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Dynamic Analysis of Structures by Superposition of
Modified Lanczos Vectors
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ABSTRACT

This paper proposes modified Lanczos vector superposition method for efficient dynamic
analysis of structures. Proposed method is based on the modified Lanczos algorithm that
generates stiffness—orthonormal Lanczos vectors. Proposed method has better computing
efficiency than the conventional Lanczos vector superposition method in the analysis of multi—
input—loaded structures. The efficiency of proposed method is verified through numerical
examples. Comparison with other vector superposition methods is also presented through

numerical examples.

1. Introduction

The eigenvector superposition method is widely used for solving the following dynamic

equaiton of motion of structures

Mii + (aM + AK)i + Ku =f (1)
where M and K and are the n by » mass and stiffness matrices, respectively, £ is force
vector and u is displacement vector. a and £ are the Rayleigh damping coefficients. The mode

acceleration method” is also frequently used to correct errors of the eigenvector superposition

method. Those two methods perform eigenvalue analysis of structures to obtain eigenvectors.
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1.® proposed the Ritz vector superposition method that does not perform

Wilson et a
eigenvalue analysis of structures. They showed that the method yields better computing
efficiency than the eigenvector superposition method. Nour-Omid and Clough(Z) proposed the
Lanczos vector superposition method that does not also perform eigenvalue analysis of
structures. They showed that the method has better computing efficiency than the eigenvector
superposition method. Although the Lanczos vector superposition method is very efficient, it has
some drawback. If multi—input loads such as moving loads on bridges, winds acting on high—rise
buildings and wave forces applying to large offshore structures are applied to structures, the
calculation of transformed force vector is somewhat costly in the method. Therefore,

improvement of the Lanczos vector superposition method is required to overcome the above

shortcoming.
2. Improved Lanczos vector superposition method

In this paper, the modified Lanczos algorithm is proposed to improve the conventional Lanczos
vector superposition method for structures under multi—input loads. Proposed algorithm uses
modified Lanczos vectors, y,’s that satisfy the following stiffness—orthonormality condition

instead of mass—orthonormality condition.

if
Then, modified Lanczos recursion can be written as

y. = K_lMy,» —&Yi = N,Yi, ®

Since ¥, is the next Lanczos vector before normalization, ¥, can be expressed by

Y =0 4
Then, (3) can be rewritten as
1Y =K'My, =&Y, =1, ®
Premultiplying (5) by y’K and using (2), we get »
&=y My, (6)
From (4)
VIKY, =YKy, =71 ™
and therefore
n; = (FKy)"* (8)
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After m (<< n) steps, we have a set of Lanczos vectors, Y=[y,y, -y,], and Y satisfies
following relations from (2)

Y'KY =1 9
where 1 is identity matrix of order m. Lanczos recursion, (5), can be rearranged in matrix
form

K'MY-YS=7,y,.e. (10)

where e, is the last column of T and S is a tridiagonal matrix of the form

& om
mo$ M
.- (an
Mz Smet Mt
”m—l gm
Premultiplying (10) by Y'K and applying the stiffness—-orthonormality condition, we get
Y'MY =8 (12)

Now, performing transformation in (1) with modified Lanczos coordinates, u=Yr , and
premultiplying both sides by Y7, we get
Y MYF + (@Y'MY + SY'KY)i + Y'KYr=Y'f (13)
From Equations (9) and (12), this is rewritten in tridiagonal form
St +(aS+ A +r=Y'f (14)
If single input loads are applied to structures, f=ap. a is the spatial load distribution vector and
p is the time variation function. By taking K™'a as a starting vector in the modified Lanczos
algorithm, the right side of (13) can be reduced as follows:
Yt =Y'KK™ap = Y'Kn,y,p = Y'KYe, 77,0 = 17,6,p (15)
where e, is the first column of I. Finally, (14) will be
SF+ (a8 + AF +r =1n.,p (16)
When multi-input loads are applied to structures, f=Ap. A is the n by k spatial load
distribution matrix, p is the &by 1 time variation function vector and & is the number of input

loads. Then (14) becomes
S¥ + (oS + A)F +r =Y  Ap an

On the other hand, the conventional Lanczos vector superposition method has the following

equation of motion for multi—input—loaded structures
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T+ (@T+ A)q+q=X"MK™Ap 18)

The number of operations for computing Y'A in (17) is nmk. In (18), total number of
operations for computing X"™MK™A is 228(m + k) + nm(k + 1). 4 is the half—bandwidth of
system matrices. It is clear that nmk is smaller than 2n4(m + k) + nm(k + 1). Therefore, (17)

requires less computing time than (18).
3. Numerical examples

A simple span beam® and a multi—span continuous bridge“) are analyzed to verify the
effectiveness of the proposed Lanczos vector superposition method. The results are compared
with those of the eigenvector superposition method, the mode acceleration method, the Ritz
vector superposition method and the conventional Lanczos vector superposition method. The
accuracy and computing time are examined to compare each method. The following normalized

RMS (root mean squre) error is used in the examination of accuracy.

