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Abstract: In this paper, thedesignmethodof sliding modecontrol(SMC) systemfor SISOlinearsystemis discussed.First,we considerthe
similarity betweenthedesignmethodof slidingmodehyperplaneusingthestrict positive realnessandthecharacteristicsof zerosof feedback
systemandthedesignmethodof simpleadaptive control. Basedon sucha consideration,we proposethenew designmethodof SMC system
usingparalleldynamic compensator. As aresult,SMCsystemcanbeconstructedonly with thederivative of outputsignalfor controlledplant.
Theperformanceof SMCsystemdesignedby proposedmethodis confirmedthroughthenumericalexample.
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1. INTRODUCTION

SlidingModelControl(SMC)method[1]-[10] hasbeenwidely
noticedbecauseof its superiorrobustcontrolperformancefor sys-
temswith highly uncertainty. SMC is basedon the principle that
a nonlinear switching control action holds the statetrajectoryon
thehyper-planein thestatespaceandmakestheconvergenceof the
stateto theequilibriumpointwith slidingmodeaction.SMCdesign
procedurecanbedivided into threepartitions,that is, (1) a design
of hyperplane(2) a designof sliding modecontroller(3) a design
of countermeasure for chatteringphenomenon[9], [10]. Concern-
ing thefirst part,thereexist someschemes.Oneof suchscheme,a
designmethodusingthecharacteristicsof zero,calculatetheparam-
etersof hyperplaneby solvinga Riccati algebraicequationwhich
is introduced usingtheinvariablerelationshipof zerosbetweenthe
controlledplantandthestrictly positivereal(SPR)feedbackcontrol
system.SMC systemsusuallyrequireall statesignalsof the con-
trolled plantbecausetheswitchingfunctionof SMC is constructed
with them.

Recently, someSMCmethodsusingtheswitchingfunctioncon-
structedonly with output signalof controlledplant hasbeencon-
sidered,while they supposethe additionalrestrictive assumptions.
However, it seemsthat suchapproachis significantin orderto re-
lieve from themeasuringof all statesignals.

Now, the samecharacteristicsas mentionedabove have been
usedto designthesimpleadaptivecontrol(SAC) system[11] thatis
oneof modelfollowing typedirectadaptive controlmethods based
on command generatortracker approach. TheSAC systemcanbe
constructedwith theoutputfeedback controllerthat canguarantee
its stability. In thispaper, from thepointaimattheidentityof design
conditionsfor controlsystem,we considera designof hyperplane
using the parallel laddernetwork of dynamiccompensators pro-
posedsoasto expandtheapplicable systemclassof SAC method
[12]. Here,in orderto make clearthepoint of discussion, we sup-
posethecontrolledplantasSISOnon-minimumphasesystemwith
relativedegreelargerthan1. In thiscase,theparallelladdernetwork
canbedesigned by useof the informationof approximate leading
coefficient andrelative degreeof controlledplanttransferfunction.
As aresult,theaugmentedplantdirectlygeneratestheSMCswitch-

ing functionasits outputsignal.Then,therobustSMCcanbeeasily
designedusingonly thefirst derivativesignalof plantoutputsignal.

Furthermore,thecontrolperformanceof resultingSMC system
is examinedthroughits applicationto Electric-mechanicalsystem
example.And weconfirmits sufficiently highperformanceof SMC
systemdesignedby proposedmethodthroughthecomparisonwith
theconventional designmethod.And theexperimentalresultsshow
therobustcontrolperformancefor un-modeleddynamicsof actua-
tor andthattheproposedmethodmakeseasyto try againdesigning
SMCsystem.

2. PROBLEM FORMULATION

To make clearthepointat issue,let usconsiderthesingle-input
n-th order linear time-invariantnonminimum phasesystem,given
by the following transferfunction, ascontrolledplant. And, sup-
posethattherelative degreeof controlledplantis largerthan1.

Gp
�
s ��� N

�
s �

D
�
s � (1)

N
�
s ��� hn � msm � hn � m� 1sm � 1 ���	�	�
� hn � 1s � hn

(2)

D
�
s ��� sn � p1sn � 1 ���
�	�	� pn � 1s � pn (3)

where hn � m � 0 m � 2

Denotingtheoutputsignalasy
�
t � , the input signalasu

�
t � andthe

statevariableasx
�
t � , the statespacemodelof controlledplant(1)

canbegivenas

ẋ
�
t ��� Ax

�
t � � bu

�
t � (4)

y
�
t ��� cTx

�
t ��� (5)

where

xi � ẋi � 1 � t ��� bi � 1u
�
t � � i � 2 �
�	�  n � (6)

b j �
0 � j� 1 � � � � � n � m � 1�
h j �

j

∑
k� 1

Pkb j � k � j� n � m � � � � � n� (7)



A �
0 1 �	�	� 0
...

