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Fuzzy Partitions with Fuzzy Equalization
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1. Introduction

Data mining (DM) involves the process of identifying interesting patterns and
describing them in a concise and meaningful manner. For fully exploiting all the
attributes of an object presented in the database, one must use the qualitative
encapsulation. The concept of information granule provides such encapsulation.
Information granulation relates to partitioning a class of objects into granules, with
a granule being a collection of data that by consequence of their similarity,
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resemblance, indistinguishability, functionality, or operational cohesion are assembled
or associated meaningfully (Zadeh, 1979, 1997, Hirota and Pedrycz, 1999). Such
information granules reveal underlying relationships more comprehensively and are
processed more efficiently. Modes of information granulation in which granules are
crisp play important roles in a wide variety of methods, approaches, and techniques.
Important though it is, crisp information granulation has a major limitation. It is
well known that it fails to reflect the fact that in much of human reasoning and
concept formation. Granules are fuzzy rather than crisp (Zadeh, 1997).

The process of granulation that constructs fuzzy information granules from
numeric data need to be done on sound ground. Information granules constructed
from the process should be both semantically meaningful and experimentally
meaningful (Pedrycz, 2001). Semantically meaningfulness of individual fuzzy sets
and their families has been already thoroughly discussed (Klir, et al., 1995; Pedrycz,
1998; Zadeh, 1979; Zimmermann, 1991). Experimental meaningfulness of a fuzzy set
depends on its associated numeric data. If the fuzzy set represents sufficient
number of the associated numeric data, it is said to be experimentally meaningful.
When criteria for placing an object into one or another fuzzy sets are indisputable
and easily verifiable, fuzzy partitioning creates no problems of its own.

When each fuzzy set resulting from a fuzzy partition carries same expected value,
it is called fuzzy equalization. Fuzzy equalization is regarded as a basic vehicle of
constructing fuzzy sets that are both semantically and experimentally meaningful
(Pedrycz, 2001). Pedrycz(2001) proposed an algorithm for constructing fuzzy
partition with fuzzy equalization condition. However, for the same probability
density function, the algorithm always produces the same fuzzy partition. If the
constructed fuzzy partition is proved not to be useful any more, one or more new
fuzzy partitions require to be generated for testing their usefulness in further
exploring process in data mining. In this paper, we extract a few topological
characteristics of two distinct fuzzy partitions with fuzzy equalization condition for
a given probability density function.

2. Fuzzy Equalization

The concept of fuzzy equalization based on the fuzzy partition. Several concepts for
the definition of a fuzzy partition have been proposed in the literature (Klement and
Moser, 1979). For further discussion, we adopt the definition of fuzzy partition as
follows:
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Definition 1. A set of fuzzy sets 4 = {41, 4>, ... , As} is said to be a fuzzy
partition of X ( Bezdek, 1981; Negoita and Ralescu, 1975) if

iAi(x)=l forallxe X
i=1

Any fuzzy set can be defined over some universe of discourse X. In this universe,
numeric data can be described by a certain p.d.f. fix). Then, the probability of fuzzy
event A iIs

P(A4) = [ 4G f (x)dx

Definition 2. Fuzzy set can be viewed as meaningful if its probability P(A) is equal
or exceeds a certain critical value. If it is holds, we say A is experimentally
justified (Pedrycz, et al., 2000).

Definition 3. A fuzzy partition 4 = {41, 4», ... , 4n} satisfies fuzzy equalization
condition if (Pedrycz, 2001)

P(4) = P() == P(4) =

3. Topological Characteristics of Two Distinct Fuzzy Partitions

Based on the above definitions, let us consider a fuzzy partition, A = {A;, Ao, ...
, An} on a distribution where both A; and A, are trapezoidal fuzzy sets and A; for
1 < i < nis a triangular fuzzy set <a;, a1, ai+2>. Let a new fuzzy partition be B
= {By, By, ... , By}, which is distinct from A, on the same distribution where both
By and B, are trapezoidal fuzzy sets and B; for 1 < { < n is a triangular fuzzy
set <bj, bi-y, biz>. We assume that by = a1 and bp2 = an2. We will look into the
relationship of a2 and bi»2 on the basis of the two relationships: the relationship of
a» and b: and the relationship of a1 and bi1. The difference of expected value for
the increasing part of membership function in two i-th fuzzy sets where 1 < { < n
is as follows.

J:'”/L(x) S(x) dx - J: " B.(x) f(x)dx
B J:ll J(x) dx— fl J(x)dx+ J: A(x)f(x) dx~ fB,(x)f(x) R (1)

If bs = o, equation (1) is equivalent to the following equation:
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[ 400 s dx= [ B3 f(x) i
[

If b2 < ay, equation (1) is equivalent to the following equation:
[ 400 fG) dx= [ B3 f(x) ax
= [ 1y dx

Therefore without regard to the relative position of a2 and by, the following
equation holds.

J:“'A,-(x) Sf(x)dx— j: "B(x) f(x) dx
= [ f(@) dx

By fuzzy equalization condition, the above equation is equivalent to the following
equation.

[ B0 fyde= [ 400 feydes [ feode "

Let us look into equation (2) in terms the relative location of a1 and bi.

1) ai+1 > b[+1
In the case of f f(x)dx#0 , bixa should be greater than a2
If J: f(x)dx=0, Bl@z should be determined by the following equation:

[*B fx)ax=0

2) ai+1 < b[+1
In the case of J: , f(x)dx#0 by should be less than aio.
If f I f(x)dx=0, b2 should be determined by the following equation:

[*B) f(x)dx=0

In summary, for two distinct fuzzy partitions with fuzzy equalization condition
that have the same number of fuzzy sets, A = {41, A2, ... , An} and B = {B), B,
..., Bn}, the following topological characteristics hold from the above relationships.
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If the lower bound of the support of B; is greater than the lower bound of the
support of the A; The fuzzy partition B has the following characteristics by fuzzy
equalization.

1) If there exist any interval between the lower bound of the support of the A:; and
the lower bound of the support of the Ai1 on which the value of probability
density function is not zero, the lower bound of the support of the B is less
than the lower bound of the support of the A1

2) If there exist any interval between the lower bound of the support of the A;;
and the lower bound of the support of the B; on which the value of probability
density function is not zero, the lower bound of the support of the B;: is
located between the lower bound of the support of the A;1 and the lower bound
of the support of the A

If the lower bound of the support of B; is less than the lower bound of the
support of the A, The fuzzy partition B has the following characteristics by fuzzy
equalization.

3) If there exist any interval between the lower bound of the support of the B; and
the lower bound of the support of the Ai1 on which the value of probability
density function is not zero, the lower bound of the support of the B is
located between the lower bound of the support of the A:i; and the lower bound
of the support of the Az

4) If there exist any interval between the lower bound of the support of the A
and the lower bound of the support of the A; on which the value of probability
density function 1s not zero, the lower bound of the support of the Bi: is
greater than the lower bound of the support of the A;; .

4. Conclusions

As an explorative discovery process, data mining will face great difficulty if only
one fixed grouping is allowed for given data. In spite of providing experimentally
meaningful encapsulation, fuzzy equalization is not widely applied to data mining
due to the limitation of its algorithm that generates only one fuzzy partition for the
given data. In this paper, we extract a few topological characteristics of two
distinct fuzzy partitions with fuzzy equalization condition for a given probability
density function. We expect that the extracted characteristics lead to an algorithm
that generates new distinct fuzzy partitions with fuzzy equalization for the given
probability density function as many as the user wants.
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