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Abstract: In a previous study, the authors have proposed the Cooperative Collision Avoidance (CCA) method which enables

mobile robots to cooperatively avoid collisions, by extending the concept of the Velocity Obstacle to multiple robot systems.

The method introduced an evaluation function considering an operation objective so that each robot can choose the velocity

which optimizes the function. As the evaluation function could be of an arbitrary type, this method is applicable to a wide

variety of tasks. However, it complicates the optimization of the function especially in real-time. In addition, construction of the

evaluation function requires an operation objective of the other robot which is very hard to obtain without communication. In

this paper, the CCA method is improved considering such problems for implementation. To decrease computational costs, the

previous method is simplified by introducing two essential assumptions. Then, by treating the desired direction of locomotion

for each robot as the operation objective, an operation objective estimator which estimates the desired direction of the other

robot is introduced. The only measurement required is the other robot’s relative position, since the other information can be

obtained through the estimation. Hence, communicational devices that are necessary for most other cooperative methods are not

required. Moreover, mobile robots employing the method can avoid collisions with uncooperative robots or moving obstacles as

well as with cooperative robots. Consequently, this improved method can be applied to general dynamic environments consisting

of various mobile robots.

Keywords: Multiple Mobile Robot Systems; Collision Avoidance; Cooperative Collision Avoidance; Velocity Obstacle;

Common Velocity Obstacle.

1. Introduction

We have previously proposed the Cooperative Collision

Avoidance method that extends the Velocity Obstacle (VO)

method for multiple mobile robot systems. In the scheme,

an evaluation function intended to consider an operation ob-

jective of a robot was introduced and optimized by each

robot. As the type of the evaluation function was truly non-

restricted, the function could represent almost any operation

objective of a robot, however, obtaining the optimal veloc-

ity became very hard on the contrary. Searching overall the

possible velocity region was used in the previous study and

performed well on a simulator, but its computational cost

was extremely high. Besides, construction of the evaluation

function required operation objective of the other robot to

maximize total performance for both robots. If communica-

tion was available, this would be not very difficult, however,

it is not reasonable to assume that mobile robot systems are

always equiped with such capability.

Thus, in this paper, we simplify the previous method to

decrease the computational cost, and adopt an operation ob-

jective estimator to achieve implicit communication, so that

the method can be fitted on actual mobile robot systems.

Moreover, mobile robots employing the method can avoid

collisions with uncooperative robots or moving obstacles as

well as with cooperative robots.

The organization of this paper is as follows. Section 2

briefly reviews related works and Section 3 states what is col-

lision avoidance. The basic principles of the present method

are derived from the VO method in Section 4. However,

the principles are rather analytical and hard to implement.

Therefore, simplification of the method under some reason-

able assumptions are proposed in Section 5. Computational

simulations are conducted and examined in Section 6 fol-

lowed by concluding Section 7.

2. Related Works

Mobile robot systems have a wide range of applications

such as object transportation, field exploration, and secu-

rity control. Therefore, they have been attracting much re-

search interest. A central issue for mobile robots is collision

avoidance and many researches have been focused on it. For

static environments it has been studied well and some effec-

tive methods have already been proposed. However, though

considering moving obstacles including other mobile robots

or humans are often inevitable in practice, methods for such

cases have not been established.

2.1. Velocity Based Navigation Methods

Navigation methods which plan in the velocity field are

suitable for collision detection and collision avoidance with

moving objects. SIMMONS proposed a collision detection

method called CVM [5], where robot’s velocity is divided

into translational velocity and rotational velocity. Besides,

when non-holonomic robots are considered and/or robots can

locomote at a high speed, dynamics of the robots must be

treated explicitly. The dynamic window approach is one of

such methods and can be easily adapted to the velocity field

navigation [8,13].

2.2. Collision Avoidance Methods

A well-known method is to determine a reference trajec-

tory just considering stationary obstacles, tnen to perform

a reactive collision avoidance procedure considering moving

obstacles [8, 12, 13]. Although this approach has a notable

feature of yielding a sub-optimal trajectory, the trajectory

may poorly perform collision avoidance especially in con-

gested environments. Another approach is to utilize a poten-

tial function with respect to relative position between robots.



However, design of this method tends to be ad hoc, so that

realization of complicated behavior is difficult. On the other

hand, the VO method is collision detection method in the

velocity field based on the relative velocity between robots

[3, 4, 10], which determines a velocity set leading to future

collisions. As the VO method exactly describes a collision

condition between robots, many researchers prefer to adopt

this method [1,2,7,9].

