
1. INTRODUCTION 
 

Application of parallel mechanisms is becoming diverse in 
many robotic areas. Parallel mechanisms have many 
advantages over serial mechanism. It provides high stiffness 
and high accuracy as well as high payload. But it have more 
singular point than serial mechanism, thus it is more difficult 
to control than serial mechanism.[4,5,10] To cope with this 
problem, redundant actuation can be suggested as a means. 

Redundant actuation can be easily explained in terms of 
mobility. Mobility of a system is defined as the number of 
minimum parameters, which is required to specify all the 
locations of the system relative to another. And it is described 
by 
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where 
D : Maximum motion degree of link, 
L : Number of link, 
J : Number of joint, 

iF : Motion degree of i th joint. 

When the number of actuators being employed is greater 
than ,M the system is called a redundantly actuated system. 
Redundant actuation provides general improvement in payload, 
maximum velocity and acceleration. More importantly, the 
surplus actuators play a role of avoiding the singularity by 
abundant sources existing in the column space that relates the 
joint actuators to the output forces. General requirement of 
haptic device include large workspace for human operator, 
low apparent mass/inertia, low friction, high structural 
stiffness, backdriveability, absence of mechanical singularities, 
compactness, and so on.[1,2,9] 

In this paper, we propose a methodology for simultaneous 
generation of coarse and fine reflection force to improve the 
performance of haptic devices. For this, we employ two sets of 
actuator with different actuator size. This method allows force 
reflection with both low and high resolution. In addition, using 
the surplus number of actuators, we propose a force 
distribution algorithm that can resolve the torque saturation 
problem. 

 
2. KINEMATICS OF 3-DOF HAPTIC DEVICE 

 
2.1 Geometric Description 
 

The haptic device proposed in this paper consists of a top 
plate, six actuator on the base, and three serial chains 
connecting the top plate to the six actuators, as shown in Fig. 1. 
Each of the three serial chains consists of three links and three 
revolute joints. The length of every link is fixed to 0.1 ,m and 
the base joint of each of the three chains is placed on the circle 
of radius ( R ) with 120 apart from each other.  

 
 

 
 

Fig. 1. 3-DOF Parallel Haptic Device  
 

2.2 Forward Kinematics 
 

The solution of forward kinemaitcs for each serial chain is 
described by Eq. (2) 
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In the following, we describe the relationship between the 
operational velocity ( u ) and the active joint velocity ( Aθ ). 
Differentiating Eq. (2) with respect to time gives the velocity 
relation, given by 

1 2 31 2 3
u u uu G G Gφ φ φφ φ φ     = = =      , (3) 

where 

1 2 3
1 2 3

u
i i i i

i i i

u u uG g g gφ φ φ φ
′  ∂ ∂ ∂  = =       ∂ ∂ ∂ 

. (4) 

and 

1 2 3

T

i i ii
φ φ φ φ =   .  (5) 

Eq. (3) can be rearranged according to the following form 
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Choosing the joints 1 1 2 1,θ θ  and 3 1θ  as the independent 

joint set (
a

φ ) and the joints 1 2 1 3 2 2 2 3 3 2, , , ,θ θ θ θ θ  and 3 3θ  

as the dependent joint set (
P

φ ). Eq. (6) and Eq. (7) can be 

rearranged as 

[ ] [ ]p a
A Bφ φ= ,  (8) 

where 
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Now, premultiplying the matrix [ ] 1A −
to both sides of Eq. 

(8) gives the relationship between the independent joint set 

( a
φ ) and the dependent joint ( p

φ ) : 

[ ] [ ]1 p
ap a a

A B Gφ φ φ−  = =   . (13) 

Also, the joint velocity of i th chain can be expressed in 
terms of the independent joint velocity 
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Substituting Eq. (14) into Eq. (3) yields the following 
relationship between the velocity of end-effector and the 
independent joint velocity 

u
a a

u G φ =   ,  (15) 

where 
u u
a i i aG G Gφ

φ     =      .  (16) 

By inverting Eq. (15), we obtain 
a
ua

G uφ  =   .  (17) 

Choosing the joints 1 1 1 2 2 1 2 2 3 1, , , ,θ θ θ θ θ  and 3 2θ  as 

the active joints set (
A

φ ), we have a relationship between the 

active joints and the independent joints : 
A
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Substituting Eq. (17) into Eq. (18) yields the following 
relationship between the active joint velocity and the velocity 
of end-effector 

A a A
a u uA

G G u G uφ      = =      .  (20) 

According to the duality existing between the velocity 
vector and the force vector, the following relationship exists. 

TA
u AuT G T =   ,  (21) 

where uT denotes the output force vector and AT  denotes 
the joint torque vector. 
 
