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0. Introduction

After the introduction of the concept of fuzzy
sets by Zadeh [20], several researchers
[9,15,17,18] have applied the notion of fuzzy
sets to group theorv. In particular, Yuan and
Wu [19] have applied one to lattice theory.

ideals on the direct sum of lattices to be

ionistic fuzzy ideals on each lattice,

ic fuzzy filter, intuitionistic fuzzy

In 1986, Atanassov[l] introduced the concept
of intuitionistic fuzzy sets as the generalization
of fuzzy sets. After that time, Coker and his
colleagues [7,8,11], and Lee and Lee[16] applied
the notion of Intuitionistic fuzzy
topology.  Another  researchers
applied one to group theory.

sets  to
{3,4,12,13]
In particular,
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Burillo and Bastince [5,6], and Deschrijver and
E. E. Kerre[10]
intuitionistic fuzzy relations and investigated

introduced the concept of

some of it's properties.

In this paper, we introduce the concepts of
intuitionistic ideals
fuzzy congruences on a lattice, and discuss the
relationship between intuitionistic fuzzy ideals
and
distributive lattice. Also we prove that for a
generalized Boolean algebra, the lattice of
intuitionistic fuzzy ideals is isomorphic to the
lattice of intuitionistic fuzzy
Finally, we consider the
intuitionistic  fuzzy ideals
necessary sufficient
intuitionistic fuzzy ideals on the direct sum of
lattices to be representable on a direct sum of

fuzzy and intuitionistic

intuitionistic  fuzzy congruence on a

congruences,
products  of

and obtain a

and condition for an

intuitionistic fuzzy ideals on each lattice.
1. Preliminaries

We will list some concepts and results
needed in the later sections.

For sets X,Y and Z, f=(f.f2): X—>Y=Z
is called a complex mapping if /*X—Y and
fo: X—Z are mappings.

Throughout this paper, we will denote the
[0,1] as L

unit interval

Definition 1.1[2). Let X be a nonempty set.
A complex mapping A=(pa,va): X—KI ig
called an intuitionistic fuzzy set (in short,
IFS) on X if #atvasl the

mapping 24 X1 and V4 X1 denote the

where

degree of membership (namely #A(x)) and

the degree of nonmembership (namely va(x))

of each x€X to A, respectively.

We will denote the set of all IFSs in X as
IFS(X).

Definitions 1.2[2]. Let X be a nonempty set

and let A=(u4,vs) and B=(tp Ve) be
IFSs on X. Then

(1) ACB iff #a5<t#tp and Ya=Vp

(2) A=B iff ACB and BCA.

(3) A=(va,uy).

(4) ANB=(paN\ttg, vaVvp).

5y AUB= (s g, va/\vp).

6 [JA=(us, 1= 1), OA=(1~v,,va).

Let (A}, e; be an
arbitrary IFSs in X, where
A= (p apV A,.) for each 7€]. Then

1.3[56].
family of

Definition

@ MNA=(NArs,Vva)
(b) UA,=(Vu A, /\VA,).
1.4[5]. 0.=(0,1

Definition and

1.=(1,0),

Definition 1.5[5]. Let X and Y be nonempty
sets and let FfX—Y be a mapping. Let
A=(av4) be an IFS in X
B=(s5, vp) be an IFS in Y. Then
{a) the preimage of B under f denoted by
f B, is the IFS in X defined by

B =" up), f ),
where f N ug)=pg-f
f'1<VB)= Vg*© f
(b) the image of A under f, denoted by
AA), is the IFS in Y defined by:

A= (f(ur), Ky,

where for each yeY

and

and

Ha(x) iff_l(,\’)¢ 2,

V
=\ x=/ "y
A )() {O itf {y=0

and
iff W+,
Av ()= { EATRES o l(y)
1 iff "(y=0.

Now, we list some concepts and results in
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lattice theory.

Throughout this paper L=(L,+, )

denotes a lattice.

Definition 1.6{2]. An element x=L is said to
be if
complemented in every [a,b] with a<x<b,

relatively  complemented X is

ie, x+y==6& for some y=[a,b] such that
xy= a. The lattice L is said to be relatively
complemented if each x&L is relatively

complemented.

Definition 1.7{2]. A relatively complemented
distributive lattice with 0 is a generalized
Boolean algebra

Definition 1.8[2]. Let
Boolean algebra and let x,ysL We define
the x—y the

difference, x®y, of x and y, respectively as
follows :

L be a generalized

difference, and symmetric

x— ¥ is the relative complement of xy in the
interval [0, x]
and

#Dy=(x—y)+(y—x).

It is easily seen that :

(1) x—y<x.

2 y+(x—y)=x+y.

3) y(x—y=0.

Result 1.A. [19, Lemma 33]. Let L be a
generalized Boolean algebra. Then

x+y=xByPxy for any x,ysL.