2.3. Cooperative Methods

Cooperative approaches are also attracting research in-

terest. FUJIMORI et al. proposed a cooperative collision

avoidance method where predefined rules are applied on each

robot based on the relative positions between them [6, 11].

However, as this method entirely depends on an assumption

that both robots obey the same algorithm, collision avoid-

ance with uncooperative robots is not guaranteed, which

makes the method ineffective in real environments.

3. Scope of the Study

Firstly, in this paper, we consider moving objects. Mov-

ing objects can be classified into mobile robots and moving

obstacles. Mobile robots are equiped with the method to

be proposed but moving obstacles are not. Mobile robots

have limited abilities on sensing and computation and have

individual “operation objectives” such as wandering, going

to the goal position, and so on. Although moving obstacles

may have their own operation objectives, they are not consid-

ered in this paper. Considering moving obstacles has an im-

portant aspect that mobile robots without omni-directional

sensing ability can be explicitly considered. For example, if

Robot A can detect Robot B but Robot B can not sense

Robot A, Robot B will locomote freely and be regarded as a

moving obstacle by Robot A.

Secondly, we clarify the class of the method to be pro-

posed. Major aspects that characterize control methods for

multiple mobile robot systems are degree of concentration,

real-time capability and implementability to actual robotic

systems. As we aim at implementation, our method should

be a distributed on-line method.

Finally, the type of collision avoidance should be men-

tioned. Roughly, collision avoidance can be classified into

global collision avoidance and local collision avoidance. Global

collision avoidance can be regarded as a routing problem aim-

ing at avoiding congested places, while local collision avoid-

ance treats collisions at hand. Our objective is to design

local collision avoidance, therefore we do not bother about

the global long time performance.

4. The Fundamentals of the CCA Method

The Cooperative Collision Avoidance (CCA) method uti-

lizes the concept of Velocity Obstacle (VO), so that a brief

summary of the conventional VO method comes first and is

followed by derivation of the CCA method.

4.1. The Conventional Velocity Obstacle Method

The VO method is a well-known collision detection method

proposed in [10]. It provides a velocity set called Velocity

Obstacle, where velocities inside the set mean future colli-

sions. Since detailed description of the VO method can be

found in [10], only the results are introduced in the following.

In fig. 1, Robot A and B (or a moving obstacle) are mov-

ing at velocities of VA and VB, respectively. Each robot’s

shape is represented by a disk of radius R. Then, Robot A’s

radius can be regarded as 0 by enlarging Robot B’s radius

by Robot A’s actual radius. Clearly, this conversion does

not affect the collision condition. Viewing from coordinates

fixed on Robot B, Robot A seems to be moving at a rela-

tive velocity of VAB = VA − VB. Hence, if VAB points at

the hatched region in fig. 1(a) and both robots keep their

velocities, Robot A and B will collide in the future. Thus

the region is called a “Velocity Obstacle”.

VOA in fig. 1(b) is the VO for velocity VA defined on

global coordinates, which can be derived from VOAB by

adding VB to VAB and VOAB. However, this procedure im-

plicitly assumes that VB does not vary. The assumption may

not be satisfied, if Robot B is a mobile robot.

When Reachable Velocity RVA which means a feasible

velocity set considering robot’s dynamics and kinematics is

given, Reachable Available Velocity RAVA = VOA ∩ RVA

yields possible collision avoidance velocities.

or moving
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Fig. 1. Introduction of the Velocity Obstacle method

4.2. The Basic Principles of the CCA Method

Although the VO method assumes that the other robot

moves in a constant velocity, the assumption is inadequate

for dynamic environments. In this subsection, this assump-

tion is eliminated by assuming that the moving object is a

mobile robot employing the same algorithm.

4.2.1 The Common Velocity Obstacle

Figure 2(a) shows VOA and VOB in the same velocity

field. Noting that the arrangement of VOA for Robot A and

that of VOB for Robot B are just symmetrical each other,

both can be depicted as a single figure as fig. 2(b), by ro-

tating and overlaying one onto the other. Then, the VO is

renamed as VOAB and called a “Common Velocity Obsta-

cle”, because a collision will occur if VAB points inside of it.

Collision avoidance can be regarded as that Robot A and B

vary their relative velocity VAB cooperatively so that VAB

points outside VOAB. It is worth noting that RVAB is the

additive set of RVA and RVB and larger than RVA or RVB.

As the shape of VOAB is the same as VOA, VOB, broader

RVAB directly leads to broader RAVAB.

