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ABSTRACT
The present paper establish the improved version of central limit theorem for sums

of level-continuous fuzzy random variables as a generalization of central limit theorem

for sums of independent and

identically distributed random sets.
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1. Introduction

The concept of fuzzy random variable as a
natural generalization of random set was
introduced by (1986).

Statistical analysis for fuzzy probability models

Puri  and Ralescu

led to the need for central limit theorems for
(1986)
provided a good insight about the central limit

fuzzy random variables. Klement et al.

theorem for fuzzy random variables assuming
some Lipschitz-condition. Wu (1999) studied the
completely different point of view from that by
introducing the concept of weak and strong
in fuzzy distribution for fuzzy
random variables. Kratschmer (2002) established
an analogous formulation to the Lindeberg-Levy

convergence

version of the central limit theorem for fuzzy
random variables.

In this paper, we formulate the improved
version of the above works for fuzzy random
variables. It i1s expected that the results have
considerable potential usefulness to statistical

analysis for imprecise data.

2. Preliminaries

Let K(R" be the family of all non-empty

K(R?) is

metrizable by the Hausdorff metric % defined by
(A, B) = max {sup ,c 4inf ,. ga— 8,

compact subsets of R?. Then

sup e pinf e la— )
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A norm of A€ K(R?) is defined by
FAl =h(A,{0}))=sup ,c4xlal.

It is well known that the metric space
(K(R?),h) is complete and separable (See
Debreu [3]). The addition and  scalar

multiplication in K(R?) are defined as usual;
A®B={at+b]| asA, beB}
AA= {la| acA)}.

We denote by KA{R”) the family of convex

AeK(R®). A support function A€KJ{R?) is

defined by

spSP7 > R, sp(x) = sup e i, W,

where S?7! denotes the unit sphere and ¢, is

the scalar product. It is well-known that

SAaeC(S* 1) and
Sapg = Satsp Sia = 4sa for A20.

Let F(R?) denote the space the family of all

normal and upper- semicontinuous fuzzy sets u

in R” such that

cd xR : u(x) > 0)

F(R") the

supp u =
is compact. And we denote by
family of fuzzy convex wuesF(R?), ie.,
w(Ax+ (1 — A)y) = min (u(x), w(y))
for x,yeR’ and A<[0,1].
For a fuzzy set # in R’ we define the a-
level set of u by

_ Hx o w(x) = a}, 0<a<l,
Law = {subp u, a=0.

Then it follows that u € F(R?) (resp. u <
FAR")) if and only if L,# € K(R") (resp.
Lu € F(R") for each a € [0,1].

We denote

L u=cl{xeR* : w(x)>a}.
and by CF(R?) (resp. CFAR?)) the family of
us F(R?) (resp. Fc(R")) such that
Lau=L ,ufor all as(0,1).
is called level-continuos fuzzy

A fuzzy sets u

set if we CF(R?).
The addition and scalar multiplication in

F(R?) are defined as usual;
(u®v)(x) = sup ,, ,— ,min(wy), »(2))

_Julx/A), if A0
(Au)(x)—{l(o)(x)’ llf A=0

where 1 () is the indicator function of {0}.
Then it is well-known that for each e<[0,1],
L (uDv)=L DL v
and
L (Aw)=AL ju,

A support function #€F{(R?) is defined by
s, 2[0,11xS?7 > R, s(a,x) = s (%)
Then it is well-known that

su+su, Siu = ’{Su for /120,

Sudv T
and $,€C([0,11xS?Y) if and only if
ue CF(R?).

Now, we define the metric 4w on F(R?) by

do(u,v) = sup g,y WML, u, L)

Also, the norm of we F(R?) is defined as

|2l =do(u,Ig)=-sup,cp,|xl,
(F(R?), dw) is
complete, but is not separable. (See Diamond
and Kloeden [4], Klement et al. [11).

Then it is well-known that

However,

(CF(R"),d.) is complete and separable.

3. Main Results
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Let (£2,3,P) be a probability
X: Q — (KRM,h) is

called a random set if it is measurable.

space. A

set~valued function

A random set X is called integrably bounded
if EJXI
bounded
E(X)={E(®) | éeL(2,R") and

fweX(w) a.s.},
where L(£2,R”) denotes the class of all R’-

valued random variables € such that El&<{ oo,

{ oo, The expectation of integrably

random set X is defined by

The central limit theorem for random sets
was first given, in a particular case, by Cressie
[2]. The general CLT appeared in Weil [13], and
independently in Gine et al. [5].

Theorem 3.1. Let {X,} be independent and
distributed sets. If

EIX\ 1% < o then

identically random

=L poxy) s 121

where Z is a centered Gaussian random element

in C(S?7!) and = denotes the convergence in

distribution.

A fuzzy valued function X : £ — F(R?)

is called a fuzzy random variable if
e=[0,11, L.X is a random set.
A fuzzy

for each

variable X is called
E|l XI The

expectation of integrably bounded fuzzy random

random
integrably bounded if { oo,
variable X is a fuzzy set defined by

E(X)(x) = sup{e=[0, 1] | xe E(L X)}.
It is well-known that if X, Y are integrably
bounded, then

(1) LE(X) =E(LX) for all e=[0,1].

(2) E(X®Y) = E(X)DE(Y).

(3) E(AX) = AE(X).

Now we want to generalize Theorem 3.1 to
the case of fuzzy random variables. Klement et
al. [11] provided a generalization of the central

limit theorem for fuzzy random variables taking
values in the space F L(Rp) assuming of fuzzy
sets ue F(R?) such that @ —L,u is Lipschitz,
i.e.,, there exists a constant M>( such that
WLy, L) < M| a—Bl for all e, B[0,1].
The purpose of this paper is to generalize the

result obtained by Klement et al. [11] to the

case of fuzzy random variables taking values in

the space CF(R?).

First we note that if a fuzzy valued function

X : Q — (F(R",d.,) is measurable, then it
is fuzzy random variable. But the converse is
not true.If it is measurable (For details, see Kim

(9D.

Nevertheless, if we restrict our concerns

to CF(R®)-valued function, then they are
equivalent.
Theorem 3.2. Let {X.} be independent and

CF(R?)-valued

random variables. If E | X, | 2« " then

identically  distributed fuzzy

SXJ ces +an_n SE(COXI)

M Vo

X®...0X,
@) Vo del T EcoX ) = 1 Z)

where Z is a centered (Gaussian random element

in C([0,1]xS""1).

= Z

The following theorem is an improvement of the

above theorem.

Theorem 3.3. let {X,} be independent and
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CF(R?)-valued
Suppose that there is a

identically  distributed fuzzy
random variables.
non-negative and non-decreasing function g on
[0, 1] such that

ERN(L,X,, LX) < &(la—B1),

and
fla—l/Zg(a) 12 gg ¢ oo
0 .

then

+ ... +SX.—n SE(COX,)
(1 Vn

= Z

(2) de(lﬁm_,;"%,E(coXl)) = |zl

re(0,1),
sequence {X,} of independent and identically
distributed CF(R?)-valued

variables such that
Ehz(LaXl,L&XI) <

Remark. For each there is a

fuzzy random

la—B17,
but

SX1+"'+SX,—n SE(CO4X12

Vn

# Z
and

d (OB poxyy 121
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