2.3 Algorithm 
 

In case of using haptic device with non-redundant actuation, 
it is sometime hard to generate a high torque and high force 
resolution to reflect a high force and accurate force at the  
end-effector. However, in case of using redundant actuation, a 
high and accurate force can be achieved by employing two 
sets of actuator with different sizes and using several force 
distribution algorithms. The proposed 3-DOF haptic 
mechanism is driven by 6 actuators; three on the base location 
and three on the second joint location. We select the base 
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actuators as high power device with low resolution and the 
floating actuators are on the reverse. The particular solution of 
Eq. (21) given by 

( )TA
A uuT G T

+

 =   .  (22) 

implies a minimum norm solution. 
To reflect force of both high and low resolution, the force 

felt in end-effector must be distributed to base actuators and 
floating actuators according to some fashion. Using weighted 
pseudo-inverse is one way. The weighted pseudo-inverse is 
given by 
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The magnitude of weighting factors can be decided according 
to the size of actuators. For instance, the weighting factors for 
the base actuators and the floating actuator can be given as 

1
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K
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, 2
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,  (25) 

where 1K and 2K are scaling factors and F∆ denote the  

variation of the output force.[8] 
If the torques of floating actuators, which is calculated by 

solving Eq. (23), is over the torque limit, we need to employ a 
new solution by using nullspace [3,8], given by 

( ) ( ) ( )T T TA A A
A uu u uT G T I G G ε

+ +      = + −       
. (26) 

Assuming the i th floating actuator is over the torque limit, 
we can set the torque of the saturated joint as a fixed value and 
then distribute the burden to the other actuators. It can be done 
by employing 

[ ] max
T

AG T T= ,  (27) 

where [ ]G is a vector in which the i th element is 1, and the 
others is 0. 

Substituting Eq. (27) into Eq. (28) yields the following 
equation 
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Therefore, the vector ε can be obtained as 
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Substituting Eq. (30) into Eq. (27) yields a new solution, 
which takes into account the torque limit. 
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3. SIMULATION ENVIRONMENT 

 
Fig. 2 illustrates a virtual simulator that consists of a 

rectangular wall and a moving object. This simulation is 
performed by using Visual C++ 6.0 with OpenGL on the 
Windows NT environment. The white box is an object, which 
is being moved by the user’s command from the haptic device. 
The square, which is modeled as a wall having elasticity, 
restricts the motion of the moving object. When the collision 
between the object and the wall occurs, the reflecting force is 
computed. 
 

 
Fig. 2 Graphic Simulator 

 
4. SIMULATION RESULT 

 
Haptic device generates reflecting force according to the 

situation of virtual environment. Collision between the object 
and the environment causes reflection force. Several 
algorithms to compute actuating torque for those reflection 
forces are tested and compared in this section. 
 
4.1 Comparison of Minimum Norm Solution and Weighted 
Pseudo-Inverse Solution 

 
When a moving object collides with the wall, the reflecting 

force to restrict the operator’s motion has to be generated. Fig. 
3 illustrates the desired force profile required at the end 
position.  
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Fig. 3 Desired Force ( uT ) 

 
Specifically, Fig. 4 shows the torque profile of a base 

actuator (M1;line with point) and a floating actuator (M2;solid 
line) to satisfy a reflecting force that is given by Fig. 3. This 
solution is computed from Eq. (22).  

 

 
Fig. 4 The torque values of actuator M1 and M2 

 
Though this solution shows minimum torque norm, high 

torque is observed at the floating actuator(M2) of small size, 
which will cause torque saturation at the floating 
actuator(M2). 

For more efficient distribution of actuating torque, 
weighted pseudo-inverse algorithm is employed. The base 
motor(M1) takes on large torque and the floating actuator(M2) 
takes on smaller torque to avoid saturation. 

Fig. 5 illustrates the torque calculated by using weighed 
pseudo inverse. It can be seen that the torque of the floating 
actuator becomes smaller, enough to avoid saturation. Thus, 
the weighted pseudo-inverse algorithm can be used as an 
effective means to avoid saturation. 

 

 
Fig. 5 The torque values of actuator M1 and M2 

 
4.2 Comparison of Weghted Pseudo-Inverse Solution and 
Force Distribution Algorithm with Consideration of 
Torque Limit 

 
Even when employing weighted pseudo inverse algorithm, 

floating actuators still can be saturated. In this case, we can set 
the torque of floating actuator as a fixed value and distributes 
the burden to the other actuators by using nullspace. When 
employing the weighted pseudo-inverse solution, Fig. 6 
illustrates the torque of a base actuator(M3) and a floating 
actuator(M4) to generate a force that is given by Fig. 3. 
Despite of employing weighted pseudo inverse, this case 
shows that the torque of floating actuator is over the torque 
limit. (for instance, 0.4Nm )  
 

 
Fig. 6 The torque values of actuator M3 and M4 

 
To resolve this problem, the nullspace solution given in Eq. 

(26) is employed. As shown in Fig. 7 when the torque of 
floating actuator is fixed as 0.4Nm , the burden is distributed 
to the other actuators without any additional torque saturation. 
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Fig. 7 The torque values of actuator M3 and M4 

 
As shown in Fig. 6 and Fig. 7, redistribution of the system 

load by using the nullspace is effective to ensure avoidance of 
torque saturation along with satisfying the desired reflecting 
force at the end-position. 

  
5. CONCLUSION 

 
In this work, we proposed a new force distribution 

algorithm in which reflecting force of both high and low 
resolution is achievable by using two sets of actuator with 
different size. Minimum norm solution, weighted pseudo 
inverse algorithm, and a force distribution algorithm 
considering torque limit are investigated. Conclusively, 
combination of weighted pseudo inverse algorithm and a force 
distribution considering torque limit allows the force reflection 
of both high and low resolution. Currently, experimental 
verification of the proposed load distribution algorithms are 
being conducted. Fig 8 shows the prototype of 3-DOF haptic 
device for experimentation. 

 

 
Fig. 8 Prototype of 3-DOF haptic device 
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