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Chaotifying a Continuous-Time TS Fuzzy System with Time-Delay
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Abstract - In this paper, a systematic design
approach based on the parallel distributed
compensation technique is proposed for chaotifying a
general continuous-time Takagi-Sugeno (TS) fuzzy
system. The fuzzy parallel distributed compensation
controller (FPDCC) is composed of the feedback gain
and time-delay feedback. The verification of chaos in
the controlled continuous-time TS fuzzy system is
done by the following procedures. First, we establish
an asymptotically approximate relationship between a
time-delay continuous-time TS fuzzy system and a
discrete-time TS fuzzy system. Then, Marotto
theorem is applied. Therefore, the generated chaos is
in the sense of Li and Yorke. The boundedness in the
controlled continuous-time TS fuzzy system is also
proven via its associated discrete-time TS fuzzy
system.

1. Introduction

The “chaotification” or “anticontrol of chaos”
means making a nonchaotic system chaotic or keeping
existing chaos of a chaotic system. We propose the
chaotification method for a stable continuous-time TS
fuzzy system. Specifically, the TS fuzzy system is
composed of the fuzzy rules, which characterize local
relations of the system in the state space. The local
relations are sometimes called the subsystem of the
TS fuzzy system. We use the theorem proposed in
[1}, which establish an asymptotically approximate
relationship between delayed differential equation and
difference equation, to establish an asymptotically
approximate relationship  between time delay
continuous-time TS fuzzy system and discrete-time
TS fuzzy system. From this, we can verify the chaos
in the controlled continuous-time TS fuzzy system by

applying Marotto theorem to its  associated
discrete-time TS fuzzy system.
The fuzzy parallel distributed compensation

controller (FPDCC) is designed with the feedback gain
and time-delay feedback. The feedback gain is
obtained from linear matrix inequality (LMI) method.
For the time-delay feedback, we use a simple
sinusoid functions which was used in [2], [3] and [4).
In fact, the folding and stretching effect of this
function and time-delay play a major role in making
the controlled TS fuzzy system chaotic.

This paper is organized as follows. Section 2 briefly
reviews the continuous-time TS fuzzy system and an
asymptotically approximate relationship between the
delayed differential equation and the difference
equation established in [1]. The FPDCC design for

chaotifying a stable continuous-time TS fuzzy system,
an asymptotically approximate relationship between
the time-delay continuous-time TS fuzzy system and
discrete-time TS fuzzy system and the verification of
chaos in the controlled TS fuzzy system is presented
in Sections 3, 4 and 5 respectively. Some conclusions
are finally given in Section 6.

2. Preliminary

2.1 The continuous-time TS fuzzy model
A single input TS fuzzy system is described as
follows:

Plant Rule i
IF z2/(is My - and 2,00 is M,
THEN () =Ax)+B () (1

The final output of the fuzzy system is inferred by
A =2 u dA A0+ B A1) @)

in which g, can be regarded as the firing strength of
the IF-THEN rules.

Throughout this paper, we denote x’ is the j th
element of the vector x, T° is the ij th element of
the matrix 7, and T" is the j th column of the
matrix T,

2.2 Approximate relationship between the
delayed-differential equation and the

difference equation
Let us consider an n th order single-input single-
output stable linear time-invariant (LTI) system
described by phase variable form.
o) =E(HDAH, UD=Hxt—DY (3

where

0 1 0 - 0 0

6 0 1 - 0 0
E=| : : : T, D=|:

0 o0 0 - 1 0

—@y —a, —ay " —,_ 1

and u(9) is the time-delay feedback input, »()' is a
system output, and k(-) is a continuous scalar
function with bounded magnitude.
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Since the system (3) is assumed to be a stable
system, the system matrix E is a Hurwitz stable
matrix. This LTI system can be computed iteratively
on each r-time interval (mr,(m+1)z for m=0,1,--
Denote (H=x(mr+D=x(m,D for t=mc+1 1=(0,.

It follows that

x(rn,?)=emx(m—l,r)+f0}em”)DKx(m—~l,[) Laf (4)

Lemma 1 [1] For a sufficiently large 7 and a large
t=(ty, 7], (4) can be approximated to the following.

(m, D) =0 (5)
for m=0,1,--- and d=2,--4n

(m, D ma g Hdm—1,9 ),

Lemma 1 establish an asymptotically approximate
relationship between the delayed differential Eq.(3) and
the difference Eq.(5). This enables us to establish an
asymptotically approximate relationship between the
time-delay continuous-time TS fuzzy system and the
discrete-time TS fuzzy system.

3. The FPDCC Design for Chaotifiying
Continuous—-Time TS Fuzzy System

For a stable continuous-time TS fuzzy system, the
FPDCC is designed to make it chaotic. Each control
rule of FPDCC is constructed from the corresponding
rule of the TS fuzzy system.

Control Rule i:
IF 2,(is M, -~ and z,(Dis M,,
THEN 8)=—Kd+v D (6)

where v (¥ is the time-delay feedback,
v {h=asin(EE(T; x(1-) ) @

Note that v {# is bounded inputs. That is |v,(9|<c
T, is a transformation matrices, which is determined
later. The overall fuzzy controller is inferred by

)= Fjpe A~ Kl + (D) ®

Substituting (8) into (2) we obtain the closed-loop
system

= ; Zi/z,ﬂ,-(G,-x(t)+B,-u,(l)) )
where G,=A,~B.,K

The equation (8) can be seen the final output of the
following continuous-time TS fuzzy system, which
has #? subsystems.

