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ABSTRACT

A study of the coupled flexural-torsional vibrations of thin-walled beams with monosymmetric cross-section is presented. The
governing differential equations for free vibration of such beams are solved numerically to obtain natural frequencies and their
corresponding mode shapes. The beam model is based on the Bernoulli-Euler beam theory and the effect of warping is taken into
consideration. Numerical results are given for two specific examples of beams with free-free, clamped-free, hinged-hinged, clamped-
hinged and clamped-clamped end constraints both including and excluding the effect of warping stiffness. The effect of warping
stiffness on the natural frequencies and mode shapes is discussed and it is concluded that substantial error can be incurred if the effect

is ignored.
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Fig. 1 Geometry and variables of thin-walled beam with
monosymmetric cross-section
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Table 1 Structural properties of example beams

STI1* ST2**
EI'(N'm’) 9.74x10° 5.80x10%
GJ(N'm®) 11.21 78.3
Er (N'm®) 354 191.0
I, (kg'm) 7.25%10° 2.0x107
m (kg/m) 2.095 245
e (m) 0.03771 0.08

* ST1: channel section
** ST2: box section with an axial slit
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Table 2 Natural frequencies (in Hz) of channel beams

End i 1=1.28m 1=6.4m
condition w/** [ W/O W/ W/O
Free* 1 22.04 | 1990 | 4309 | 3.981
2 152.1 | 30.69 | 8.644 | 6.009
ﬁ;e 3 4122 | 4628 | 18.99 | 9.201
4 6252 | 6143 | 2572 | 1221
Clamped 1 2537 | 7.664 | 1.881 | 1.451
2 98.57 | 22.99 | 4315 | 3.758
ﬁ;e 3 148.6 | 38.38 | 7.818 | 4.924
4 411.6 | 53.74 | 1826 | 7.616
Hinged 1 67.13 | 1534 | 3.861 | 2.982
2 263.7 | 3071 | 11.37 | 6.100
hin’ge d 3 2758 | 46.07 | 25.16 | 9.187
4 591.2 | 61.44 | 43.53 | 11.10
Clamped 1 103.6 | 1535 | 5.137 | 3.037
2 333.0 | 30.71 | 14.59 | 6.106
hin‘ge d 3 430.6 | 46.07 | 1747 | 9.188
4 6934 | 61.44 | 29.11 | 1227
Clamped 1 1494 | 1536 | 6.765 | 3.055
2 4106 | 31.72 | 17.54 | 6.127
clan'lpe al 3 624.6 | 46.07 | 2516 | 9.188
4 803.8 | 6144 | 3341 | 1227

* Rigid-body mode in free-free ends is discounted.
** W/: with warping, W/O: without warping
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(a) with warping (b) without warping
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Fig. 2 The mode shapes of the channel beam with
clamped-free ends(/ =1.28m)
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Fig. 4 Percentage errors of frequencies of the channel
beams due to omission of the warping effect
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Fig. 3 The mode shapes of the channel beam with
clamped-free ends(/ =6.40m)
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Table 3 Natural frequencies (in Hz) of box beams with

an axial slit

End ; 1=2.5m 1=5.0m
condition W/** W/0 W/ W/O
Free* 1 2952 | 2428 | 1453 | 11.13
2 52.12 | 25.84 | 15.06 | 12.89
fr;e 3 136.1 | 38.59 | 36.36 | 18.84
4 2254 | 4967 | 61.19 | 2429
Clamped 1 9352 | 5.817 | 2.812 | 2.406
2 38.10 | 17.37 | 1133 | 7.159
ﬁ'ee 3 50.40 | 30.54 | 14.74 | 11.83
4 1352 | 34.06 | 3538 | 14.95
Hinged 1 23.04 | 12.02 | 6.686 | 5.381
2 86.89 | 24.77 | 23.04 | 12.02
hin‘ge d 3 99.55 | 37.37 | 2727 | 18.43
4 193.1 | 49.93 | 49.69 | 24.19
Clamped 1 3459 | 1232 | 9.516 | 5.876
2 109.2 | 24.81 | 2846 | 12.10
hin;e d 3 152.8 | 37.38 | 40.03 | 1845
4 226.1 | 4993 | 57.82 | 2477
Clamped 1 4921 | 1242 | 13.02 | 6.068
2 1342 | 2493 | 34.59 | 1232
clarl;pe d 3 220.0 | 37.39 | 56.33 | 1845
4 2617 | 49.95 | 6664 | 2481

* Rigid-body mode in free-free ends is discounted.
** W: with warping, W/O: without warping
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(b) without warping

(a) with warping

Relative amplitude

1 1 ] 1 .l\ -/ TR TP N
00 02 04 06 08 1000 02 04 06 08 10
x/1 x/1
Fig. 5 The mode shapes of the box beam with free-free

ends(/ =2.5m)

100 T l T I T I T ' T
. Box section with an axial slit (ST2) |
< \., free-free ends
=
R NN 7]
o VN -
E|E NN
SEo0l N N -
—§ pe ] .\ \ .. i=4 i
His =2\ ™.
, 40 N NLi=3 T
\"'I-'/ . ~
g
g 201
o
0 1 | L ] L 1 L 1 s
0 2 4 6 8 10

Span length, / (m)
Fig. 7 Percentage errors of frequencies of the box beams
due to omission of the warping effect

4. 2 o

b, DAAS, AA-HH, DR-HY L 3
A.3A B dF HAz 4 27X AHRE
Az, @vzd 2 Aol Watel me 9
o e 1A

(a) with warping (b) without warping

Relative amplitude

Lo 1 L
00 02 04 06 08 1.00 02 04 06 08 10
x/! x/1
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