4.2.2 Evaluation Functions for Velocity Determination

As described above, neither the VO method nor the CCA

method designate a certain collision avoidance velocity. There-

fore, some means to determine the collision avoidance veloc-
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Fig. 2. Introduction of the Cooperative Collision Avoidance

method

ity is required. In the previous studies [1, 2], we proposed

an evaluation function based method, where the operation

objective, the VO and the RV are all described as functions

of velocity. Then, the total evaluation function consists of

these sub functions, where the velocity that minimizes the

function is regarded to be optimal. However, to obtain an

optimal velocity is not a simple problem, because the func-

tion is not analytic in many cases. Accordingly, a searching

method was used in the previous works, however, its compu-

tational cost was high.

In the following discussion, symbolic function F is used

to represent a procedure which derives the optimal velocity,

because the discussion does not concern the specific method.

Generally, arguments and returns of F can be written as

(ṗA,k+1, ṗB,k+1)
T = F (pA,k, ṗA,k, pB,k, ṗB,k, rA,k, rB,k),

where p denotes position of a robot, r is a vector representing

an operation objective of a robot. For example, when the

goal position is given as the operation objective, r = (rx, ry)

is a vector of two dimensions.

4.2.3 Estimation of the Operation Objective of the Other

Robot

Since the mobile robots considered in this paper do not

have a communicative capability, the last argument of F , the

operation objective of the other robot, can not be obtained

directly. In this subsection, an estimation method based on

Jacobian of F is proposed.

Assume that Robot A and B obey the following two equa-

tions

(ṗA,k+1, ˜̇pA
B,k+1)

T = F (pA,k, ṗA,k, pB,k, ṗB,k, rA,k, r̃
A
B,k),

(ṗB,k+1, ˜̇pB
A,k+1)

T = F (pB,k, ṗB,k, pA,k, ṗA,k, rB,k, r̃
B
A,k),

respectively, where ˜̇pA
B,k+1 is the predicted velocity of Robot

B at the next sampling time by Robot A, and r̃A
B,k is Robot

B’s operation objective estimated by Robot A.

Jacobian of F can be written as follows:
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∂ṗBy

∂ṗA
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where q = (pA, ṗA, pB, ṗB, rA, rB). Using this Jacobian,

relationship between the prediction error and the estimation

error can be approximated by

(ṗB,k+1 − ˜̇pA
B,k+1)

T '

�� ∂ṗBx

∂rBx

∂ṗBx

∂rBy
∂ṗBy

∂rBx

∂ṗBy

∂rBy

��
k

· (r̃A
B,k+1 − r̃A

B,k)T .

Therefore,

r̃AT
B,k+1 '

�� ∂ṗBx

∂rBx

∂ṗBx

∂rBy
∂ṗBy

∂rBx

∂ṗBy

∂rBy

�� −1

k

· (q̇B,k+1 − ˜̇pA
B,k+1)

T + r̃AT
B,k,

where r = (rx, ry) is assumed. Using this updating equation,

the operation objective of the other robot can be estimated.

5. The Simplified CCA Method

To implement the present method to real robotic systems,

the computational cost is a major problem. In addition, as

Jacobian of F can not be obtained in most cases, the esti-

mation method proposed above is inadequate in practice. In

this section, the previous CCA method is simplified under

some reasonable assumptions and a straightforward estima-

tion technique is introduced.

5.1. Assumptions

In this section, we make the following assumptions to

simplify the previous CCA method:

• The operation objective of each robot is given as a desired

direction.

• Robots are ∆R–equivalent omni-directional robot.

The first assumption is based on an idea that the goal posi-

tion does not affect local navigation. The second concept of

∆R–equivalent omni-directional robot is such that the robot

can be regarded as an omni-directional robot by virtually

enlarging its radius by ∆R. Therefore, kinematic and/or dy-

namic model of robots such as differential drive robot, etc.

can be abstracted in the following discussion.

A trajectory of an ideal omni-directional robot during a

time period of k∆t ≤ t < (k + 1)∆t can be described by

(xn(t), yn(t)) =�
xk +

xk+1 − xk

∆t
(t− k∆t), yk +

yk+1 − yk

∆t
(t− k∆t) � ,

where ∆t is a sampling period and (xk, yk) is position of the

robot at time t = k∆t. When a robot satisfies the following

condition:

max
t � {xn(t) − x(t)}2 + {yn(t) − y(t)}2 ≤ ∆R,

the robot is called a ∆R–equivalent omni-directional robot.

