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Thermoelastic Instability of the Layer Sliding between Two Non-conducting
Half-planes
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ABSTRACT

Frictional heating in brakes causes thermoelastic distortion of the contacting bodies and hence affects the contact pressure
distribution. The resulting thermo-mechanical coupling can cause thermoelastic instability (TEI) if the sliding speed is sufficiently
high, leading to non-uniform heating called hot spots and low frequency vibration known as hot judder. The vibration of brakes to the
known phenomenon of frictionally-excited thermoelastic instability is estimated studying the interface temperature and pressure
evolution with time. A simple model has been considered where a layer with half-thickness a slides with speed ¥V between two
half-planes which are rigid and non-conducting. The advantage of this properly simple model permits us to deduce analytically the
critical conditions for the onset of instability, which is the relation between the critical speed and the growth rate of the interface
temperature and pressure. Symmetrical component of pressure and temperature distribution at the layer interfaces can be more
unstable than antisymmetrical component. As the thickness a reduces, the system becomes more apt to thermoelastic instability.
Moreover, the evolution of the system beyond the critical conditions has shown that even if low frequency perturbations are
associated with low critical speed, it might be less critical than high frequency perturbations if the working sliding speed is much
larger than the actual critical speed of the system.

ob7lste) Ago] o FRAL Aol B4

b, olel® A% wHEEs dAIAA WY Al
o]9] A& = HQ(feedback) o] S(gain)o] 4o} I

ot o

1. M B

¢

AEat 71w R me u&3 9@ 959 < AW A= "o A7) 7t A wat 9}
g 7t FRAHEA Beola AAYE okxzolM  glo] plate) od derd BoHHA(TEDE L
Ao oF sta AF AFA AR ARE U mopme opyjw 4% ok ek BobmA
g9 Saw wom mAcld SR 3T uge peolad ge ens 4¥o) At
AR E ddgat Beky, 253 gl B, 510 wog ayg Wyg 408 2% 9o of
FEg LEAFoR A% 9 BAs Fed A T °T E e= T =T :
Z Aol H3 9ok E uEEL F7A 3 E71AF £A AFA
2 2A} AYEE ¥ & X3 ung BEs %,_ X d4g 249 ZEAHA dAUYZFeZ
3 21¢ W ARl 44E A% g Ay BT e wergasl WA A5 s

- Burton E_‘:_ Et = s Al =9

o} ‘E‘E q H ‘l_ 0‘9_}'@‘_9_1 ‘\ﬂio _9. [€] le} -0 O =1
I EE pel MAwt 2 £3 @ 47 Zae Hgoz Aokt et un
F, AR, JlseE gy adn A% A G L o sl Sar El ool
Zoh TR A e s s 1 2= v b ARe BAA, ¥4 S9 959
T WEel EAUAL DA B AAMLD oae y ud w2 o AAdo] BasATE

98 A% AN BEI QUYE oplst 0 TC 0 ) oo uae
n o2 A8 B Y I waelas of  DAFEE BUME A5 ) RIS 802
of W} vae st A7) Hol L A% TAE asH W37l WEel dA &=
AAET A4 HrrEch o)H EAHE WA
« 39, SFgatn Qg AEF e A8l d23 FA e a2F ZPo] Lee 9
E-mail : cavatina@ihanyang.ac.kr BarberPol] ola) At} o] B2 dekyg B
Tel : (02) 2294-8294 Fax : (02) 2299-3153 AAM HZx 2SS A% F 9= AA 2AE

A g, dAgRE FIAR AT e ¢ FAs=d 71989 Floquet 9 Dubourg®”
we S, Azl 71 AF s € ZY34e 2= 249 @ A4g we A

ok G, dgdEta 714 BT



o g&AoR M3tz WYA FFT-FEM € At
&tk o] WL Flo wWEy {FFLAWE
A%std AMste Wez $£xHUA oHLL
AAGL AMALE 4P GEY F IS B
# ). Kao 9 Richmond®+ tj23 Bao|de &
A3 23 AYE doss g9y B4R &4
AZE AT FFas Y HE ALt HE
39 dddes wjm B3 FuldAe
Ae|l®o] dAG FAle Aty FAE AAS
o &3 B9 #5713 2EE FAHLE B
Algt A3 A 2do] B dASEE F
g 4 e, dx=e 37, 4 Fol du4
AR A g dis] drargioh

AT-oiM e Byola A28 Azt AY I
go}3ly] 93 712 AF2 Barber 9 Hector™
7} AAE F e gdg v dx wk H@ Aol
A ong Fde 74 @ 22 JEew @
Ciavarellad® 59 d3& 7|22 w3y 259 ¢
o] AZEHY YA £x9 AAE 223 v

