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We study some properties of intuitionistic fuzzy normal subgroups of a

In particular, we obtain two characterizations of intuitionistic

group.

fuzzy normal subgroups. Moreover, we introduce the concept of an

intuitionistic fuzzy coset and obtain several results which are analogs

of some basic theorems of group theory.
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0. Introduction

The concept of a fuzzy set was introduced
by Zadeh in [16], and since then these has
been a tremendous interest in the subject due
to its diverse applications ranging from
engineering and computer science to social
behavior studies. In  particular, several
researchers [6, 13, 14, 15] applied the notion of
a fuzzy set to group theory.

In 1986, Atanassov[l] introduced the concept
of intuitionistic fuzzy sets as the generalization
of fuzzy sets. After that time, Coker and his
colleagues (4,571, and Lee and Lee[12] applied
the notion of intuitionistic

fuzzv  sets  to

topology. Also, several researchers [2,3,9,10,11]
applied one to algebra.

In this paper, we investigate some properties
of intuitionistic fuzzy normal subgroups of a
group. In  particular, we obtain two
characterizations of intuitionistic fuzzy normal
subgroups. Moreover, we introduce the concept
of intuitionistic fuzzy cosets and obtain several
of some basic

results which are analogs

theorems of group theory.
1. Preliminaries
We will list

some concepts and results
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needed in the later sections.

For sets X, Y and Z, f=(/.f)): X—>Y*Z i
called a complex mapping if /i: X—Y and

fo: X—Z are mappings.

Throughout this paper, we will denote the
unit interval [0,1] as I

Definition 1.1[1]. Let X be a nonempty set.
A complex mapping A=(ga,va): X—IxI js
called an intuitionistic fuzzy set (in short, IFS)
X if #atva<l where the mapping
#a:X—1 and va'X—1 denote the degree of
membership (namely $\mu_A (x)$) and the

degree of nonmembership (namely Vva{x)) of

on

each xeX to A, respectively.

We will denote the set of all [FSs in X as
IFS( X).

Definitions 1.2[1]. Let X be a nonempty set
and let A=(u4,v4) and B=(up, vp) be IFSs
on X. Then

(1) ACB iff #a<pp and Va=vp
(2) A=B iff ACB and BCA.

(3) A=(va,pa).

(4) ANB=(us/\pp, vaVvg).

(5) AUB=(pusVug vy\vp).

B[ JA=C(pp,1—14),< DA=(1—v,,v,).

Definition 1.3[1] Let {A} ;c; be an arbitrary

family of IFSs in X, where Ai=(#a4,va)
for each i:=/. Then

(a) NA=(N\ua,Vva).
b) UA =1 a.A\va).

Definition 1.4[4]. 0.=(0,1) and1.=(1,0).

Definition 1.5[4). Let X and Y be nonempty

sets and let f:X—Y be a mapping. Let

Number 1

A=(t4,va) be an IFS in X and B=(gp, vp)
be an IFS in Y. Then

(a) the preimage of B under f, denoted by
F YB), is the IFS in X defined by:
FUBY=(f " up), F Ny,
where f eg)=upg-fand f '(vp)=vp- f
(b) the image of A under f, denoted by
f(A), is the IFS in Y defined by:
f(A)=(f(pa),f(va)),

where for each y€Y

f(/JA)(y)={ ARAC fTin=*o,
0 if f7M=0

and
0 if /7'N=0.

2. Intuitionistic fuzzy normal subgroups

We
introducing

first prove two Lemmas before
the definition of an intuitionistic

fuzzy normal subgroup.

Lemma 2.1. If A is an IFGP of a finite
group G, then A is an IFG of G.

Lemma 2.2. Let A be an IFG of a group G
and let x=G. Then A(xy)=A(y) for each
yeG if and only if A(x)= A(e).

Remark 23. It is easy to see that if
A(x)=A(e), then A(xy)=A(yx) for each
yei.

Definition 2.4[11]. Let A be an IFG of a
group G. Then A is called an intuitionistic
fuzzy normal subgroup (in short, IFNG) if
A(xy)= A(yx) for any x,yeG.

We will denote the set of all IFNGs of G as
IFNG(Q).

Let G be a group and a, b€G. We say that

a is comjugate to b if there exists x€G

such that b=x "'ax. It is well-known that
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is an equivalence relation on G.
the
relation of conjugacy are called conjugate

conjugacy

The equivalence classes in G under

classes [8].

Theorem 2.5. Let A be an IFG of a group
G. Then AeIFNG(G) if and only if A is
constant on the conjugate classes of G.

of the
above result using intuitionistic fuzzy sets.

The following is the generalization

Theorem 2.6. Let AeIFG(G). Then
A€IFNG(G) if and only if # allx, 9D =p 4(x)
and v allx,¥]) <v 4(%) for any x,yeG.

Theorem 27. lLet A<sIFNG(G) and let
(A, w)eIxI such that $A=<pa(e), n=v,(e)
and A+ <1, where e denotes the identity of
G. Then . A *#{G.

The following is the immediate result of

Theorem 2.7:

Corollary 2.7[11, Proposition 35]. Let A be
an IFNG of a group G with identity e. Then
G 4<4G, where G = {xeG:A(x)=A(e)},

The following is the converse of Theorem
2.7

Theorem 28. If A is an IFG of a finite
group G such that all the level subgroups of
A are normal in G, then A<IFNG(G).

