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Topology Design Optimization of Nonlinear Thermoelasticity Problems
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ABSTRACT

Using an efficient adjoint variable method, we develop a unified design sensitivity analysis
(DSA) method considering both steady state nonlinear heat conduction and geometrical nonlinear
elasticity problems. Design sensitivity expressions with respect to thermal conductivity and
Young' s modulus are derived. Beside the temperature and displacement adjoint equations, another
coupled one is defined regarding the obtained adjoint displacement field as the adjoint load in
temperature field. The developed DSA method is shown to be very efficient and further extended to a
topology design optimization method for the nonlinear weakly coupled thermo-elasticity problems

using a density approach.

1. M &

A4 AAEAY FHL F2EAA 2T7HE Asel dst e #Holotxs AAstE
Zoltt. Bendsee$} Kikuchi[1]4 #&3 ' (Homogenization Method) & ©] &% 4 &3
AA ol%d S A4 HAF HAZ AP Y FZ2E dEiA LAEH (2], 2
A AR 9% F4E o848 dx ¥ (density method)o] #23 W) nls) dF7]|71 4
71 W&ol g8 2ol Ytk A5A ke A UREANE, HE HAAE 12 HES FHH
A e F U 9gd “74]"]73‘:511’5‘ W FolA, oEXAE W [3]0] M E&Fol1,
Bgat7] Wiol A4AFAGA NN Bol ol&HIL Uk & AFolAe FAEEAAY HAaY
dald @ 7)stetA udy I JA FAC disl gE Folth 2 FelX e B ™ udd
At A ZAle digh Au) BgA 7 3P4 (Weak Formulation) & F5 %3, 3 AAAE
A&z Zigtoez 3 AA n]EYH (Direct Differentiation Method) 3 =X E ¥ (Adjoint
Variable Method) & AME-% AAUZAEE FT35h 4 FelAMe, @15 EA dia) 3 ol
A HFEd A AREE ALY A4 HF A diE A fFE5d. apAgeE 5
Ae 2 A #A4F o ]% Tt AAAHA A 9PREE 8 ALY vageEN 3
Ag Boli, FER oEXAE Ho| AFAL SN o a&AYS BT 183, 9%
#HAzlo #S AE 3}‘3“] g A7t YA BHAA ¢ g§EEE FAssith

‘s Q, NeTstn ZANLTEY HA93
"8 9, AguEn zANGTeY ng
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2. HIMY SiEHY Y EX2| X[ulSYA 3 B

a¥ 13 Ze 339 99 Q £ s 2al EAE 54, 7234L HAH, 94
AAZAL R FAHIQULL

19 1334 844

AANMT,, T, Tf, T4, T2, T2, T, T,, g, t, b¥x Zzt E¥9(Traction) A,
H 9 (Displacement)  AA, &E(temperature) AA, IdHSHeat flux) AA,
o7 (Convection) A, EAM(Radiation) AA, <&, ¥ 2%, 44%, 2499, 34 [Body
force intensity) & Webdth AA I7elA T, 9 257t FolxNz, ZA I dANE g #F9
d&ol Fojxo, 133, BA TFolM 959 2% T, o daid 9 dFv} o|2ojzn. A
WA AA 99e MR AARA e 249 FULU?=0Q € @4 181 Q &=
99 Q9 AAEZ vehdoh M3 (Displacement field) & @33 2 AA x| FoAL}
ZA T, od BdY t7} FoIXm, ZA T, o4 8g z°71 FJAY A 9952 A=z
HAA gu, 2EFqAe o] TLUl,=0Q 2 AL wEdT. FAAHANY AL
14 2] (Heat conduction equation) & th&3} o] FojAt},

Tx(T)=Q in Q (i=123) o)

x £ 9AE A4 (Conduction coeff1c1ent)°] , 05 U¥ 4498 [Rate of internal heat
source)olth. @ AL Ao Q% FAZxAL ‘4%3’4' Zoh

T =T, on I} (2)

Tnx(T)=q on I} (3

Tnx(T)+(T-T,)h(T)=0 on T} (4)

Tnx(T)+(T =T, )h,(T)=0 on I} (5)

ANA, b (T) & kB (T) £ 2= wet Fto] Wale i Alg (Convection coefficient) %
B} A4 (Radiation coefficient)® YENA® Stefan—Boltzmann 241& ©]43le] g3 o]
vrebd 4 gl

h(T)=y0[(T.)* +(T)’ (T, +T), (6)
4714 @ = EW &4 & (Surface emissivity) ©]11, y & Stefan—Boltzmann A<+E el