Clearly, a meaning of ∆R is maximum error allowable for

the radius of the robot. Using this concept, for example, a

differential-drive robot can be regarded as an omni-directional

robot with a proper ∆R as a sufficient condition for collision

avoidance, where kinematics and dynamics of the robot are

implicitly considered. The only constraint applied to the

∆R–equivalent omni-directional robot is the maximum ve-

locity.



5.2. The Relative Velocity Diagram

To obtain optimal collision avoidance velocities as ana-

lytic form is challenging issue in the CCA method. The Rel-

ative Velocity Diagram (RVD) introduced in this subsection

is one answer for the problem. By using the RVD, computa-

tional cost is extremely reduced and the CCA method using

the RVD is called the Simplified CCA method.

Figure 3 shows an example of desired direction rA, ve-

locity constraints RVA and VOA for Robot A. In this case,

only two points of PB1 and PB2 are the optimal velocity

candidates. Clearly, PC is always a possibely optimal veloc-

ity, however, PC is covered with the VO when collision is

predicted and cannot be chosen as the optimal velocity. In

addition, PB1 or PB2 always have better evaluations than

PA, because if PA is prefered than others, PC must not be

covered with the VO and this means collision free. Therefore,

only PB1 and PB2 are the optimal velocity candidates.
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When optimal VA is PB1, corresponding V OB for VB is

depicted as fig. 4(a), while fig. 4(b) means optimal VA of

PB2. It is worth noting that V OA and V OB are symmetry

and their edges are always aligned. To clearfy the meanings
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Fig. 4. Derivation of the RVD (Step 2)

of the fact, essential components in fig. 4 can be rewritten

as fig. 5, where boundary lines between VOA and VOB are

depicted as line l. This figure is called the Relative Veloc-

ity Diagram (RVD), because line l represents the direction

of relative velocity VAB and plays the central role in the di-

agram. This figure means that VA and VB are determined

by appropriately placed line l, and the pair VA and VB are

guaranteed to be collision avoidance velocities. Thus, the

choosing collision avoidance velocities problem is now proved

by determining location of line l.

To determine the optimal placement of line l, an evalu-

ation function which provides the highest evaluation to the

desired velocity of each robot is introduced so that collision

avoidance velocities lead to not only collision avoidance but

also achiveing the operation objective of each robot. For

example, we choose an evaluation function for each robot as

Robot A: C cos(ϕ− ψ)

Robot B: C cos(ϕ+ ψ − rB),
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Fig. 5. The Relative Velocity Diagram (RVD)

using ψ shown in fig. 6, where C is a positive constant and

rA is assumed to be 0 without loss of generality. Beside,

α = −ϕ and β = ϕ− rB are introduced for simplicity, then

the following is a total evaluation function:

C{cos(ψ + α) + cos(ψ + β)}.

Clearly, this evaluation function has maximum at ψ = −α+β

2
=

rB

2
. Differences between 6 VA and rA, and 6 VB and rB are

Robot A: ϕ− ψ = ϕ− rB

2

Robot B: ϕ+ ψ − rB = ϕ− rB

2
,

respectively. Hence, when two robots equally avoid a colli-

sion, the total evaluation function is maximized.

From a view point of the RVD, the first assumption is

not necessary. The essential fact is that velocity candidates

are limited to PB1, PB2. In such a case, the RVD can be

composed and a similar optimization approach on the RVD

can be used, even for a different type of operation objective.
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5.3. Estimation of the Operation Objective of the

Other Robot

As described above, the difference between the desired di-

rection and the locomoting direction is equal for each robot.

rA − 6 VA = rB − 6 VB

r : desired direction; 6 V : locomotiong direction

Therefore, the operation objective of the other robot can be

estimated using the following equation.

r̃B,k+1 = (1 − α) r̃B,k + α (rA − 6 VA,k + 6 VB,k)

where 0 < α ≤ 1 is a decay factor which controls stability of

the estimation and rapidity of the convergence.

When a moving obstacle going straight ( 6 VB = rB) is

considered, the estimation equation is rewritten into

r̃B,k+1 = (1 − α)r̃B,k + α(rA − 6 VA,k + rB),

and this equation converges to r̃B = rA − 6 VA + rB. The

estimated value does not converge to the actual direction,

however, collision avoidance can be achieved by this scheme

against not only cooperative robots but moving obstacles.



6. Simulations

In this section, the simplified CCA method is imple-

mented for computational simulations. At first, to confirm

the effectiveness of the method, simulations for a mobile

robot and a moving obstacle are conducted. Then, to ex-

amine effects of parameters, simulations are conducted for

various parameter set-ups.

