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Sales Forecasting for Inventory Control on Seasonal fashion product
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T, time of sales is a random variable
representing the time (time elapsed) when an item
is sold Note that the sales of seasonal fashion
product are highly dependent on the time of the
season. The sales pattem in a season can be well
represented with a distribution of ft), pdf
(probability density finction) of T which belongs
to a fimily of distribution with two parameters
(6,,6,) then F(f), cdf (cumulative density
function) of T where

F(x|61,69)=[* .. f(Ddt

We are more interested in the number of units sold
rather than in the points of time which items are
sold on. Note that available data are sales quantity,
the numbers of units sold to date the point of time,
which is censored to the right. If c¢df of T is
estimated with the observations available only at
the early periods of season, season total sales
quantity and the sales quantity of periods to come
in the season can be frecasted.

Define Hllowing notations.
N : season total sales quantity of the item, which
is to be Precasted.

X« Sales quantity at period (week) k& of time
interval [#4-1, ]

S;: The number of unit sold to date period j or
point oftime ¢;, where
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i=1
p;: Sample sales proportion to the total seasonal
sales to date period j where
P;=8;/N.
z;. Population sales proportion to the total
seasonal sales to date period J
7;=F(t;16,,6,) : an estimated value fiom the
cdfwith estimated parameters (g, 4,)
Np= S./7, : Forecasted season total sale made at
period i
§j= ](’ﬁj : Forecasted value of §;
1, Population quantile of order p

7, sample quantile of order p

Observations on sales §, are available fr periods
j=12- k. We Hllows the definition of season
by Hertz and Schaffir (1960) that the season
begins at period such as a = min(j|F (¢;) 2 0.05)

at period b=min(j| Fé;) 20.95)
Season fr an product is defined as beginning in
the period in which sales for the product to date
comes to 5 per cent of season total, and ending in

the week when sales to date reach 95 per cent of
season total sales.

and ends



1. Relation of Q uantile to Distribution
Parameters

The family of distribution is assumed to be
given based on the historical sales data. The
parameters of the distribution may change across
seasons but remain fixed in a season. Two
parametric distribution models are used to describe
the pattem of sales behavior. The fimily of
distributions is versatile enough to covers a wide
variety of sales trend and also provide a closed
form of solution to estimating parameters of cdf
for given quantiles and proportions. Normmal,
lognomal,  Weibull and extreme value
distributions satisfy theses requirements. Quantile
or log quantile is expressed with finction of the
proportion or transformed proportion with
coefficients of parameters, as are shown in
Pllowings.

(1) Normal Distribution
Let 7, be a population quantile of order p
and z, be the pth percentile of standard normal

variate. For a normal distribution with mean and
standard deviation (4, o), 7, can be expressed

as Pllows:
n,=U+T z,. (1)
(2) Log normal Distribution
cdfoflog nomal distribution is
F(0)=®[(In(t)- 1)/ 7] 2)

where @() is cdf of standard nomal distribution
and u and o are the mean and standard deviation
oflog trans formed time. Then

In@)=u+0 z,. 3)
(3) Weibull Distribution
cdf of Weibull distribution is
t 7
F(=1- exp[—(?;) ] )
and the population quantile 1, is determined as
()= Ina+ 7;_m(— nd-p) )

(4) Extreme Value Distribution
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Unlike to Lognormal and Weibull
distributions that are symmetrical or skewed to the
right, extreme value distribution is skewed to the
lef with relatively short tail. The cdf of extreme
value is

F(y=1-expf-explt-p/6} (6
and the population quantile 1, is determined as
1n,= ¥+ dn(=In(1- p)) ™

2. Estimation of season total sale

Season total sale, N is required to obtain

the sample proportion pj=Sj N> which is used to
estimate the parameters of distribution. Hence
estimating N is very crtical fr accuracy of
frecasting sales pattemn and sales quantity for
each period of the season. The season total sale is
estimated ffom the sales quantity to date the period

i and  estimated population proportion
7Ti=F(tilg—|7§2) as

Yo~ %, ®

Observations on sales quantity §, are

available for periods
Si= St X;

j=12,--- k. Note that
and the most recent observation

k
Sy =2 X, is asufficient statistic or (X,,"--, X,)

i=]
which includes the information on all the sales of
previous periods of the season. Stability of the
estimated total sale is affected by the variation of
sales proportion. Note that the size of deviation of

N(i) is determined by relative deviation of sales

proportion, which is the coefficient of variation

(CV).
cy ="M= f%p =JWp-d/N ©

(9) shows that CV of sample proportion is a
decreasing finction of proportion and suggests that
the largest sales proportion  provides better

estimates of season total sale. Also Herts and
Schaflis (1960) provide the empirical result of CV
behavior very similar to the result described by (9).
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Sample quantile of order p, 7,
asymptotically follows a nommal distribution
(Rohatgi 1976) with mean E( ﬁp) = 1,
population quantile and variance *(,)

=_pi-p)
G y=-L24=P) (10)
LNy

Empirical investigation shows that the variance of
sample quantile (10) is nonincreasing ofp for the
normal and lognormal distributions.

