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Abstract

We have the index form of the multiply warped products manifold. From this result we will
investigate the physical properties on the Robertson-Walker spacetime. The singularty thorem are
usually interpreted as an indication that black hole exist and that there has been a big bang. This

paper include necessary

1. Introduction

The dynamics of the expanding universe only
appeared implicitly in the time dependence of
the scale factor f(t). To make this time
dependence explicit, one must solve for the evo-
lution of the scale factor using the Einstein
field equations:

R, %S 8,4 g,-81G T,,

where T wv is the energy-momentum tensor of

condition for the Robertson-Walker

spacetime with singularty.

matter.

To describe the expansion of the universe one
must use the Robertson-Walker metric along
with Einstein equations. We may assume the
entire universe is homogeneous and isotropic.
The metric for a space with homogeneous and
isotropic spatial sections is the Robertson-
Walker metric, which can be written in the

form
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ldirz+ 7,2 d02+ 7,2

sin 24 d¢?),
where (t, 1, 8, ¢) are coordinates, f(t) is the
cosmic scale factor and k can be chosen to be

ds?=— dt?+ f2t)(

-1, 0 or +1 for space of constant positive,
negative or zero spatial curvature, respectively.

This can express the following statement.

Let B = (a,b) be a subset of R and let F be a
connected three-dimensional Riemannian mani-
fold of constant curvature k. Let f be a positive
smooth function on B.

Then M = B x, F is a Lorentzian warped
product with the line element

g= —dt’ f? do?,
where dQ? is the line element of F.
When k = -1, 0 or 1, The Lorentizan warped
product manifold M = B x , F is called a

Robertson-Walker spacetime.

2. Standard model: Robertson—
Walker spacetime.

For X, Y and Z tangent to all slices F(t) and
flow vector field U= 9, on M, [8]

(1) RyyZ =1[ (—?)2+ j’fz g(X,2)Y
- g(Y,2)X).
@ Ry = (Lox
(3 R xyU = 0.
@ R - (Logxyu.
® RieV) = -3 L)
(6) Ric(UX) = 0,
(D RicX,Y) = [2 (f—) e Loy

f

And the scalar curvature
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2.1 The Robertson-Walker flow.

For interval (0 € )1, the collection of all integ-
I,— M with a(0)=p and ' (0)=V,
all these curve define a single integral curve
I,- I,. We cal

@, the maximal integral curve of V starting

ral curve

a,: I,—» M where

at p. For V.€ E(M) let q = a ,(s).

Then s + I, = I, and @ ,(s+t) = a ,(t) for

all te I, . Every maximal integral curve is

either one-to-one, simply periodic or constant.

A vector field is complete if each of its
integral curve is defined on the entire real line.

The flow of a complete vector field V on M
is the map ¢ : M xR — M given by

dpt)= a (1),
where @, is the maximal integral curve
starting at p. Hence the flow consists of
one-parameter group of transformations.

A curve a(s) = (t(s), B(s)) in a Robertson-

Walker spacetime (I x ; F, —dt? fA0 gp)
is a geodesic if and only if [8]

2
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2.2 Singularity.

T of a
Robertson-Walker spacetime is already deter-

Since the stress-energy tensor

mined by the Einstein field equations, we can

find the energy density function p and the
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pressure function p.

We will consider A = 0.

Theorem 2.1. [7] If U is the flow vector field
on a Robertson-Walker spacetime, then

8mo _ (f\? k
3 - (f) + ny
2f, (f\% _k

87p= f (f)"’ f2-

This takes the following formula.

—3% - 47 (p + 3p).

Also, is trivial and the

energy equation is

the force equation
o =-3(p+ p)if.

Now, we will consider 4 = 0.

The Einstein field equations and the energy
conservation law can be written

1 8xGp+ A= 3H?%* 3K,
(2871 Gp- A=-2H- 3H? - K,

where H = —§ is the Hubble parameter and
k
K= —72-

The equation of state is written as
p=(w-Dop

where 7 is a constant. One may then use (1)

and (2} to find the useful formula

3(% s D =-41GBa-2p.
Proporsition 2.2

(1) For A <0, if p< ;3ﬂ,thenfhasa

minimal point.

(2) For A > 0, if p > —:33,thenfhasa

maximal point.

The equations

R - Bey (£ ko, A

Bw—2)K—wA
(2—3w)+2q

H = obtains the following

Proposition.

Proporsition 2.3. For the 7, if there is ¢,
such that A( ¢,) # J_Sﬂ;_Z)ﬁ and q( ¢,)

= 2_—23(” , then R has a singularity at t = ¢,

We will classify the flat universes.

On taking w = 0 ( p = - p) the following
relation is
A=-8nGp.
On taking w = % the following relation is
. —87rGo(1+q)
A 2+4¢ .

On taking 7 = 1 (p = 0) the following relation
is

_ ArxGp(1 -2
4= 1+4¢

On taking o = % (radiation dominated univ-

erse) the following relation is

1+¢ )

Next, we will consider A(t).

o —47Fpr IZFGIPF
£ = 3 + 7
+ Af + AL
3 6f

(20 A" = -242GH(p + p) - 812G’ - 82Gp ’,
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where H is the Hubble parameter.

Here, consider the static universe. From above
(1) and (2)
A=42Gp - 120nGp

v 47 (G o+ Gp)-}7 - 16 7G" o,

On taking A = 0 and w = 0, (o = -p), the
following relation become that G is a constant
and 4 nGp = 0.

3. Application of Index form.

For the geodesic curve 7, the index form

I : VY(9)x V*(y) — R is defined the
symmetric bilinear form given by
b 1
IXyYy = - p
fa Vel p= 22181 p

[- gl¥, RX, 7) r')gX",Y')+g( 7', A)
2
L 1812 Jdu.

avz l v=10

In the Robertson-Walker spacetime (k=0) with
metric the timelike geodesic in the plane @ =

‘*g' are straight lines when r and ¢ are

interpreted as the usual polar coordinates. Then
the geodesics are given by

t
c
r = f dt,
[} ]a + C2
where £, and c is an arbitrary constant. i.e.,
the geodesic

d c i
y = (¢, f . 2+ dt, o constant).

Example 3.1. Let f be defined by f(u) = y, u

[1, o), and let (uv) — ucoshv — f(ucoshv), v
(-8, &. Let X = aU+bY = ( X' X7,
X% X%e V(y) be a timelike vector
field and y'=U+Z. Since g(XX)= —a? + b2

a?

b2

Then I(X,X) < 0. Hence X is incomplete. This
means that the Robertson-Walker spacetime

(k=0) has a singularty.

g(YY) < 0and g(Y)Y) <

g d
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