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Abstract: An eigen-analysis of the coherency matrix 
provides the polarimetric scattering mechanisms with the 
matrix characterizing parameters. In this paper, the coherency 
matrices of deciduous and coniferous vegetation are 
calculated using the analytical method. The Generalized 
Rayleigh-Gans approximation is used to model backscattering 
from distributed coniferous and deciduous leaves. The 
characteristics of eigen-parameters of simulated coherency 
matrix for deciduous and coniferous leaves with respect to the 
leaf shapes and orientations are illustrated.  

 

1. Introduction 
A major problem in analyzing polarimetric SAR data 

is in understanding the scattering mechanisms. An 
eigen-analysis of the coherency matrix provides the 
scattering information with the matrix characterizing 
parameters such as the polarimetric Entropy H, the 
polarimetric Anisotropy A, and the mean polarimetric 
scattering angles. Eigen-parameters have been widely 
used for modeling and classification of Polarimetric 
SAR data [1-4]. However, eigen-parameters are not 
physically based, and the interpretation of results is not 
unique especially for the multiple and/or volume 
scattering problems in vegetated terrain. In general, 
leaves constitute a major part of a vegetation canopy.  
In this paper, the characteristics of eigen-parameters 
obtained from the analytic coherency matrix of 
deciduous and coniferous leaves are investigated. The 
Generalized Rayleigh-Gans (GRG) approximation is 
used to model backscattering from distributed elliptic- 
and needle-shaped deciduous and coniferous leaves, 
respectively. In addition, the differences between the 
eigen-parameters of the elliptic and needle leaves are 
illustrated numerically for different orientation and 
incidence angles.  

2. Eigen-analysis of Coherency Matrix 
The polarimetric backscattering problem can be 

described in feature vector with Pauli basis set such as  
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For incoherent scattering cases, received wave is the vector 
sum of the waves scattered from all the individual scattering 
centers. Statistically fluctuated scatterers are completely 
described by the coherency matrix [T ] defined as 
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where <…> denotes a spatial ensemble averaging, and + 
denote the complex conjugate transpose. The coherency 
matrix is by definition a hermitian matrix, which can be 
decomposed into a real eigenvalue spectrum and orthogonal 
unitary eigenvectors [5]; 
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where [ ]Σ  is a 3×3 diagonal matrix with real eigenvalues 
and [ ] [ ]3213 ˆˆˆ uuuU =  is a unitary matrix with the three 
orthogonal eigenvectors. The polarimetric Entropy H is 
defined in terms of the logarithmic sum of eigenvalues as  
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While the polarimetric Entropy is a useful scalar 
descriptor of the randomness of the scattering process, 
another eigenvalue parameter defined as the Anisotropy 

nA  can be introduced; 
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Anisotropy indicates the presence of multiple scattering.  
The parameterization of the eigenvectors have been 

introduced [5] as 
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The polarimetric target can be modeled as sums of the 
parameterization of ][ 3U  in Eq.(3), which occur with 
probabilities iP . The mean α angle may then be defined as 
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In general, α  reveals the averaged scattering mechanisms 
ranging surface scattering to double bounce scattering. 



 
Fig. 1. (a) Global scattering coordinate system 
configuration for leaf scattering model, and (b) 
Eulerian angle of orientation. 

 
 

3. Leaf Scattering Model 
Scattering from randomly oriented dielectric non-

spherical scatters with shape and dielectric constant 
similar to the vegetation components has been used to 
model electromagnetic wave scattering from leaves 
[6,7]. In the microwave frequency region where the leaf 
dimensions are of the order of the incident wavelength, 
the GRG approximation is needed to model the 
scattering amplitude from leaves. In this study, 
randomly oriented identical elliptic disks are used to 
model leaves in deciduous vegetation, and randomly 
oriented identical needles in coniferous vegetation. For 
the GRG approach, the full scattering amplitude tensor 
is given by 
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where k is the free space wave number, rε  is the leaf 
relative dielectric constant, 0v  is the leaf volume, a  is 
the polarizability tensor [7], ( )is ˆ,ˆµ  is the modifying 
function to the Rayleigh scattering [8], and î , ŝ  
represent the incident and scattered direction, 
respectively (Fig.1).  