...
.. .

...
0 �
�	� 0 1
� pn � pn � 1 �	�	� � p1

(8)

b � 0 �	�	� 0 bn � m �	�
� bn
T

(9)

cT ��� 1 0 �	�	�  0� (10)

Now, we assumethat the statevariablescannot be detectedper-
fectly andthe strict valuesof plant parametersA  b areun-known.
Then,we continuethediscussionon thesimpledesignmethodfor
SMCsystemfor theabove-mentionedcontrolledplant.

Thecontrolobjective of basicSMCis a stabilizationof thesys-
tem(4), thatis, therealizationof thefollowing relationship:

lim
n� ∞

x
�
t ��� 0 (11)

by useof the sliding modephenomenacausedby switching ac-
tion of control input. The first stepis a designof switchingfunc-
tion which is characterisea hyperplaneon which thesliding mode
generates.By a conventional designmethod[1]-[3], theswitching
functionσ

�
t � is givenas

σ
�
t ��� sT x

�
t � (12)

,if the statevariable x
�
t � is detectable. And, sT is determined

from
�
A  b  c � . However, theseconditions do not hold asmentioned

above. So, we cannot designthe switching function σ
�
t � in the

form of (12).
Our goal is to designa SMC without useof the statesignal

which drives the systemtrajectoryonto a prespecifiedswitching
surfacemaintainsthetrajectoryon this surfaceandforcesthestate
variableto go asymptoticallyto zeroin spiteof thepresenceof un-
certainties.

3. DESIGN METHOD
3.1. Design of the switching function using parallel compen-

sators
Thecontrolledplant,givenby thetransferfunction(1) / thestate

spacemodel(4)(5), is assumedto satisfythefollowing conditions.
[Assumption 1]

1. Theupperbound of therelative degreeof Gp
�
s � γ ��� n �

m � 2 is known.
2. All zerosof Gp

�
s � arestable.

3. Positive constantsδ1 andδ2 suchashn � m � δ1, hn � pn �
δ2 areknown.

4. Outputsiganly
�
t � and its time derivative signal ẏ

�
t � are

detectable
Then,wenow introduceaparallelladdernetwork of dynamiccom-
pensatorsfor thecontrolplantshown in Fig.1. And let thetransfer
functionof parallelladdernetwork F

�
s � bedefinedby:

F
�
s � �

γ !"� 1
∑
i� 1

Fi
�
s � (13)

Fi
�
s � � fi

Di
�
s �  i � 1 2 �	�	�  γ � � 1 (14)

degDi
�
s � � γ � � i (15)
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Fig.1Augmentatedplantwith PFC

δ1 # f1 # f2 # �
�	� # fγ ! � 1 � 0 (16)

δ2 #%$ F � j0� $ (17)

Di

�
s � : monicstablepolynomial

F
�
s � hasbeenproposedasPFC(PFC:Parallel Feedforward Com-

pensator)in orderto applya simpleadaptive controlmethodto the
controlledplantsatisfyingtheassumption1 [12].

Supposethatthestatespacemodelof PFCis representedby

ẋ f

�
t ��� A f x f

�
t � � b f u

�
t � (18)

y f

�
t ��� cT

f x f

�
t �� (19)

thestatespacemodelof anaugmentedplantGa
�
s �&� Gp

�
s � � F

�
s �

is describedasfollows.

ẋa
�
t ��� Aaxa

�
t � � bau

�
t � (20)

σ
�
t ��� y

�
t � � y f

�
t �'� sT xa

�
t � (21)

Aa � A 0
0 A f

 ba � b

b f
 s � c

c f
(22)

Undertheassumption1, thefollowing lemmaholds.
[lemma 3.1] s satisfiesthefollowing designconditionto insurethat
thesliding modeexistsandis reachable.Namely, for σ

�
t � givenin

(21),σ
�
t �&� 0 givestheslidingswitchinghyperplane.

(C1) sT ba � 0
(C2) All zerosof Ga

�
s � arestable.

(Proof)Accordingto a reference[12], thePFCparameterselection
basedon(16),(17)makestheaugmentedplnatsatisfyingasufficient
conditionfor ASPR-nessderivedby Zeheb[13] suchthat

(1) Therelative degreeis 1.
(2) Theleadingcoefficient of numerator of transferfunction

is positive. Namely,

sT ba � fγ ! � 1 � 0� (23)

(3) All zerosof transferfunctionarestable(
ComparingtheaboveZeheb’sconditionsandtheswitchingfunction
parameterdesingcondition, theconditions(1)and(2) areequivalent
to thecondition(C1). And thecondition(3) is alsosameas(C2).