1 T _
\/E L (ugxact “) (“e.xacr ll) dt

- {1 o
‘7—:‘ “aacluzxactdt
d

where T, is time duration. The results obtained by the direct integration method are taken as

(19

&

the exact solutions. The geometric and loading configurations of example structures are shown
in Figs. 1 ~ 2. Since arrival times of moving load are different at all nodal points, moving load is a

multi—input load.

p = 87309sin7t (N)

Finnane ~—

L 100X0.1168 m=11.68 m |
I~ “1

(a) Single input load (sinusoidal load)

—>» V=19 m/sec
p=87309 N

(b) Multi-input load (moving load)

Fig. 1. Simple span beam
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(a) Single input load (El Centro earthquake)
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(b) Multi-input load (moving load)
Fig. 2. Multi-span continuous bridge

Some results are shown Figs. 3 ~ 6. Proposed and conventional Lanczos vector superposition
methods and the Ritz vector superposition method has almost the same accuracy. The three
methods have better accuracy than the eigenvector superposition method and the mode
acceleration method in the case of single input load. For the multi—input loading case, the
eigenvector superposition method and the mode acceleration method have better accuracy than
the others. The accuracy of the mode acceleration method is the best. Since proposed and
conventional Lanczos vector superposition methods and the Ritz vector superposition method do
not perform eigenvalue analysis of structures, the three methods have less computing time than
the eigenvector superposition method and the mode acceleration method. When the number of
used vectors is large, the Ritz vector super position method is slightly costly than proposed and
conventional Lanczos vector superposition methods because it requires additional operation for

computing eigensolution of reduced system. In the case of single input load, the computing
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efficiency of proposed and conventional Lanczos vector superposition methods is nearly the
same. In the case of multi—input load, the conventional Lanczos vector superposition method is a
little more costly than the Ritz vector superposition method when the number of used vectors is
small. This is due to the calculation of transformed force vector, It can bee seen that proposed
method that reduces the operation for calculating transformed force vector has the best

computing efficiency for multi—input loading case.
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Fig. 4. Computing time of simple span beam
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Fig. 6. Computing time of multi-span continuous bridge
4. Conclusions
Improved Lanczos vector superposition method based on the modified Lanczos algorithm that
generates stiffness—orthonormal Lanczos vectors is proposed for efficient dynamic analysis of

structures. From numerical analysis, the characteristics of proposed Lanczos vector

superposition method can be summarized as follows:
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(1) Proposed method has better computing efficiency than the conventional Lanczos vector
superposition method in the analysis of structures under multi—input loads. For the single input

loading case, two methods have almost the same computing efficiency.

(2) Proposed and conventional Lanczos vector superposition methods and the Ritz vector
superposition method has almost the same accuracy. The three methods have better accuracy
than the eigenvector superposition method and the mode acceleration method in the case of
single input load. The eigenvector superposition method and the mode acceleration method have

better accuracy than the others in the case of multi—input load.

Acknowledgements

This research was supported by the National Research Laboratory for Aseismic Control of

Structures in Korea. The support is deeply appreciated.

References

1. Cornwell, R.E., Craig, Jr., R.R. and Johnson, C.P., “On the Application of the Mode—
Acceleration Method to Structural Engineering Problems,” Earthquake Engineering and Structural
Dynamics, Vol.11, 1983, pp.679~688

2. Nour—Omid, B. and Clough, R.W., “Dynamic Analysis of Structures Using Lanczos Co-—
Ordinates,” Earthquake Engineering and Structural Dynamics, Vol.12, 1984, pp.565~577

3. Pan, T.C. and Li, J,, “Dynamic Vehicle Element Method for Transient Response of Coupled
Vehicle—Structure Systems,” ASCE Journal of Structural Engineering, Vol.128, 2002,
pp.214~223

4. Park, K.S., Jung, H.J. and Lee, I.W., “A Comparative Study on Aseismic Performances of
Base Isolation Systems for Multi—Span Continuous Bridge,” Engineering Structures, Vol.24, 2002,
pp.1001~1013

5. Wilson, E.L., Yuan, M.W. and Dickens, J.M., “Dynamic Analysis by Direct Superposition of
Ritz Vectors,” Earthquake Engineering and Structural Dynamics, Vol.10, 1982, pp.813~821

_18_