It is reasonable to use the sales quantity and

estimated proportion at the most recent period, k
for estimating the season total sale.

N =8,/7: an

Note that 7, is obtained ffom the estimated cdf
which is not ffom sample observations.

3. Estimating parameters of distribution

Sample proportion of sales quantity to total
sales is computed as

1 & S
= — I(t — = — 12
P Nk:l( @) N 12)

where @, is a point oftime on which the kth unit
(=1 for y=20,
I(y)=0. Then S is the number of units sold to
date ¢, and 7 is a sample quantile of order p, which

is denoted as ﬁp.

is sold and otherwise

In Figure 1, the relation between quantile and
proportion is given by

p-m=1e)n,~1,) (13)

Figure 1 Proportion and Quantile ©r Normal
Distribution

A CDF=F(t| u,0)

o — - ——

v

=
)
S
~
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where ) is a pdf and (c-7,)(c—7,)<0.
(13) indicates that the diference between sample
and population proportions can be minimized with
the minimum of weighted difference between
sample quantile and a population quantile. The
jth sample quantile and sample proportions,

(ﬁp_ ,P;) which are obtained fom given season
total sale N and observations §;(j=12,---,k-1),
can be transformed to (ﬁp_,np_) as seen in

Figure 1. Note that the population quantile, m, is

expressed with parameters of distribution and
quantile of standardized variate or percentile as
shown in (1), (3), (5) and (7). The parameters of
cdf for example, (1,0 ) of normal distribution can
be estimated with a regression model based on the
(k-1) observations.

(14)

ﬁp=ﬂ+02p+€p

The variance of 7, is dependent on p, as given
(10) so that a weighted least square method is used

in estimating parameters so as to minimize

SSE=X w,(1,~4=0z,)* (15

where ), = ]/No-z(ﬁp), oz(ﬁp) is the variance of

sample quantile of order p, given by (10).
Parameters of distribution are not available in
initial estimation and then the parameters
estimated ffom unweighted regression model is
used to obtain the weight y, at initial stage.

4. Estimation Procedure

In practice, season total sale is not given and
only sales information of the first part of season
are available whereas the season total sale is used
to obtain sample sales proportions which are
needed fr estimating parameters of distribution.
The estimating procedure consists of Pllowing
three steps: when family of distribution is given.
(i) Estimating season total sale and the compute
sample proportion of sales quantity (ii) Find
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parameters of distribution using weighted
regression method (iii) Evaluate the estimation
result and determine whether the procedure is
reiterated.
Suppose that sales quantity observations fr k
periods are available.
(i ) Estimation of season total sale
* Estimate the population proportion fr
the most recent period, week £ flom the
distribution with parameters estimated
from previous iteration.

ﬁk=F(k‘§|’§2)

*  FEstimate season total sale N

N=ss/
Tk
Season total sale of previous season is
used at initial iteration when 7, is na
available,
¢ Compute sample proportions or period
j=12,- k-1

(ii) Run weighted regression model ©r (k-1)
observations on sample quantiles and population
quantile of order p, expressed with parameters of
distribution. Note that the parameters estimated at
previous iteration is used to evaluate regression
weight, , asin(15).

(iii ) Evaluate the estimated parameters.
*  Obtain weighted mean squared error,

MSE= SS%C _3) (16)

where SSE is defined as (13) and & is the
number of observations. Note that the ith
observation is used to estimate the season
total sale N and simple regression model
1s used.