3.2. Design of SMC
Basedon the lemma3.1, the following theoremcanbeusedto

constructthecontrol law.
[Theorem 3.1]

If thecontrol is chosenas:

u
�
t ���)� 1

fγ ! � 1
dy
�
t �

dt
� cT

f A f x f

�
t � � k

�
xa  t � σ

�
t �

$ σ � t � $
(24)

wherek
�
xa  t � � 0, thenthe reachingcondition,σ

�
t � σ̇ � t �+* 0, is

satisfiedandtheglobalstability of theswitchingsurfaceσ
�
t �&� 0.

(Proof)Fromequations,(4),(5),(18),(19),(20)and(21), thefollow-
ing relationshipholds:

dy
�
t �

dt
� cT

f A f x f

�
t ��� sT Aaxa

�
t � (25)

Usingthis relationshipand(23), (24)canberewritten in

u
�
t ���,� � sT ba � � 1sT Aaxa

�
t ��� k
�
xa  t � σ

�
t �

$ σ � t � $ � (26)

Let V
�
σ � givenas

V
�
σ ��� 1

2
σ2 � t � (27)

be a candidateof Lyapnov function, the following expressionis
derivedfor dV � dt.

dV
�
σ �

dt
� σ
�
t � σ̇ � t �

� σ
�
t � sT Aaxa

�
t ��� sT ba

�
sT ba � � 1sT Aaxa

�
t �

� sT bak
�
xa  t � σ � t � � $ σ � t � $

�,� sT bak
�
xa  t � σ

�
t � 2
$ σ � t � $

�,� fγ ! � 1k
�
xa  t � σ

�
t � 2
$ σ � t � $ (28)

With the fact that k
�
xa  t � � 0, it is obvious that dV

�
σ � � dt �

σ
�
t � σ̇ � t �-* 0 for σ

�
t �-.� 0. Hence,we have

lim
t � ∞

σ
�
t ��� 0� (29)

Thetime to reachslidingmodeis determinedby � fγ ! � 1k
�
xa  t � . If

the trajectoryof augmentedplantstatereachto thesliding surface
(σ
�
t �/� 0 holds),theequibalentlinearsystemcanbedescribedby

the following differentialequationby the substitutionof (26) into
(20).

ẋa
�
t ��� Aaxa

�
t ��� ba

�
sT ba � � 1sT Aaxa

�
t �

� Aa � � sT ba � � 1basT Aa xa
�
t �

� Âxa
�
t � (30)

Accordingto Younget.al. [8], eigenvaluesof Â areidenticalwith
the zerosof augmentedplant Ga

�
s � andorigin. From lemma3.1,

sinceall zerosof augmentedplantarestable,thestatetrajectoryof
augmentedplantconvergeto origin from arbitraryinitial point.
(Remark 1) Theperfectinformationof statevariableof controlled
plantis unnecessaryfor theSMC input (24) construction.In a con-
ventionalSMC method[], underthe assumption1(4), a stateob-
server is usually introducedin orderto estimatethe n � 2 number

of statesignalx3
�
t �-0 xn

�
t � . On theotherhand,sincetheproposed

method,whichutilize
�
γ �1� 1� -th orderparallelcompensator, accept

to avoid in constructingsuchanobserver, we canconstructsimple
SMC systemfor high order plant with comparatively small rela-
tive degree.And, theproposed methodrequirea few plantparam-
eter informationsuchasnominalvaluesof low frequecy gain and
leadingcoefficient of numerator of controlledplant transferfunc-
tion. Hence,we canseethattheproposeddesignmethodis aneasy
methodfor uncertaintiesof plantparameters(A  b  c).
(Remark 2) As statedin theproofof theorem3.1,thedynamicsof
thesystemin slidingmodealongσ

�
t �&� sT xa

�
t �'� 0 is determined

by the systemzerosof the augmented systemrepresentedby the
triple

�
Aa  ba  sT � . In thecaseof theuseof PFCrepresentedin (13)2 (17), the augmentedsystemzerosare locatedin neighborhood

of the
�
n � m � numberof controlledsystemzerosandthe rootsof

Di

�
s ��� 0. Hence,we know that choosingthe rootsof Di

�
s �-� 0

directlyeffectson thedynamicsof thesystemin slidingmode.
(Remark 3) Thereexists somemethods of concreteconstruction
of PFC(13)0 (17)� 11�3( For example,Iwai et.al. [12] proposedto
designeachdynamic compensatorin thefollowing formation.