=}
=
B

=
KR

=

@ sk Aagel BEd WMo el AT,

2. =29 o Yoz

BAEE FA 24 & Ze 2 5 W =
Beola W=z EAEE T duikrigid)
HAE 99 T¥S Figl o Jeliidg. 24 Ha
T @t F dEE0 d3 3 S v 2 @
T3 7de 48 p, = vHEWE Aol &HF
FEE 7HAA 8t7] A8iA 3-E-gie

vng FEF dolx FdEd HF 4L g
(wave number)7} m ¢l A3 FHeB HF5@
t}.

p(x,t) = pe’e’™ 1))
Aq47|14, b BFES j& AFadolth

o

Fig. 1 A layer sliding with relative speed ¥ between
two rigid and non-conducting half planes

Burton & WS wel A Eo] Aol wd X$£3H
o2 AAgdes 4% 71HE E6lo 2 2®Ho g
g4 EQALE A7t o3 £ 59 &%
T xWFd vstq Al £ colm F EAH
ate] Fd £X ¢ (i=12) °|t} Burton 50| ¥
A=A digle 4y HFol 79 AAFHe Ut
= A& BY7] WEd 20 o}z 29 uwg
g =c=Vo|t,

BE 9o FA Ao disle 2" AL 4
Aol gt SHI LeFL gy Fo|x| gt} 7
2% Aozt 7MAdAM HPHL wAHY
el HES A HEF N x A 4B
9o FHoz EHo] st s 22 AMAE
b E 7R ABol T2 e HAEY A5
Hlgte 713 A Aol

oy FEWAA BAYstE vhddg, = W W
Eo] HdEAo]7] W&o A=A @ Fow
7he Al

or.
q)‘:q}’z:—Kzgj
aga € A% HAH4 )29 sz 7 &
9% 2% BXE 1)l dejo)r}.

= fVpye”e™ )

y=0

2 2
A AR o
ox oy ot
T2=Tbeblejmx (4)
21 iyl e

LEREZ fAQ B9 Lee9t Barber®d 93 &
A3 FLBQY exge G)NezE Jdgd £
Ak,

_ bt jmx _ cosh[ﬂ.z(y+a)] b jmx
Lx,y,t) =0(y)e"e™ =T, coshlia] e'e )

A71M, A, = m2+7(b:

GAE @4 ddstd He de ¢ Aok
(KA, tanb[,a])T; = /¥, ©)
FIEY oA A upe o] wiE =
HAZAo]7] W 2EFL 5 FT FoA
% AEec =% i d=r desty] e
rlng FA"AA By, o §FH o, = 0°lTh
2E BT TLynE N £d8: & vndy
AARY] ¢4 EXE opr]gith

Pp(x,0) = p,e” cos(mx) )
8 Lm a
Po= (x+l)gnh 2ma L coshlm(s, + a)p(s,)ds, ®)
E
- c AG AF
(47]A-], H 2(1+V) P Ad 7“

- 484 -



®)HA oo e w@sie vndg A7
ol ugdd =z Aol dstd @®)AL ey
w9
P = m?‘%mf cosh m(s+a)]9(s)ds 9
GA2ZRE 90)E 9o st HEsn
Aestd (100202 Yelhd 5 9o}

_ 8fumT, [ A coth[ma]tanh[%a}m)

= — (10)

(x+1) A0 -m
(10)4s ()4l ddstd Fshd 54 LAY
(N4 ek
8 Bum ( 4, coth[ma]tanh[ﬂza]—

(K2 tanhlpoa) = 72 L Ao ) (1n
=429 gidol AsAW nAeM Hny &
Ve 448 b9 g5 33 4,00 Jd&d,
B WY E e spgsE 4ane Az
vebd 4= it

lﬂ

fm g 4, cothmaltanh[4,a]- m 12
(Koo tanbfpza) = = Hz[ pici: (12)

5 2a(l+v)uk,
o7)AM, H Ko
g gl B e AFE b2 UEY (12)
Aol diQiste wny £ po @BE Aoz
BiE 213)2 g

b‘lm2+k£tanh[asz+k£:l

V= 2 2 (13)

mﬂ?z[ m + b coth[ma]tanh[a m’ + EJ _ m]
V k, \’ k,

A b0 W] £=7t YA Hx=2
23 198 2 F YUtk F b>0Y A
AT Aol t‘“@lﬂ‘ﬂr

y ___Akmsinh’[ma]

i ﬂ12(2ma+sinh[2ma])

A

@\_
o]
+ E

(14)

22 gyl He

SERE/ A AL Lee 9 Barber?d
o 4 HB FQ)9 2EFL (1502 Y
Bd 4 Aot

T (x,3,0) = 6(y)e"e’™ =

AL A FAA 21 sHEe (1640
2 UEd 4 ok 2w 98 ez ()

T Smh[ﬂ,)(y+a)] blejmx

smh[A2 (13)

A% (164 & @4 ddsd] de sgAEy
< (INAHeE Y
_ 8BumT, Altanh[ma]coth[ a]-—m
C (x+)) A —m?