*  Compute the ratio of decrease in MSE,;,
r current ith iteration.
Ratio=(MSE-,~ MSE;)/MSE.,

* Ifthe ratio is negative or very small for
example, 0.005 stop the procedure.
Otherwise repeat the procedures (i)-(iii)
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5. Evaluation of model adequacy

1) Family of Distribution

The digribution of time is assumed to be
known except the parameters. The fmily of
distribution is chosen based on the historical data.
The assumption on the fimily of distribution is
checked on the fllowing chi-square statistic affer
estimating the parameters ofthe distribution

2 1 (X i~ (0} ,') 2

x _i=l (o

17

where O, = N(7,—7..) is the expected sale and
X isthe sales quantity for the period i. Note that
degree of freedom of'the chi-square is dfF=k-3 since
two parameters ( g,, §,) are estimated. If P-value
of the statistics is very small oher family
distribution is employed fr the estimation. 1%
significance level is advised in that the value of
chi-square statistic is approximately proportional
to the season total sale, N which may be very large
and tends to be very sensitive to small relative
difference between (; and X;.

2) Residual Analysis

Residual analysis is usefil fr identifying
unusual observations, which may cause large value
of the chi-square statistic (17) and no adequate
distribution fimily fits the data. The observation is
excluded in the estimation to remove its effect on
the estimation ifits residual eis

le2," MSE

t 00543

(18)

where P32 ¢ 455.) =0.05 and (&3) is a
degree of freedom of ¢ distribution. Note that
consideration on the sensitivity of chi-square test
makes conservative position on evaluating the
unusual observation in (18) with significance level
0.10.

3) Bimodal distribution

When a distribution ofhistorical sales data of
an item shows hi-mode, no parametric distribution
fits the data. Carefill investigation on the bimodal
data is required to group into homogeneity
observations if the sales are from the markets
heterogeneous in terms of marketing channels and
customers and sales time distribution are different
in family of distribution or parameters. Separate
estimations are made r the grouped sales data
respectively and the season total sale of the item is
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simply sum of the respective season total sales fr
the grouped data.

6. Numerical Investigation and Discussion

1) Data

Data are obtained from MS EXCEL uniform
random number finction. 10,000 uniform random
numbers are then inverted into & , normal random
times with mean 15 weeks and standard deviation
6 weeks and into lognormal random times with log
mean 2.5 and log standard deviation 0.5. Sales
quantity to date week j, §; is the number of

inverted random numbers & such as & < j and
defined as

10000

S;=2I(j-w 19
k=1

where 1(y)=1 Br 20, otherwise 1())=0,

and o is the time which the A" unit is sold.

<Table 1> shows the cumulative sales quantity to
date the week.

Numerical analysis of this part was conducted
with MS EXCEL spreadsheet without any
programming. Hence relevant persons in industry
can easily adopt the Brecasting method suggested
in this paper r season products without difficulty.

2) Period of beginning season and -earliest
period of forecasting made

Season is assumed to start in the period in
which r the item to date 5 per cent of season total,
and to end in the period when sales proportion to
date reach 95 per cent of season total sale. The
season total sale of previous season, assuming
given as 9,000 units, is used fr initial estimate for
current season total. Hence season appears to start
at week 5 of which the sales proportion is 5.1
percent. The observations ©r the periods of
prescason are unstable so that prescason
observations are not used in estimation
The more early the frecasting is made with
reasonable level of accuracy, the more valuable to
decision making on fashion products. while the
more observations are, the more accurate the
Precasting. Especially the most recent observation,
which is used as a base for estimating season total
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sale, is stable enough to provide a good estimate of
season  total.  Experience in  numerical
investigations shows that the frecasting made at
the week with about 30 per cent sales proportion
provide reasonably good estimate of season total
sale ©r various family distributions of the sales
time. In this numerical investigation, the week 11
is the eariest period at which the forecasting is
made.

3) Evaluating estimation and model adequacy.

Assume that all the information available in
the estimation are 7 observations (j, §;)
(J =5,6,--,11), sales quantity between week 5 and
week 11 in <Table 1> among which first 6
observations are used in quantile regression model
to estimate parameters of distribution. Note that
the previous season total sales, 9,000 units is used
at initial iteration to evaluate sample sales
proportions. In case that the fimily of sales time
distribution is not known, fit the data to fur
parametric distribution models: normal, lognormal,
Weibull and extreme value distribution,
respectively and then choose the best model with
the smallest chi-square statistic.

<Table 2> shows the estimation result where
the observed sales quantities ffom normal sales
time are fitted to quantile regression models r
four the parametric distributions. The estimated
parameters ( g,,@,) are presented in the table on
the order of (#,0) Pr nomal and lognommal
distribution, (a,8) for Weibull distribution

defined in (4), and (y,8) fr extreme value
distribution in (6). The season total sale is
Precasted at week 11, that is, the frecasted total
sale at week 11 is computed by N, = s1,/771, - In

addition to the estimated parameters of distribution
and chi-square statistic, estimated  sales
proportions are obtained fiom the cdf with the
estimated parameters, 7 ;= F(j|§,,9, and
estimated sales quantity to date week j is computed
by §,=N7; Chisquare statistics of (17) with
degree of freedom (k-3=4 and comresponding P-
values are computed.

