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1. Introduction to support vector learning

» We may use the support vector learning algorithm to construct the
following:

- RBF networks

- Two-layer perceptrons (i.e. with a single hidden layer)

» The support vectors consist of a small subset of the training data
extracted by the algorithm.

Korea Umversity Joovoung Park



Function Approximation via SVR October 2004

2. Introduction to support vector regression(SVR)

» Training data set:

{(x;,,¥)}"_-,, where x;: the input pattern, y;: target output

» Epsilon-insensitive loss function:

lel, = max (0, le| — ¢€)

ly—F(2)|,= max (0, |y—f(x)|—¢)
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» The SVR utilizes a linear approximator f(z) = w”z+ b, which
deviates least from the training data according to the €-insensitive loss

function.

» More precisely, the objective of &-SVR is to find the "flat” function
Ax) = (w,x>+ b while keeping the approximation error |y,—Ax;)|,

small.

» Note: This approximation problem can be formulated as an
optimization problem, and its global min. can be found because

@ its objective function is convex, and

@ its constraints are linear in variables.
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y =fx)
=Cw,x>+b

i.._.,
&-tube I — |

» Mathematical formulation for the SVR: Given the training data set

{(x;,¥,)}7-,, solve the following quadratic problem:
min 4 lwll*+C 2 (&,+&)
s.t. yi—Kw,x>+b) <& +¢
Kw, x>+ b)—y,<e+ &

Ei’ E’:zo , 1= 1,...’m
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3. A brief overview of optimization theory

Of ¢,y —

» Theorem: f= C! has a min. at x* =

This condition, together with convexity of f, is also a suff. cond.

» Example 1: min. Ax) = %(x%-i—x%)

Solution:

af _ of df 1 _ _
0x =0 = [axl 8x2]—_[x1x2]~0

e

» In a constrained min. problem,

fe C! has a min. at x~ =+ %(x*) =0
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» Example 2:
min. Ax) = +(x+23)

st. i(x) =1—x,—2, =0

Solution: Define the Lagrange function
L(x, ) = Ax)+ Ah(x)
= %(xﬁ-kx%) + A1 —x; —x)

1
5 -

% =0=[x;=Ax-4A=0." xy=2x=4.

L s 1-m—m =00 1-22=0. 0 2
1/2

-' x*=

e

1/2
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> Example 3: |
min. fx) = %(x%ﬂ%)

st. x) =1—x,—%, =0, cfie
g(x) = %—xzso

Solution: Define the generalized Lagrange function

L(x,A,a) & f+Ah+ag

_ %(x%+x§)+/l(l—xl——x2)+a(%—x2), 2>0
%— =0 = [x,—A4, x—A—a]=0. - x;,=4, xo=A+a
%— =0 =1—x—x,=0. . 24A+ea=1

Korea University
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Also, @=0 and S — x,<0.

4

One more condition is needed to solve the problem.

— The Kuhn-Tucker complementarity condition

3
4

a(%-—xz):O i.e., a=0 or x,=

@ If a=0, then /1=%;thus x1=x2=—%- o3} ('.‘xzz%)

_3 1 _ 1
@ If xz—%,then{/lea_zl /1—4,a/—2
2Ata= _ 1 _ 3
Ty Ty
1/4
x" =
3/4
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» Theorem (Kuhn-Tucker Theorem)

Given an opt. prob. with convex domain 2 R”

min Ax), x€ L (x is primal variable)
s.t. g(x) <0, 1=1, -,k primal opt. prob %
hi(x) =0, j=1,,m

with fe C! convex, and .gz-, h; affine, the following are necessary
and sufficient condition for a point x" € 2 to be an opt.:
k m
For L(x, a,A)2 Ax) + Zlaz-g,-(x) + leijhl-(x) =f+alg+ ATh,
1= J=
* * 3L * * x\ 8L * * *Y
Jae*and 4" s.t. ——ax(x Lat, A =0, T (x*,a",A") =0
g:(x*)<0 and a;=0 for i=1, -, &,
and o;g(x")=0,i=1,-,k

[‘—’ The Kuhn-Tucker complementarity condition
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 Definition: The (Lagrangian) dual prob. of % is the following:
max & a,A) (where « and A are dual variables)

s.t. a=0

where O(a, A) = x:fg Lix,a,A)

Dual problem of % :
' max & a, A)

s.t.a=0
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» Remarks:
D In the course, our attention is focused on convex quadratic

programs. (&3 34 -Convex 2x}24], A k2 A-1x12])

@ It cén be shown that for convex quadratic programs, L has a
saddle point w.r.t. the primal and dual variables at the opt. soln.