Example 2.9. Let
symmetries of a square. Then G i1s a group of

G be the group of all

order 8 generated by a rotation through =/2
of the
square. Let us denote the elements of G by
{1,2,3,4,5,6,7,8}, where 1 is the identity, 2
is rotation through =#/2, and 5 is a reflection

and a reflection along a diagonal

along a diagonal: the multiplication table of G
is as shown in Table 1.

We can easily see that the conjugate classes

1 2 3 45 6 78
123 4561738
234167825
3412 7825€6
4 12 3 8567
58 76 143 2
6 58 7 21 4 3
76 583 214
8 76 5 43 21
of G are {1},1{3},{5,7},{6,8},{2,4}.
Table 1.

Let H={1,3} and let K={1,2,3,4}. Then
HJG and K<G (in fact, H is the
center of G. Thus we have a chain of normal

clearly,

subgroups given by

1CHCKCG. (*%)

Now we will construct an IFG of G whose
level subgroups are precisely the members of

the chain (**). Let (¢ s;)€Ixl (0<i<3 such
that ti+SiS1,t0>t1>t2> t3

5pC51< 8¢5,

and

Define a complex mapping
A=(pq,v4): G=IxI a5 follows:
A =(¢ty,s9), A(HN{1D={(ty,5)),
A(K\NH)={(ty,s5), A(G\NK)={(t3,54).
From the definition of A, it is clear that
A(x)=A(x Y for each x=G. Also, we can
easily check that for any x, yeG
a(xy) 2 pa(O N pa(y)
and
valx y) < v () V().
Furthermore, it is clear that A is constant on
the conjugate classes. Hence, by Theorem 2.5,
A e IFNG(G).

Remark 2.10. Example 2.9 is the generaliza-
tion of Example 3.10 in [14] using intuitionistic
fuzzy sets.

Theorem 2.11. Let f:G—G be a group
homomorphism. If A is an IFNG of F(G),

then f Y A) e IFNG(G).
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The following results leads to the motivation
behind the definition of an intuitionistic fuzzy
coset in the next section.

Theorem 2.12. Let A be an IFNG of a group
G with 1dentity e. We define a complex map-
ping A= (1, v 2):G/G4—IxI a5 follows :
for each x &G,
A( Gy x)=A(x).

Then Ae€IFNG(G/Ga). Conversely, if NG
and BeIFNG(G/N) such that B( Ng)= B(N)
geN, there exists an

only when then

AeJFNG(G) such that Ga=N and A= "B.

3. Intuitionistic fuzzy cosets and fuzzy
Lagrange’s Theorem

Definition 3.1. Let A be an IFG of a group
G and let x =G. We define a complex mapping
Ax=(tt o,V o) G—I*1 are follows : for each
geG,
Ax(g)=A(gx 1), ie,

#al@=1,(x7") and val@=valex 7).
Then A is called the
coset of G determined by x and A.

intuitionistic fuzzy

Remark 3.2. Definition 3.1 extends in a natur-
al way the usual definition of a “coset” of a
group. This is seen as follows : Let H be a
subgroup of a group G and let A= (Xm. x nf),
where X i is the characteristic function of H.

Let x,g=G. Then Ax= (X yer X o).

Proposition 3.3. Let A be an IFNG of a
group G and let x=G. Then
Ax(xg) = Ax(gx)= A(g) for each geG.

Remark 3.4.
the result in group theory that if N<G, then

Proposition 3.3 is analogous to

Nx=xN for each x<=G.

If N is a normal subgroup of a group G,

then the cosets of G with respect to N form

a group (called the gquotient group G/N ). For
an IFNG, we have the analoguous result.

Theorem 3.5. Let 4 be an IFNG of a group

G and let G/A be the set of all the intuition-

istic fuzzy cosets of A. We define an operation

* on G/A as follows : for any x,y€G,
Ax*Ay= Axy.

Then (G/A,*) is a group.

Proposition 3.6. Let A be an IFNG of a
group G. We define a complex mapping
A=(n 4.V @D GIA=IxI a5 follows for
each x G,
A(An) = A(x), ie,
e (A= 4(x) and vz(Ax)=v 4(x).

Then A is an IFG of G/A. In this case, A4
is called the intuitionistic fuzzy quotient group

determined by A.

Proposition 3.7. Let A be an IFNG of a
group G. We define a mapping 8:G—G/A as
: for each x=G, #x)=Ax.Then 8

is a homomorphism with Ker(8)= G,

follows

Now we obtain for an IFG an analogous
the "Fundmental
Homomorphism of Groups”.

result of Theorem  of

Theorem 3.8. Let A=IFNG(G). Then each
intuitionistic fuzzy (normal) subgroup of G/A
corresponds in a natural way to an intuitionis-

tic fuzzy (normal) subgroup of G.

Now we will obtain an intuitionistic fuzzy
analog of the famous “Lagrange’s Theorem”
for finite groups which is a basic result in
group theory . Let A be an IFG of a finite
group G. Then it clear that G/A is finite.

Definition 3.9. Let A be an IFG of a finite
group G. Then the cardinality |G/Al of G/A
is called the index of A.

3.10[Intuitionistic

Theorem Lagrange’s
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Theorem]. Let A be an IFG of a finite group

G. Then the index of A divides the order of

G.
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