<Table 1> Sales quantity to date the week from Normal Random Time of Sales

Week)] 5 [ 61 7 ] 8] 9 | 10

11 12 13 14 1 15

IISales(s)l 459 | 64d 909] 1,211 1,552

1,983

2,544 3,109 3,723} 4,351} 4,958
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Week ) | 16 | 17 [ 18 ] 19 [ 20 | 21 | 22 | 23 | 24 | 25 | 26
Sales(S,)| 5.61906,264[6,857 [7,444 [7,939 [8,361 [8,748 9,054 9,299 19,501 |9 651

. <T'able 2 > Forecasted Total sale and Estimated Parameters for Normal Random Time of Sales

Observations Nommal Dist LogNormal Dist Weibull Dist Extreme Value
Week(/) S 7Tj :§j Tj SA'j T S Tj S

5 459 | 0.05163 477 0.000 471 0.04929 459 0.05771 471

6 646 | 0.07255 670 0.00004 707 0.07448 693 0.07759 633

7 909 | 0.09942 918 0.00009 988 0.10504 978 0.10393 847

81 1,211 | 0.13291 1,227 0.00013 1,315 0.1407q 1,310 0.13851 1,129

91 1,552 | 0.17344 1,602 0.00014 1,684 0.18103 1,685 0.18334 1,495

10| 1,983 | 0.22114 2,042 0.00019 2,094 0.22543 2,099 0.24061 1,962

11| 2,544 | 0.27553 2,544 0.00024 2,544 0.27327% 2,544 0.31201 2,544

X’ (P-value) 5.104 (0.16431}16.498 (0.00090) 17.842 (0.00047) 20.774 (0.00012
Est. Parameters 14.463  5.808 8.856  1.847 17.929 2.337 14.209  3.262

Chi-square statistics ©r lognormal, Weibull
and extreme value distributions are significantly
large and indicate strong evidence that these
parametric distributions are not suitable for the
sales time of given data. Normal distribution with
the smallest chi-square value with P-value 0.1631
is accepted as a sales time distribution and the
season total sale is forecasted to be 9,233 unit,
which is close to 10,000 units of normal sale times
simulated randomly from normal with parameters
ofmean 15 weeks and standard deviation 6 weeks,
comparable with the estimated normal distribution
parameters of mean 14.463 and standard deviation
5.808 in<Table 2>.

4) Effect of Sales Proportion for Forecasting
point of Time on Forecasting

<Table 3> shows the estimated value of mean
and standard deviation ©r normal random time
and Precasted season total sales by the week, the
point of time on which the frecasting is made
with observations or week 5 through week j in the
<table 1>. Note that §; is the sales quantity to

date week j, given in the <Table 1>The frecasted
total sales at week 9 and 10 is considerably
different from the true season total sales 10,000
units and these large forecasting errors are not
unusual and are expected in that the corresponding
sales proportion s, are 0.1552 and 0.1882

respectively not large enough fr good frecasting.
The Hrecasting tends to be improved as the time
of forecasting passes where the sales proportion
increases. Our experience ffom the numerical
investigation shows that the reliably Precasting is

obtained at the week with sales proportion of 0.3.
Fisher and Raman (1996) suggested that afier early
20% sales proportion demands are observed,
forecast accuracy can be dramatically improved
compared with forecast without initial sales
inbrmation. Their result, however, did not report
the measure of accuracy and still appears to have
considerabl e Drecasting errors.

The frecasting at week 15 with the proportion
0.4958 is 9,978 units which is very close to the
true total sales. Forecasting at the time with sales
proportion about 0.5 consistently provides, in our
numerical investigation, very good estimated total
sales ©r various values of parameters regardless of
family of distribution.

<Table 3> Estimation by weeks, point of
forecasting time

week | Si | 7 Estimated Values

of Tot
forecast Mean {Std Dev| Sales
9 |1,5520.15521 14.208 | 5.628 | 8,751
10 [1,883]0.1883 13.721 | 5.561 | 7,879
11 [2,5440.2544 14463 | 5.808 |9,233
12 [3,1090.3109 15.255 | 6.008 {10,575
13 P,723(0.3273 15.261 | 6.003 }10,541
14 |,351j0.4351) 15253 | 6.005 |10,376
15 14,9580.4958 15.046 | 5.945 | 9,978
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