A FEPIAE e 2ol vehd 5 Yok
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o, +b=0in Q (7

b.J

714 ¢ = FA-$8 (Cauchy stress) ©]i, b = AHY Body force intensity)olth. A7
zde g% 2o
o;n;=t; on I, 8
z, =z on I 9
g2 2 $Y-M¥Y¥E A (Stress—strain relation) & o] &3] JFA Y SHEAS
AN gt

o; =Cyley —aldyl=s; —alCy,6,, (10)
oA7I1M, C, &, a, s = ZzZ SAINU" order elasticity tensor), ZZYH
Ak (Kronecker delta) §<, €A% A4 (Thermal expansion coefficient), 458 X33
2N S4& vl

Td AAZRE wFIE 99 ¥V A S MRF T & Agstzm, AAzRAS
ddaA A1) k8 (Weak form) S ez 2w thga 7o)
Find TeY suchthat AT, T)=L({T), forall Te?. (11)
o714 DA 4 (Thermal energy form)& th 3 Zo] o g},

AT, T = jo T.x(T)5,T ,dQ+ .‘:’r} (T =T h,(T)TdL + jOr; (T -T)h (T)TdT (12)

/i
2% 3 354 (Load form) A o33 #dol HYE & i)
L= LQQTdQ+ j;rl gTdr . (13)

2 AFolMeE, duigo] dojutx I Wy QM L& EXI uiHR] Yeves M el
‘H@'% TR, F, 5 BEES ¥ IFE vAAY, ¥FEL 2= BEY WIS
o= 2] A dr

Wl dEiME, 7Hdde delg g AAxAE UHte 99
Z 9 BAXAE ol &AM A (& FF A (weak form) &2 YERE th23 o),

ol

Find zeZ suchthat a(z,z)=a(z;T,Z)+4(Z) forall ZeZ . (14
o71A, HFA Aol disiM WP AR, datgd], F2HF4ALS 747 g o] F s
a(z,Z) = Lsij(z)EU(z;fz')dQ, (15)
a(z;T,7)= LﬁTé,.jEU(z;i)dQ, (16)
(@)= [bzdQ+ (17T (17
T3 pe a3} ol Fwnt,
ﬁ=a1 5 (18)

733 &€ A (virtual strain tensor) & 23 o] H2g £ gt}

_ 1| ¢z, ©z; 0oz, 6z, Oz, CF =
- = E 4 S Tm Tm o TTm Tm =2 5 . (19
£ (@ 2[6x ax,  ox, ox, v, ox ] £(%2) )

i J

Aol FEE A4 BAdE Feolr] Ao, A4 e 7 F+ Aok webA], wdY
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FAE E7) 98 A5 w83 7EWY (Incremental—iterative Newton—Raphson method)&
At B d4&y TREIFLS AP ZIAAEA, old wAY HYPAL Argso 7
GAlA Y S E TRt

3. S&H Jluke] MA Rizi= SHM

3.1 Direct differentiation method

dAdg EAY Feyd AN AE SAXNZE FAHL H LA HF u s 1Y q),
Fol HA WFol dEld AN A04d)E 2749 e FIAHA (n+1) AR A
oo o] vebd £ 9k

Find TeY suchthat A4, (""'T,T)=L,(T) forall Te¥ (20)
Find zeZ suchthat a,(""'z,2)-a,("'z;""'T,Z)=¢,(Z) forall 7eZ (21)
2200014 13 &S A Hd ey 22 4L 9L F Ak
AT T = Ly (T) - A5, ("1'T,T). (22)
o714 A¥std #dt(bilinear) Folvx AL oh3u o] Ao},
A'("HT;"”T',T)E J:)Q(K_O+K1n+1T)5yn+1]j;I—:de+ J;QKInHTlsljnH]-:i]_-:de
+ Lr% (hy + B T)™\T'TdT + Lr; BT (T - T,)TdD (23)