Definition 1.9[14]. A ring with 1 in which

every element is idempotent is called a
Boolean ring.
Result 1.B[14, Lemma 19). Let R be a

Boolean ring. Then
(1) R is commutative.
(2) at+a=0 for each asR.

Result 1.C[2, Exercise 4 in p. 55].
(O If (L,+, -.,0) is a generalized Boolean
algebra, then (L, @, - ,0) is a Boolean ring.

Number 1

2) f (R,PD, - ,0) is a Boolean ring, then
(R, +, -,0)
algebra, where x+ y=x® y® xy. Moreover,
*Dy=(x—y)+(y—2).

is a generalized Boolean

The following is the immediate result of
Definition 1.9, Results 1.A, 1.B and 1.C:

Lemma 1.10. Let L be a generalized Boolean
algebra. Then

2+ (2D, y)=y+ (xDy) for any x,ysL.

Remark 1.10. We can see that Lemma 1.9 is
proved in Lemma 3.4 in [7, 19].

2. Intuitionistic fuzzy sublattices, ideals
and filters
Definition 2.1. Let A<IFS(L). (1) A is

called an intuitionistic fuzzy sublattices (in
short, IFL) of L if it satisfies the following
corditions : for any x,yEL,
pa(x+ ) Apa(xy) 2 p () Apaly)
and
Valx+ 9V (xy) <v, () V().
(2) A is called an intuitionistic fuzzy filter
(in short, IFF) of L,
if (1) Ais an IFG of L,
(ii) A is monotonic, i.e., a(x) <pa(¥) and
va(x) Zv(¥) whenever x<y.
(3) A is called an intuitionistic fuzzy ideal}
(in sort, IFID) of L
if () Aisan IFL of L
(ii) A is antimonotonic, i.e., 1a(x) 2 pa(y)
and Ya(x) <v4(3) whenever x<y.
We will denote the set of all IFLs, IFFs and

IFIs of L as IFL(L), IFF(L) as IFI(L),
respectively.

Proposition 2.2. Let A=IFL(L). Then
(1) AIFF(L) if and only if

A(xy) = (g N2 1(3), v (DY 4(3))

anv x,yel. ie, ua (L, =) (I, N\) and

for
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val(L, - )=>(L V) are homomorphisms.

(2) AeIFI(L) if and only if
Alx+ )= (4 (DAp4(9),v AV 4(3)
for any x,yeL, ie, pa (L, H)—(I, N) and
va (L, +)—(I,V)are homomorphisms.

Definition 2.3. An intuitionistic fuzzy filter
[resp. ideall A of L is said to be prime if
for any x,yeL,

pa(xt ) <p4(2)V e a(y)
and

valx+ ) 2 v, () AV ()
[ resp. #a(x)<p (V1 4(¥)

and Va(xy) v 4(0)Av4()].

Proposition 24. Let AsIFL(L).
(1) A is an intuitionistic fuzzy prime filter
of L if and only if
Alxy) = (pa (DA24(9), va() V()
and

Alx+ )= (g, (D) Az (0, va () V()

for any x,ye L, ie.,
#A: (L’ + y )_)(Iy V,/\)

and vai(L,+, )=, A,V) are homo-
morphisms.

(2) A is an intuitionistic fuzzy prime filter
of L if and only if

A+ =(ps DAz, 14 (D) Vva(y))
and

Alxy) = p 4 A1 a(9),v4 (D VY4(3) for
any x,veL, ie, #a(L,+,  )—=>(IN,V)
and va: (L, +, - )= (L V,/\) are homomor-
phisms.

The following is the immediate result of

Proposition 2.4 :

Corollary 24. Let A<IFL(L). Then A is
an intuitionistic fuzzy prime filter (resp. ideal)

of L if and only if A° is an intuitionistic

fuzzy prime ideal (resp. filter) of L.

Proposition 25. Let fL—=L" be a lattice
homomorphism.

(1) If fis surjective and AeIFL(L) [resp.
IFKL) and IFF(L)), then AA)eIFL(L")
resp. IFI(L') and IFF(L")].

(2) If B is an intuitionistic fuzzy sublattice
[resp. ideal, prime ideal, filter, and prime filter]
of L', then f Y(B) is an intuitionistic fuzzy
sublattice [resp. ideal, prime ideal, filter, and
prime filter] of L.

3. Intuitionistic fuzzy congruences

Definition 3.1. Let ReJFR(L). Then R is

called an intuitionistic fuzzy equivalence

relation (in short, IFE) on L if it satisfies
the following conditions hold:
(i) R is reflexive, ie.,

R(x,x)=( y}z/eLpR(y, z), y/z\eL”R‘y-z)),

for each x= L.

(i) R is symmetric, ie., R(x,y) = R(y,x),
for any x,yeL.

(iii) R is transitive, ie.,, R RCR.