Dγ ! � j
�
s ��� � s � a � Dγ ! � j� 1

�
s � (31)

Dγ !
�
s ��� 1 (32)

a � 0 j � 1 �
�	�  γ � � 1
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+
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Fig.2Realizationof PFC

In thiscase,thestructureof PFCis laddernetwork of first order
lagcompensators. Thestatevariableandparametersof PFCshown
in Fig.2canbegivenasfollows.

xT � t ��� ẋ f 1
�
t � ẋ f 2

�
t � �	�	� ẋ f γ ! � 1

�
t � (33)

A f �

� a 1 0 �	�
� 0

0 � a 1
...

...
...

. . .
. . .

. . . 0
...

... � a 1
0 �	�	�4�
�	� 0 � a

(34)

bT
f � 0 �	�	� 0 1 (35)

cT
f � f1 f2 �	�	� fγ ! � 1 (36)

Then,cT
f A f x f

�
t � usedin (24)isgivenas

cT
f A f x f

�
t �5�

� a � f1
f1 � a � f2

...
fγ ! � 2 � a � fγ ! � 1

x f

�
t �6� (37)



Fig.3 shows the SMC systemwhich is constructedbasedon pro-
posedmethod.
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Fig.3ProposedSMC System

3.3. Measure for chattering phenomenon
It is well known that the control law which satisfythe sliding

conditionarediscontinuousacrossthesurfaceσ
�
t � , thusleadingto

control chattering.Chatteringis, in general,highly undesirablein
practice,sinceit involvesextremelyhigh controlactivity, andmay
excite high-frequency dynamics neglectedin the courseof mod-
elling. SlotineandSastry[9] suggesteda solutionto this problem
by smoothing out thecontroldiscontinuity in a thin boundarylayer
neighbouring theswitchingsurface.Here,thecontrol law (24) can
bemodifiedto have theform

u
�
t �T�,� 1

fγ ! � 1
dy
�
t �

dt
� cT

f A f x f

�
t � � k

σ
�
t �

$ σ � t � $ � ε
(38)

with smoothing function[10], whereε denotessufficiently small
positive constant which is a smoothingparameter. And k

�
xa  t � is

deteriminedby positive constantk � 0.

4. EXAMPLE
4.1. Plant model

A helicoptermodel(Fig.4) will be usedto be demonstratethe
proposeddesignmethod. Thereexists an equilibrium point p � 0
for a steadythrust Fpc � MegRc

Rp
[N] producedby rotor. Suppopse

that U p denoteaargumentof pitchanglefor equilibriumpointand

Fp

p

p

Pitch axis
h

RcRp

Me

Tp

Fig.4Schematicdiagramof controlledplant

U Fp
�
t � denotevariation of thrust, an equationof motion can be

derivedas

Jp ¨U p
�
t � � Bp ˙U p

�
t � � Megh U p

�
t �T� Rp U Fp

�
t �6� (39)

Considerthedifferenttypemodelsfor therotordynamicsdescribed
by follows.
[ RotorModel I ]

Supposethatthethrustis proportional to a commandvoltageof
DC motor, namely,

U Fp
�
t ��� KMv U v

�
t ��� (40)

[ RotorModel II ]
Supposethat the thrustis proportional to a angular velocity of

DC motorandtheDC motordynamicsis representedby first order
lag modelwhereaninput is thecommand voltageandanoutputis
theangularvelocityof DC motor, namely,

U Fp
�
t ��� KMr U r

�
t � (41)

τM U ṙ
�
t ���,�VU r

�
t � � Krv U v

�
t � (42)

whereKMv � KMrKrv.
Rotor model I canbe approximatedto Rotor Model II, if the

time constantτM is negligible small. Then,we have the following
two typesmodelsfor controlledplant.
[ HelicopterModel I ]

StateSpace(SS)Model-I:

ẋp
�
t �5� Apxp

�
t � � bpup

�
t � (43)

yp
�
t �5� cT xp

�
t � (44)

Ap � 0 1

� Megh
Jp

� Bp
Jp

 bp � 0
Rp
Jp

cT
p � 1 0  xT

p
�
t �'� U p

�
t � ˙U p

�
t �

up
�
t �5� KMv U v

�
t �

TransferFunction(TF) Model-I:

Gp1
�
s ��� RpKMv

Jps2 � Bps � Megh
(45)

[ HelicopterModel II ]
SSModel-II:

ẋp
�
t �

u̇p
�
t � � Ap bp

0 � 1
τM

xp
�
t �

up
�
t �

� 0
KMrKrv

τM

U v
�
t � (46)

yp
�
t ��� cT 0

xp
�
t �

up
�
t � (47)

TF Model-II:

Gp1

�
s ��� RpKMv�

τMs � 1� � Jps2 � Bps � Megh� (48)

Theplantparametersareshown asfollows.