(K,4, coth[4,a])= L g 2(]7 tanh[maz]mthz[ﬂaa]_ m) an
k, A —m
B4 FAY T g £x2 HYs9

#52 deiE (8)40ln b0 W9 £,
& PAEEE 19402 Yepd & g

mez +k£ cothl:a‘/mZ +k£}
2 2 (18)

(16)

V=
mfﬁz[ m+ 2 tanh[ma]cothf:a m? +£:|—m]
V" \} k,
2
y o= 4k,mcosh [ma] (19)

v fﬁz(sinh[2ma]—2ma)

23 Ex3

Fadstd rlund &5 7, £4939 A%
E b9 Zol 229 ¥WHE Ty 1347
(18)4& Vo b9 BAZ Jelud gxd =7
AN PAAsE Mg &=, sgyd 230
Aol Fadsd wngd £=8 zZz 0)aln
endez yehd § o

5 1+5tanh[maﬁlﬂ

Vom = (20)

M, (m coth[ma]tanh[mam ] - 1)
bV1+b coth[maw/a‘b::'

V. = 21
o ff]z( 1+I;tanh[ma]coth[ma\/1+l;]~l)

v ~ b
ARV s

AnHor Fadstd vny &£x9 YAge
obeje] (22)4% (232 vpebd 4 r)

N (v 4sinh?[ma]
(), Tt
- (v, 4cosh2[ma]
(Vcr)asym _(mkz lsym sz(smh[Zma] 2ma) @9

24 2x%¥9 1z ZF(evolution)

Al-Shabibi 9 Barber®= dAF vind <&
2704 A5 A% DA g S (25)
23} Zol THEF F4E TANYY.

T(x,y,2,t) = ZCie "0.(x,y,z) (25)

i=1

- 485 -



ANA, n : RHYF HE
C : 271270 g Yoo A

wep Haw shrel nfA7 G @ AAAY
Ba5A7S A5 ¥ %2 M3 B AF
4 qol 4Asa Aade Ergch
A 2 4REY Arge AXE gol FE 3
gol 744 A Rolth. s 27 HF
of 23 g ® Y AMH Fvg nelst

L]

rlo

jia

H "} o)& Hoz FHsIE 6oz e
Ut

Z be6, =bT (26)
71M, b: B= AFL Feste AFE

o] AFE ©A HEo] BE Az FAH #AH
o] AgAo) BAH njnyP £=7F AE /e}%L
o gk Hg 7}“6}4 a2y =7 ¥Ee

A 9] :MW sle &% y@) oA AHA H
3ES J,angogw %4@ F itk JeE=E
BEgge A dEF 2GS (27)*‘4% (28)3 &

2 Ued 4 A,
T =T(0) exp{ _[:b,(V(t))dt} @7
P = P(0) expu bl(V(t))dt} (28)

anAel vy &= 438 wANE 4
Hoz oo BAE ToHE Aol BrsHI WE

o vnd £x9 Wi} A9Hoa /s
@)Hoz ed 4 Aok

V()= VO[I —ti] (29)
oA7|A, v, =71 nnyg £x

t: BAANA AR AN
294e (132 H&stel AFsd oHe=

zdar
b
" +-mh{a " k_z] (30)
~ , b . b
mﬂ“leo[ ’m +—coth[ma]tanh[a ’m +—]—m]
k; k,

3. &3

=1-

T=

Eal N

vnyg =9 A%4E b9 BAV R F
Al 229 IF me FFE BAFHD /\“‘78'50] 0

ol 4 W £x9 FASKEY AFE ’%iﬂiﬁlt}.

agan AE W 25 BXE AP =2 F
olAth F4 #H# F9 BAHAE AFAE dHx
A Bdojaz de ol FHE AHEEHIAR o
£ Table 1 ol YU At

Table 1 Material properties for the metal layer
Properties Value
Young’s modulus ( E ) 125%10° MPa
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Coefficient of thermal

expansion (& ) 1.2x107° m/mK

54 W/mK
12.98x10°° m?*/s

Thermal conductivity( X )
Thermal diffusivity (k)

—_
o
-

2 = Symmetrical critical speed
E == Antisymmetrical criticat speed
- 1
< 3
[STM A
T
& X,
] “\
g1’ ..
2
$
£l \p
E 10 Vcr,Burtan
@
E
a
1
10 " .
Y 1 2 3 4 5

Wave parameter{ma)
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