Rule i

IF 2, is M; and M, -~and 2,(H is M, and
MI’I)

THEN () =Gxd+By LD 10)

where G, is the system matrix of the subsystem of
(10).

The feedback gain matrix K is designed to make that
the system matrices of each subsystem of (10), G,

are llurwitz stable matrices. To this purpose we use
LMI method.

Theorem 1 [7] The feedback gain matrix K is
designed from the following LMI to make that G, are
Hurwitz stable matrices.

QAT-MTBT+A QB MQ,
Q0

i=l17

where Q=P M=KQ
where P and @ are positive symmetric matrices. K
is solved by K= MP.

4. An Asymptotically Approximate
Relationship between the Time-Delay
Continuous-Time TS Fuzzy System and
the Discrete-Time TS Fuzzy System

Here, we establish an asymptotically approximate
relationship between the time-delay continuous-time
TS fuzzy system and the discrete-time TS fuzzy
system as the first step to verify chaos in controlled
TS fuzzy system by Marotto theorem. We consider
the subsystem of the closed-loop TS fuzzy system
(10) in the local area corresponding to each rule.
Specifically the subsystem of (10) in the ij~th local
area is the following.

=G +Bw (D (11)

Define a new state vector x i by

x=T/x;
Note that we use the same transformation matrix for
same { index.

Then,

T O=T;'G.Tx (H+T7'Bw )

=E;x {§+D D (12)
where
0 1 0 - 0 0
0 0 1 - 0 0
E=| : : : : ,Di=1:
0 0 0 - 1 0
Ty Ty Tlp Tl 1

Theorem 2 There is an asymptotically approximate
relationship between the continuous-time TS fuzzy
system with time-delay (11) and the following
discrete-time TS fuzzy system if the time-delay r is
a sufficiently large and all element of (T)* are
NONZero.
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Rule it  (i=):
F 2,0 is My and M,
M&y

cand 2z (B is M, ad

TN |

AT ) Sm( a(f,];:lxg(k)) ‘

THEN ok+D=x| " «,

0( T,) m . Br
@y Sm( oATH" x,,(k))
Rule ij (i#):

IF z, (k) is My and M, - and z,(k is M,, and

M/‘m
oTHN | (T TN
24 sin AT) 1 x,(k)
oT)% ‘(ﬂz(leT,)“ k)
THEN stk+Dx| g SO\ gzyn  <®

O(T,) nl sm( B’t( T;lT,) 1 N (}'))

ag 0( T l) nl A

The final output of this discrete-time TS fuzzy
system is inferred by

aTH" |
. sm(dﬁn)uxl(k))
O(T')LZI

xk+1)= ,231”{ ag Sm( 0(59{[) 21 x:(k))

o :;) ! sin( - ;9”) — "(k))
O(T‘) 11 ) Bﬂ(T*lTl)ll
o sm( 0(%1) m xl(k))
. , G(T,)Z] ] ( B”(T;lr.) 1t A )
4 ; ;ﬂ§$l-#i/‘f «, SO 0( 7)2 x4(k)

O(T,) nl ) ﬂﬂ(’T‘lT,-) ll‘ )
s sm( 0(7’,') A xR

=FMx) (13)
Proof: The proof is omitted due to lack of space.

Theorem 3 (boundedness) The final output of the
discrete~time TS fuzzy system (13) is bounded by the
following constant.

(Tl) il
max jgi<q 77;_‘ o
[ (rp* ]
(k)< | T asizal [T [0 <0, k=12
(T,) nl
mMaxX jcicy aq 4

Proof: The proof is omitted due to lack of space. B
5. Verification of Chaos in the Controlled TS
Fuzzy System

We show the time-delay continuous—time TS fuzzy
system (9) or (10) is chaotic as proving that its

associate  discrete-time TS  fuzzy system  (13) is
chaotic by Marotto theorem. Therefore the generated
chaos is in the sense of Li and Yorke.

Theorem 4 Suppose that p (Bp k), 1j=12,r are
continuously differentiable in the neighborhood of the
fixed point, x"=0, of the controlled system (13). Then
there exists a positive constant g8 such that if 3 8,
then the controlled discrete-time TS fuzzy system
(13) is chaotic in the sense of Li and Yorke.

Proof: The proof is omitted due to lack of space.

6. Conclusions

A systematic approach for anticontrol of chaos in a
general continuous-time TS fuzzy system  was
developed in this paper. The FPDCC is very simple
and effective. To verify the chaos in closed-loop TS
fuzzy  system, an  asymptotically  approximate
relutionship between the time-delay continuous-time
TS fuzzy syvstem and the discrete-time TS fuzzy
system was derived. Then Marotto theorem was
applied. Therefore, the generated chaos is in the sense
of Li and Yorke.

Manv systems can be represented by TS fuzzy
system. Therefore this methodology of making a
general continuous-time TS fuzzy system chaotic
provides the opportunity to investigate further
interaction between fuzzy theory and chaos theory.
That has great potential to future engineering.
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