Definition 3.2. Let R be an IFE on L.
Then R is called an intuitionistic fuzzy

(in short, IFC) on L if it
satisfies the following conditions hold : for any

congruence

X1 X2 V1Y€ L,

( i )
wr(x; + 29, v +Fv) 2 pplx;, vy App(xs, ¥o)
a n d
Ve(x) + %9, ¥, T ¥) Svplx, y )V ve(xy, ¥9).
(i) #r(x1Xg, ¥1¥2) 2 pp(xy, ¥ A1 (%, ¥5)
and Ve(x22, ¥199) S ve(xy, ¥V velxy, yo).
We will denote the set of all IFCs on L as
[FC(L).

Definition 3.3. Let A=IFIL). We define a
complex mapping Ry=(u Ry Y RA) :
LxL—IxI as follows : for any x,yEL,

. (\! LM ala)

prlx,y)=

a

and
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ve(x,3)= .

J{}a+yUA(a).

Then R4 is called the

relation induced by A.

intuitionistic fuzzy

Lemma 3.4. Let L be a distributive lattice. If
AeIFIL), then RaSIFC(L),

Definition 35. Let ReIFE(L). We define a
complex mapping Ag=(u AgrV AR)Z L—-Ix1
as follows ; for each x=L,

L oafx)= y/e\LﬂR(xy,x)
and

Va, 0=V ve(xy,2).

Then Ag is called the intuitionistic fuzzy set
in L induced by R.

Lemma 3.6. Let L be a distributive lattice. If
ReIFC(L), then AgeIFI(L)

Theorem 3.7. Let L be a distributive lattice
with 0. If AcIFKL), then A=Ak,

Lemma 3.8. Let L be a generalized Boolean
algebra let AelIFKL). Then
A(x®y) = R,(x,¥) for any x,yeL.

and

Lemma 39. Let L be a lattice with 0. If
ReIFC(L), then Ap=HR(x,0) for each

xe L.

Lemma 3.10. Let AI.AZEIFI(L) and let
R, R,eIFC(L),

(1) if ACA,|, then Ra,CR 4,
(2) If RoCR), then A rCAr,.

Theorem 3.11. Let L be a generalized
Boolean algebra. If ReIFC(L), then
R Ag = R.

Theorem 3.12. Let
Boolean algebra. Then

L be a generalized

Number 1
(IFKL), N, +)=(IFC(L),N, +).
4. Products of intuitionistic fuzzy ideals

41. Let A€IFS(L))
BeIFS(L ;). We define a complex mapping
AxB=(gt pug, V axp): L \¥L 5= Ix1 35

follows : for each (x,%) €L xL,

#aig= ta(x) A ug(y)
and

Definition and

14 AxB(xy y) = VA(X)\/VB(}’).
Then AxB is called the product of A and

B. It is clear that AXBEIFS(L xL ) from
the above definition.

Definition 4.2. Let AEIFS(LxLy
define two complex mappings
Tyay= gy V my) L= IxI

We

and
Tocay= (1 x(A)» V ma): L =<1
as follows, respectively :

m(A) () =( y\e/L palx, ), y/e\_’u,;(x,y))

for each *€L | and

7 (AXy)=( x\E/L ua(x,y), I/E\_ va(x,9))
for each YEL ;.

Then 71'1(A) (%) and 7f1(A) (%) are called the

projections of A on L and Lz, respectively.
It that m(A)eIFS(L,)

7(A)€IFS(L ) from the above definition.

is clear and

Proposition 4.3. (1) If A,SIFL(L)) [resp.

IFI(L)] (i=1,2), then

A (xA,eIFL(L\xLy) [resp. IFI(LxLy)].
(2) If A€IFL(L\*xLy) [resp. IFI(L,xL,)

and IFF(L,*xL,)], then

x{A)eIFL(L)

IFF(L)). (i=1,2)

[resp. IFK(L) and

Definition 4.4. Let AEIFS(leLz) and let

as L, , beLl, We complex

define tow
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mappings
Al9= (5 (@), v (@)L —I<]
and
A= 4 (), v 4 (B):L y~Ix1.

as follows, respectively :

AN =(ps(x,0),v(x,2)  for each
xeL

and

AP()=(ps(5,9),v,6,%)  for each

yeL,.
Then A1( a and Az( ? called the marginal

intuitionistic fuzzy sets of A (with respect to
a and b). It is clear that A{?€IFS(L )
AP IFS(L ,)

definition.

and from the above

Proposition 45. f A€IFL(L,xL,)
[resp. IFI(L <L) and IFF(L,xLj),] then

APeIFL(L,) {resp. IFI(L)) ang IFF(L,)]

for each @€L; and Az(a)EIFL(Lz)[resp.
IFKL,) and IFF(LZD)] for each b€ L,

Lemma 4.6. If ASIFI(LxL,) then for each

as Ly and each bEL,

A% APCACT (A) xmy(A).

Theorem 4.7. Let L, and L; be two lattices
with 0 and let ASIFI(L <Ly Then A is
the product of an IFT of $L_1$ L, and of an
IFT of L, if and only if

AOAO= 7 (A)x7y (A).
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