Two configurations, crossing and face to face, are em-

ployed in simulations. Measurement noise is applied to the

position measurement at every sampling time. The noise

is generated with a normal distribution whose mean value

is 0 and standard deviation is σ = dl2 where d is a noise

coefficient and l denotes the distance between robots. This

error model is based on actual image sensors. By adjust-

ing a radius of robot virtually, the minimum distance during

collision avoidance can be controlled. In this paper, the ac-

tual radius is scaled by 1.5. The other parameters used in

simulations are shown in Table 1.

Table 1. Default parameters

Notation Value

R: Robot radius 0.25 [m]

Vmax: Maximum velocity 0.2 [m/s]

lsight: Sight radius 2.0 [m]

α: Decay factor 0.5

∆t: Sampling speed 0.5 [s]

d: Noise coefficient 0.2 [1/m]

Rmargin: Margin factor 1.5

6.1. Basic Operations

Figure 7 shows the resulting trajectories and the esti-

mated operation objectives during mobile robot versus mo-

bile robot collisions. In fig. 7(a) and fig. 7(c), Robot A is

moving upward from the bottom, while Robot B is moving

from left to right and downward from the top, respectively.

Figure 7(b) and fig. 7(d) show the estimated operation ob-

jectives, where actual operation objectives are � π
2
, 0 � and

� π
2
, −π

2 � , respectively. Solid lines in the graph plots in-

dicates the distance between the robots. When the robots

are sufficiently close to each other, the estimation results are

very close to the correct values. Otherwise, the estimation

results are disturbed by the measurement noise.

Figure 8 also shows the resulting trajectories and the es-

timated operation objectives. When Robot B behaves as a

moving obstacle and just moves rightward in fig. 8(a) and

downward in fig. 8(c). Vertical dashed lines in fig. 8(b) and

fig. 8(d) indicate the moments at the beginning and the end-

ing of the collision avoidance. During the collision avoidance,

estimated operation objectives deviate from actual values, as

described in the last section.

6.2. Influences of the Parameters

In this subsection, effects of some representative param-

eters such as the sight radius, the noise coefficient and the

decay factor are examined. As the evaluation indices, sum-

mation of impulse that concerns with energy consumption

and probability of success are used. For each lattice point

in graph plots, 1,000 trial runs are made to smoothen the

resulting surface.

Figure 9(a) and fig. 9(b) show success probability versus
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Fig. 7. Results for a mobile robot
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Fig. 8. Results for a moving obstacle (Robot B)

the noise coefficient and the sight radius. It is worth noting

that a longer sight radius does not lead to a higher success

probability. The cause of this phenomenon can be inferred

such that an effect of the measurement noise is dominant

when distance between the robots is long to some extent.

The following fact confirms this expectation. The total im-

pulse increases proportionally to the sight radius with the

higher noise coefficient shown in fig. 9(c) and fig. 9(d), while

it decreases according to the sight radius, when the mea-

surement noise is zero or sufficiently small. Meanwhile, a

smaller sight radius also causes low success probability shown

in fig. 9(b). Hence, there should exist the optimal sight ra-

dius for a noise coefficient, but it has not been proved yet.

Figure 10 shows the success probability versus the noise

coefficient and the decay factor α. For a small decay factor,

the estimation is precise but slow. Therefore, the success

probability is not so high. On the contrary, a large decay

factor leads to a fast but inaccurate estimation and also re-
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Fig. 9. Success probability/Total impulse vs Noise fac-

tor/Sight radius

sults in a low success probability. Although existence of the

optimal decay factor is expected from the simulation results,

it can not be determined from these graph plots. Because,

the other parameters which are fixed to the default in the

simulations may affect the optimal decay factor.
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Fig. 10. Success probability vs Decay factor

7. Conclusions

In this paper, the CCA method previously proposed by

the authors was improved considering implementation. To

simplify the CCA method, two reasonable assumptions were

applied, where a concept of ∆R–equivalent omni-directional

robot was introduced. Using the simplified CCA method, the

optimal velocity could be determined without time-consuming

searching. In addition, the estimation of the operation ob-

jective of the other robot was also introduced. Thereby, the

proposed method can be implemented to mobile robots that

are not equipped with communication devices. The effective-

ness of the proposed method for moving obstacles as well as

mobile robots, was confirmed through computational simu-

lations. The simulation results were evaluated by the total

impulse and the success probability. Dependency of these

indices on the essential parameters such as the sight radius,

the noise coefficient and the decay factor were widely ex-

plored. Roles of these parameters were revealed to some ex-

tent, however, further detailed investigations and analytical

explanations are necessary.
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