+ J;r; 4y0("'T)> "' T'TdT
T3 ACHE 1A HES FH3A HE thgH 2 4% g ¢ A
a (n+l n+l r Z) a (n+l /n+1T Z) Z (-z—)_a:il(n+lz,i)+a:il(n+lz;n+1T’i)+a“(n+lz;n+1Tr,i) (24)
4714, dgstd dPAUA AT s 77 S Zo] AT F ok
a' (" T = [ s, (2 (25 2)dQ + [ 8y (T2 )8 (T T)de (25)
@ ("2, E) = [, BTTE (M 2 E)dR (26)
2 (22) ¢ (4)E ™7 ¢ ™z o daN Agyoltt wety wE MEANS & Pev)
dxa, € 2 884 ddA @+tD¥E A AHYAAM TIE sHE @AE A (Tangent
stiffness) ¥F Z2.8tA )

3.2 Adjoint Variable method
of BRI AHgEA 4 BAYFE HE Y2 e g 2ok

v = | g@"'2"T)dQ @7
EREEY 14 9ES A H4E b= 2 48 d& 7 0
!//,= Lg[g,u&l‘*‘gm n+lzr+g ﬂT”IHT,}iQ (28)

1A, A A A JTHJE A& g A @28) A4 ¢AFH %%%‘(Imphcn
dependence term)Ql "'77 oAl A AA AL UEIHE= MY L 1 & dgds
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Agsd delux o A (T;4,4) I vlzsle] o|=EXE WAL g&3 go] & F Ytk
4T3, = [ g, AdQ forall 2, T'e¥ (29)
oj7]4 OJEZQE SHUA A= d¥FA 2AL uFdoh g2, g EA A
olE2QE AL AYFrt upAAR A (28)o)M UANFH F&HFA "l ga 7D AA
Mg ddd o ddd Fol, A¥sE Wy duxya
a; (55D -l T,E) I vimste] o E2AE AN gL gol THY + vk
a,("M'z 8 E)— o (5" T,E) = J;Qg,,.ﬂzfdQ forall §"'z'eZ (30)
71 AERQIE $ZUYA ¢ v FYFA FAS wEIT @)Y (30)E A(28)
ddshd oed 2e 48 98 £
W’=Jlng,.,&ldﬂdla.(l)—AZ;,.("“TJ)+€Zs,.(£)—a1s.(”*'z,£)+a{ﬁ,(”*‘Z;"*‘T,E)+a..("“Z;"“T’,£) &30
AEDE AN dadE T, ™z, 4, £ B9 ohyg "I g FestA Hied),
T2 A7 YeiME B2 AlZto] HUY ggow I3 w4 REo] AMHo Q=
¥4 AAgHEA 228 HYF Alolde AduA &4do] gldx JHEsHE, 2EACA
28t duAE AR LR g% d¥n B o, (M'z"'TE) 4 agFHoE
AN 98 A48 olEXAE BA4L 08B o] FHE 4 Yk
AT =a,("'z;7,8) forall Te¥ 32
oJ71A EXQE $RAUA p £ FTUAA 21E wEIAC. A@3E2)E o0&, AGDE
oA 29 ged 2 SR8 47 URENE 98+ Ao

v'= [ 8u0udQ+ L5 () —a (n,E) + ol (5" T E) + Ly (A+m) - 45, (T, A+ 1) (33)

m

BN
L
lo
g,
4
FiF

4. SRS &g}

<59t W o] T Adde] EAste vlAY . daAd A TAA B 94 3
AAE AUt Ee8 A4 AN EATrEUdSH Zo] AEHoIA2E T
Minimize TT= [ ﬂ”*‘Tai("+‘z,~"+‘z}JQ+ =L"“b,."'+‘z,.d§2+ L"*‘t,."“z,.dr, (34)
Subject to {udQ <V e (35)
A7NA T, Vypuarte %S B7 (n+1) Al AEgoldA, 38 AEH, A AEYUE
g ot AA e 74 240 @AF ¢ AR Ass #1HE ARLE E5olg.
E =uE,, x,=u"x(T), (i=12,..,NE). (36)
PE AZE A5 2XE 971 9% H3HAA(Penalty parameter) o|th. FX3F Eo|d
(Singularity) & 51sp7] 98] H2H u,, & Pl
<y <1. (37)
UA AT AERJAE Ao wepA, AEoldAY BPEAE FE3E o3 2
w' =20, (" T 2) + 0 (M 2) -, (2, 2) + L, (2A) - A, ("TT,24) (38)

