fj. and
replace z by o, where a is a primitive element in Fpn,
then we can obtain a sequence s(at), 0 <t < 2™~ 2,
of period 2" — 1. Hence, for convenience, we will use
the expression ‘a binary or quaternary sequence s(a?)
of period 2" -1’ interchangeably with ‘a mapping s(x)
from Fyn to Fy or Zy4'.

It is not difficult to see that a variable v over Zg4
can be expressed using two binary variables v; and v,
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as v = v; + 2v2 where addition is modulo 4. Let us
define two maps ¢ and v as ¢(v) = vy, Y(v) = vs.

It can be shown that ¢(v — w) and ¥(v — w) of the
difference v — w are expressed as

o(v—w) =
Y(v — w)

v + Wy
viwy + wy + we + va. (1)

Il. Preliminaries

Lemma 1 For a positive integer n, let g(t) be a bi-
nary sequence of period 2™ — 1 with ideal autocorre-
lation. Then for any 2, 1 < 2 £ 2™ — 2, the following
sequence ¢,(t) is balanced over Zy.

4:(t) = g(t) + 2g(t + 2).
|

Using the above lemma, we get the quaternary
Hadamard matrices as in the following theorem.

Theorem 1 Let n be an integer and g(t), 0 < t <
2" - 2, be a sequence of period 2™ — 1 with ideal au-
tocorrelation. Then the following matrix H¢ is the
2™ x 2" quaternary Hadamard matrix.

Ho = (hij), 0<4,j<2"—1

where h;; is given as

1, fori=0o0rj=20
hij = wzy(]_l), fori=land1<j<2" -1
w07 otherwise.
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