Ap � 0 1
� 4� 155 � 0� 488

 bp � 0
4� 115

1
τM
� 3� 70 KMv

τM
� 5� 97



4.2. Design of SMC
Basedon the HelicopterModel I, sincethe relative degreeof

controlledplant is 2, PFC can be determinedby a first order lag
system.Taking into accountof the fact that δ1 W 6 andδ2 W 1� 5,
thefollowing compensatoris chosen.

F1
�
s ��� 1

s � 1
(49)

Basedon the HelicopterModel II, the parametersof PFC(14) is
givenas

D1
�
s �&� D2

�
s ��� 1

s � 1
 f1 � 1 f2 � 0� 8 (50)

in accordingto Remark3. Let theresultingPFCto beF2
�
s � . The

switchinggain function arechosenask
�
xa  t �X� 0� 2. And the fol-

lowing simulationresultsareobtainedfor theinitial conditionssuch
asxp
�
0�/�T� 0� 1 0� T and U v

�
0�'� 0.

4.3. Results
Fig.5 shows the simulationresultof SMC designedby useof

thecontrol law (24) andF1

�
s � asthePFCbasedon theHelicopter

Model I (Case-1).
In the case-1,PFCis designedwithout mistakingthe relative

degreeof plant. So, it is obtainedsufficiently well control perfor-
mancesuchthat the switchingfunction σ

�
t � converge to zeroand

hold on the sliding modeafter t � 0� 5(s) and the settling time of
plant responseis about3� 5(s) while thereexists about15% over-
shootasshown in Fig.5(a)0 (b). Wecannotethattheslidingmode
is realizedby thehigh frequency switchingof input (Fig.5(c)). So,
in thecasethatthecontrollaw (26)is usedinsteadof (24),theabove
chatteringof input is removedwhereε is chosenas0� 0001. (Fig.6)

Next, Fig.7showsthesimulationresultof SMCdesignedby use
of thecontrollaw (24)andF1

�
s � asthePFCbasedontheHelicopter

Model II (Case-2).While thePFCis designedwith mistakingthe
relative degreeof plant,theswitchingfunctionσ

�
t � asymptotically

convergesto zeroasshown in Fig.7 (b). This result suggestthat
the proposedSMC methodwith parallel laddernetwork compen-
satorhasrobustnessfor uncertaintyof plant modelstructure. On
theotherhand,it shouldbepaidattentionthatcontrolperformance
get worsesuchthat the oscillationoccursin the transientstatere-
sponse(Fig.7(a)).In thecasethatthePFCis designed asF2

�
s � with

correctrecognitionwith therelativedegreeof theHelicopterModel
II (Case-3),we can note that the control performance getsbetter
thanCase-IIasshown in Fig.8. While thereexistssmalloscillation
in thetransientstateresponse,its magnitudeis reducedratherthan
Case-2.And thesettlingtime of plantoutputis recoveredassame
asCase-1,namely, it is about3� 5 (s).

5. CONCLUSION
The new sliding modecontrol systemdesignmethodis pro-

posed,which is combining with theparallelladdernetwork of dy-
namiccompensator guaranteeing thealmoststrict positive realness
(ASPR-ness).This methodis basedon theequivalenceof theslid-
ing modesurfaceexisting conditionto theASPRcondition. Since
theresultingSMC law consistsof feedbackof theplantoutput,the
first time derivative of it andthestatesignalof parallelladdernet-
work typecompensatorsocalledPFC(ParallelFeed-forwardCom-
pensator),we obtainsomeadvantagessuchasthesimplestructure
of SMC system,the disuseof stateobserver for high order plant

with relativedegreewhichis largerthan2, theflexibility of PFCpa-
rametertuning. And, in this study, therobust controlperformance
and the above advantagesare confirmedthroughsomenumerical
simulations.Theextensionof theproposedmethodto multi-input
multi-outputsystemtheoryandto themodelfollowing and/orservo
controltheorywill beshown in nearfuture.
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Fig.5Simulationresult(Case-1)
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Fig.6Simulationresult(Case-1usingcontroller(38))
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Fig.7Simulationresult(Case-2)
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Fig.8Simulationresult(Case-3)
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