Spatial ensemble average <…> is taken over the leaf 
orientation as  
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where ( )ψθφ ,,  are the leaf-orientation angles defined 
as Eulerian angles with respect to the reference frame 
as shown in Fig.1(b), and )(),(),( ψθφ ppp  are the 
probability distribution function of the leaf orientations. 
To simulate a medium of randomly distributed leaves 
with some preferred orientations with respect to the 
reference frame, the angle φ  is assumed to be 
uniformly distributed in the azimuth ( )πφ 2/1)( =p , 
while the distribution for θ  and ψ  can be chosen as 
follows: 
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where ψθ or  =X . Different values of  θ∆  and ψ∆  

are used to describe leaf orientation effect on radar 
backscatter. 

4. Simulation Results 
The coherency matrix of elliptic disks and needles are 

calculated using GRG approximation. The simulation is 
performed at a frequency of 1.24 GHz. The leaf dielectric 
constant is assumed to equal 54.554.19 j− . The Entropy 
and averaged alpha values as a function of incidence 
angles and leaf-orientation angles are shown in Fig.2 and 
Fig.3. The leaf parameters are: the semi-major axis 5 cm, 
the semi- minor axis 1.25 cm, and the thickness 0.1 mm 
for the elliptic disk. The radius of needle is assumed to be 
0.12 cm, and its height is assumed to be 5 cm. In the 
Eulerian angle of leaf-orientation, θ  are used to denote 
the normal of the disk scatter or the orientation of the 
needle axis. When the elliptic and needle leaves are nearly 
horizontal, i.e. small θ∆ , the shape of leaves can not be 
separable in α/H  plane, and α  increase with respect to 
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Fig. 2. The Entropy and α  values for the elliptic 
Disks. 
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Fig. 3. The Entropy and α  values for the needle leaves. 



the incidence angle. At a given incidence angle, α  
decreases for elliptic leaves as the distribution ranges of 
orientation angle increase, while it increases for needle 
leaves. In this case, we can differentiate types of the 
leaf shape using α  values. When leaves are identical in 
size, the α  value is highly connected to the variation of 
the incidence angle which is related to the changes in 
scattering mechanism.  

Fig. 4 shows differences between two eigenvalue 
parameters in Eq. (4-5) as a function of incidence angles. 
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Fig. 4. (a) The Entropy and (b) the Anisotropy values 
versus the incidence angle for the elliptic disk (upper 
law) and needle leave (lower law). 
 

0 0.2 0.4 0.6 0.8 1
Entropy

0

10

20

30

40

A
lp

ha
 (

de
g.

)

∆θ=70∆θ=20

Size variation
(needle height
 increase)

Size variation
(height increase)

In
ci
de

nc
e 

an
gl
e

in
cr

ea
se

In
ci
de

nc
e 

an
gl
e

in
cr

ea
se

 
Fig. 5. The Entropy and α  values as a function of 
incidence angles and leaf size variation for needle 

Anisotropy values are more sensitive to the variation of 
incidence angle. Anisotropy can be a strong indicator of 
the distribution ranges of orientation angle especially for 
the high incidence angle region. 

We also examined the effect of size variation on eigen-
parameters. The Entropy and α  values as a function of 
incidence angles and leaf size variation for needle leaves 
are shown in Fig. 5. Entropy and α  values increase with 
respect to the height of the needle leaves. Following 
simulated results in Fig. 3 and Fig. 5, α  values are more 
affected by the size variation than leaf-orientation angles.  

4. Conclusions 
The physical information and their relations of eigen-

parameters are studied using simulated coherency matrix 
from disk- and needle-shaped deciduous and coniferous 
leaves, respectively. When leaves are identical in size, the 
α  value is highly connected to the variation of the 
incidence angle which is related to the changes in 
scattering mechanism. Entropy values are related to the 
distribution of leaf-orientation. Anisotropy can be a better 
indicator of the distribution ranges of orientation angle 
than entropy especially for the high incidence angle 
region. α  values are more affected by the size variation 
than leaf-orientation angles. 
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