0<uy,
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5. x| ofxl

5.1 &7 pigx &4

M FES ZANZE A9 F¥Y 9 BENS LotEA EA UZEst g
TR EA A AuMA, FERIAEHS ol&dte] AFEG. 19 29 FE BIF 234

Be 29 Az Bue] 9% DHH L, 400709 242 FAH Yok

Element 385

e
% > %

J¥9 2 2349 A g md

299 A7 EXAE g #oh @4 AFE 10°N/m?, Foldr|(Poisson’ s ratio) =
033 , AL AFE x()=100+02TW/m-C) oltt. =& dF A3 (Convection
coefficient) & h,= 200(W/m2°C) K L% (Ambient temperature)® 10°C o]th.
FAEES 0=5000 (w/m®) o5}, G9F AFE a=5x10"/°C ot} AA #WHEe z

=R %‘-’F u old, &3 A % IdHE AFg de) A 7 249

AHARLE el dist AEeldAad AA V7% Y ARE 2% 3o e
]

0.00866272

I9 3 ATASLETFOl A HEGo|dA dANERE

E 194 oSEQUE PHS ol8sel T yEeoldrd HAURE g
o gstel F& AAVY ST dC/du, £ AEZUE WS

k1A
N2 &, AC/Ay, & REAEY
o

Al
2
o
E

£ o83t TE AANRE g yehdch
ZAE Wl 9% 4A UgE dde o

B 2Ege W AY YXFHER o < Agss ¢
F glth. o]EXQIE wWyor HA uARIANE FY3NLS o, AN IA A
PAY N 7t 209 wid 0.48 % 4}



1 8A 9=y v

. ' dc}du,
Design Variable dC/du, AC/ Ay, /AC / ou, (%)
U -3.08384E-03 | -3.08381E-03 99.999%
70 6.66987E-04 |  6.66925E-04 99.991%
s 2.18683E-03 | 2.18653E-03 99.987%
Uss 6.59016E-04 | -6.58993E-04 99.997%
Usgs 5.44644E-04 5.44621E-04 99.996%

5.2 GEHY AYEHI HEHTLA

NAR %5 gatFel FAld A F2E daiAd 9 ARLAE ¥ 19
49} 2L 4007 Q4 o]2ojA 2Ae AzZsua of Rde ©A AFE 210x10°N/m?,
Zols H= 033, AT ALE k=150 /m°C), & #F AFE a=25x10"/C
o}, ¥ 108N & Fon, AAMFE s 2 AFAgLE Feolnh

E,=u"*E,, x,=u"x,, (i=12,...,NE)

o] dAejME HAY FAS E 0 AE $EA FAE Wi A4 84 Argd 9k
A% WAAA e wE Fth. NPK=1, NPE=3 o4, #&A5HL A A5FY
40%% AH&stsich

¥ —7

—

q

2¢ A 2¥ B
a9 4 2x9 A BE 2d

G FAAA Ao 39 52 29 67 20 2 A A9 1¥ 5-(B) % 2ol dskzo)
Zolaie detzel e olux 4o AxAUER A e FOF FEHT Yt VL
Holw 7 RIS Eatd u$ WY AH ARPEDT UL F dvh wetd dsE
AAR &2 g met AM) AETE WD & ASS ¢ & Aok

GERETREBEEERER
SGEETEESEEERED

2

e
g

g

(@ g=100(w/m") (b) q=100.0(w/m")
a9 5 24 AY A4 #HF EAY 2H%
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2% 6AE A 3ol 9 a3l WA AMAY We AR AAD @ 8
AAZZAG o8 FEsH 94, 4 439 wF] ANY AL @ FFe A A
#e0¢ A4k A B2 A5kl UFA Qolube ARRYR BERD e & &
it

b=

q =100.00w/m?) g =200.0(w/m*)

a¥ 6 29 BY A% #H dA9 23

2 AT AAAHY udy deAy EAA @ AW EFAAA  Edsty
FE2aYE o) A= A @ A FHHE FHEHUG @ AF %
Agel dald oJ=zUE BHE o]&T A%A 7N HANAE WANE FESRL,
ey vmste 5284 2 AFYL AT L9 W] dHE o=z
B34 Fosa ojn] FHA ALY FHE o] FFOEA AR ATE HF Y F AN
EEF A3 dA FEHAUG o7 A FA AAE FHA, = HeE FE A
AZE ol W AFTES AAGR ol ol&s] FHB A HAH} AHe FYHL
Bgd A%E FA1 FoR dF 2dd v e 4%E & F d5E Fdss
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