Wavan Tlnivorcit- Tovivsoanmer Dol
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4. Back to the SVR

To find the best linear approximator for the training data set

L2

{(x;, ¥,)}"—{, we need to solve the following problem:

min 3 llwl?+ C 3 (6+€)
s.t. v;—(Kw,x>+b) <& +e¢,

Kw,x>+b)—y,<e+ &, &, =0, i=1,",m
» Lagrange Function
L= %Ilwl|2+ CR(EHE)+ 2 alyi—(Kw x>+ b) == €]
+ 2 a2+ b~y e~ £1= B (n+ 1)

@, 720 / Primal variable: w, b, & € / Dual variable: @, a", 7, 7°
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» The saddle point condition:
L0 e w-Beat Baw=0 o w=Fla—ax

oL _ m
55 =0 = Zla—ad)=0

oL
0g}”

=0 & C—aP—7"=0 o M+ "=Cc .aPel0, C)

» Substitute the above into L to remove all primal variable (w, b, &™)

» Dual Problem:

max D= — ﬁ ﬁ(a,-—aj)(a,-—aj)(xi,x,)_

i=1s=1

1
2
+ 2 (a,—a )y, — Z.l(al-+ ai)e

=1

S.t. ﬁl(a'[_at):o, QE*)E[O, C],.;Z.: 1"-...’m
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- w= 2 (a—a)x,

o F(D) = Cw, a0+ b = Sl(a,-—a’;xx,., O+ b

» The KT condition
Da,ly,—Kw,x;>+b)—e—&1=0, Vi
@[ Kw,x;>+b)—y—e—&1=0, Vi
®7£=0ie., (C—a)&=0, Vi
@ 7n;=0id.e., (C—a})&E=0, Vi

Korea University Jooyoung Park
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» Remark:

@ af,-a/:-=0 '-'a/,':/:O = ¥;— (<W,xz>+b) _8_51':0

= ¥y, ((w,x,>+b) = e+ Ei

= Kw,x;>+b) —y,—e— &0
| = a}=0
Similarly for the other way
@ ;0,0 = £&=0 and y,— Kw,x;>+b) =¢

@ ai€(0,C) = &=0 and Kw,x;>+b)—y,=¢
@ 5,)0 = a’,-=C
® £&>0 = ai=0C

Korea University Joovoung Parls
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® e-tube Wl training data®l] &&= a;, a;=0.

(- the KT condition O, =5 ¥ W#HA&°] nonzero °|2 &)

» Note:

ﬁ (a;,—

=1 7=1

1
2
2i(a,—a)y,— ,Zl(a"_'_ ai)e

a; a;—a;)<x;, x>
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» Mechanical Interpretation

. w
a,— )T
(a;= )]

a;=0 /;

-~

A

X

. w
x“’f"’f) Tl *

Zl(a/z-— a:) = 0 : Force balance(¥
“

m
w= Z:l(ai_ a)x;

. 2z * w
v, X — )
2 x (@ = @)

)

E %

r {

w

]

= ( : Torque balance(3 % %l
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» An extension for nonlinear approximators: -

-

» Feature space : Given training data {(x,, ¥,)}"—1,

where x,-ERl, ¥;€ R, preprocess the data with

. /
. -—> .
¢: R F where [/ € dim(F),
x = $(x),
to get (@(x;),y,) € FxR, i=1,-, m.
Korea University Jooyoung Park
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» Example:
¢: RZ — R3

(x,, x5) = (3, \/—2x1x2, x5)

» The kernel trick
CH(x), d(3)> = (B, V2xxy, 23) (53, V29,35, 32)

= X9 + 2001y, + X5
= (xl ¥+ x2y2)2
= (Kx, y)*

= K(x, y)

Note : <¢(x), ¢(y)> = (Kx, y»)?= K(x, y) can be computed easily
on the input space !'!!
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» Question: Which kernel function K(x, y) has a corresponding inner

product < @#(x) , #(¥)> in some feature space?
Answer: Mercer kernels.

» Mercer’s Theorem (1909): Roughly speaking,
it | [K(x, A0 Ay dedy=0for VreL,,
then 3¢:R'—F st. K(x,y) = <), (»)>.

» Examples of Mercer kernels:

-RBF: K(x,y) = exp(—-zl——“x—;zy‘lﬁ)

-MLP: K(x,y) = tanh(y<{x,y>+ 8), where 7y, 8> 0

-~ Polynomial: K(x,v) = Kx, v>+¢)?
» Note: Recall the note of p. 17.
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» Kernel-based nonlinear approximators:

If we use the nonlinear approximator Ax) =< w, ¢(x)>+ b, we have

w= ?r:njl(a,—— d:)¢(xi),

) =Cw, $(0)>+ b= gl(a,.— &) k(x;, %) + b

.. Dual problem

o max L — &) a—a) Kx;, x;)
a,ar  2T%5 7T '
+Zj(ai—a§)yi—2i(a,-+d’;)a

s.t. ﬁ(ai—a’z) =0, ¢”<[0, Cl, i=1,-,m
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s _rznin %‘( )%K(af a)+[ ]T[é:— _—‘iy T[_é]
se [ 4] a]=0. S[i]
= o UL L
C
LAzl [ (]2
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5. The SVR architecture

Ax) =2 approximétor Ax)=2w kx,x )+ b

b 2 hidden nodes A(x,x ;)

/ support vectors x,,..,%X,

| |

input vector x

Koren University Toovoung Park
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6. Discussion

Given the data set {(x;,v,)}"-,, we have the following kinds of
training problems:

» Least square problem: w;?
’ m
Ax) = 21 w;g(x; u;, 0;,), where m,, y;, 0; are fixed
£
» Learning via back-propagation: w;, u¢;, 0;?
m
Ax) = Zfl w;g(x; 1;, 0;), where m, is fixed
=
» Support vector learning: w;?

Ax) = Zl w;g(x; x;, 0;), where o; is fixed and #(nonzero w;) < m
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