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Abstract

The two-way balanced one-level rotation design has been discussed (Park, Kim and
Choi, 2001), where the two-way balancing is done on interview time in monthly sam-
ple and rotation group. We extend it to three-way balanced multi-level design under
the most general rotation system. The three-way balancing is accomplished on inter-
view time not only in monthly sample and rotation group but also in recall time. We
present the necessary condition and rotation algorithm which guarantee the three-way
balancing. We propose multi-level composite estimators (MCE) from this design and
derive their variances and mean squared errors (MSE), assuming the correlation from

the measurements of the same sample unit and three types of biases in monthly sample.

Keywords : Interview time; Rotation group; Recall time; Necessary condition; Multi-

level composite estimator; Variance; Mean squared error; Design efficiency.

1 Introduction

Rotation sampling designs may be classified into two categories by the frequency that a
selected sample unit appears in the sample. The first type uses the same sample unit for the
entire life of the survey. The typical examples of such design are the U.S. Monthly Retail
Trade Survey (MRTS) and the U.S. Monthly Wholesale Trade Survey (these two surveys
recently changed their designs from rotating panels to a single fixed panel). The second type
uses the sample unit only for a fixed number of times, and we call it semi rotation sampling

design. The U.S. Current Population Survey (CPS), the Canadian Labor Force Survey, and
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the U.S. Consumer Expenditure Survey (CES) belong to this category. In both types of
design the entire sample or population is partitioned into a finite number of rotation groups
and each group includes a number of sample units. In the first type, group is rotated in and
out for monthly sample. When a group is rotated in, all the sample units in the group are
interviewed, but in the second type only certain sample units in the group are rotated for
interview. Thus, one advantage of the second type is that the respondents have less response
burden than those in the first type.

In multi-level rotation design, there are three types of possible biases in monthly sample
(Bailar 1975, Cantwell and Caldwell 1998). These biases arise from different interview times
of monthly sample (i.e., rotation group bias), different rotation groups in monthly sample
(i.e., panel imbalance), and different recall times in monthly sample (i.e., recall time bias).
Because the data for a given month t are collected during the current month ¢ as well as
the [ — 1 proceeding months in I-level rotation design, we do not have complete information
for month ¢ until the month ¢ + [ — 1. Until then we release only the preliminary estimate
of month ¢ for characteristics such as monthly level and monthly change. A month later we
obtain a second-preliminary estimate, adding one month recall from month ¢+ 1 to the data
of the previous month t. This is repeated until the final estimate for month ¢ includes all
1 — 1 recalls from month ¢ + 1 to month ¢+ — 1. The difference between the two successive
estimates for month ¢ is called the revision to the estimate. It is desirable that this revision
is as small as possible to have a stable estimate. Cantwell and Caldwell (1998) indicated
that this revision was accounted mainly by the panel imbalance.

As we want to reduce the three types of biases from monthly sample and revision as
much as possible, we propose a class of multi-level semi rotation designs which is a general
version of the previous one-level semi rotation designs (Park, Kim and Choi 2001, Cantwell
1990). Such multi-level semi rotation designs are balanced on interview times in monthly
sample, rotation group as well as recall time. By this three-way balancing, all rotation
groups have equal opportunity to be represented in the sample for every recall time, and
some sample units are replaced by similar ones from the same rotation groups. Thus the
three-way balanced design eliminates bias arising from taking certain rotation groups more
often than others.

The three-way balancing also provides the rotation pattern depending only on interview
time, but not on other factors such as survey month, rotation group, and recall time. This
implies that the correlation between measurements at any two different survey months is
determined only by their interview times. This property of three-way balanced designs

enables us to obtain some MCEs and their revisions free from the rotation group bias, panel
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imbalance, and recall time bias. For example, the MCEs for characteristics such as monthly
and yearly changes are completely free from all these three biases.

We present the three-way balanced design by imposing a condition on rotation scheme
and use an algorithm to satisfy this condition in constructing such design. When this
condition is applied to one-level semi rotation design, we can create more general class of
two-way balanced designs than Park, Kim and Choi (2001) could. Therefore, this three-way

balancing includes the previous concept of two-way balancing as a special case.

2 Three-Way Balanced Multi-Level Rotation Designs

To understand the basic concept of the three-way balanced design, we illustrate the multi-
level rotation design with the “3-level” 4-8-4 design in Figure 1: one-level version of this
3-level 4-8-4 design is currently used in the CPS. The “3-level” means that each sample unit
reports the information of the interview month as well as of the two previous months. In the
3-level 4-8-4 rotation design, a sample unit is in the sample every third month for 4 times,
out of the sample for the next 10 months, and finally returns to the sample every third
month for another 4 times. The notation (a, g) in Figure 1 is the index for the ath sample
unit in the gth rotation group, and the u; indicates the corresponding unit «a interviewed
for the ith time ({ = 1,2,...,8) in any given month.

The symbols “” and “” above the sample unit u; means that the same sample unit u;
provides the information of the 2 previous months. The recall time of the unit u; is 0 at the
very survey month, “” right above u; means one month recall time (recall time 1) from the
survey month and “i” means 2 months recall time (recall time 2) from the survey month.
For example, the sample unit indexed by (o = 2, g = 3) is interviewed for the 6th time with
recall times 0 at month ¢+ 4, and recall times 1 and 2 at months ¢t +3 and ¢t + 2, respectively.
That is, this sample unit provides the information of month ¢ + 3 by recalling one month at
month ¢+4 and the information of month ¢+ 2 by recalling two months at month ¢ +4. This
same sample unit was previously interviewed for the 5th time with recall times 0,1 and 2 at
the respective months of ¢ + 1, ¢, and ¢ — 1. In Figure 1, all 8 rotation groups are included
in the sample for any survey month. Each group is represented three times by 3 different
sample units, each with respective recall times of 0, 1, and 2.

Figures 1-(i), (ii) and (iii) show the two-way balancing on interview times at the respec-
tive recall times of 0, 1, and 2. These three pictures are obtained from Figure 1, ignoring a.
In each picture, all 8 interview times from 1 to 8 are included in any survey month. This
is the horizontal balancing on interview time. This balancing introduces one new sample

unit in each month and eliminates the possible bias arising from unbalanced interview times.
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Considering any span of 8 months in each of Figures 1-(i), (ii) and (iii), each group contains
all 8 interview times. This is the perpendicular balancing on interview times. These hori-
zontal and perpendicular balancing is called as the two-way balancing on interview time in
monthly sample and in rotation group in one-level design (Park, Kim and Choi 2001). One

more balancing of recall time is added to the two-way balancing in multi-level design.

Figure 1: The three-way balanced 3-level 4-8-4 design.

a 1 2 3 4 5 6
g 1 23 456 7 8/12 3456 7 8|1 23 4567 8/1 2345 617 8123 456 7 8(1 2
t ug +onoug rowoug i oug bon ug 4 W oug[ 1 owoug 1owouwy oow
t+1 ug 1+ onoug boawougly o0oug +ou ug 4 Hjug v omouz 1 owouw] o {n
Mt+2 ug 1w ouy ) mlug v owoug o ug fmoug +owouy 1owourfaow
Ot+3 ug 1+ mouy | ug 1 owoug «on ugl vt omoug owoug 0 owlug voom
N t4+4 ug 1 owouyl s owoug 1 owoug 1w ug 0 owouz v owoug | wouy 1w
T t+5 ug I Nlug 1 mug b oug 1w Ug o toMmoug 4w ouRl o on w0
Ht+6 ug | ug + owoug 1 omougl o ug o4oMmowg o+ omjug 0 owmouy b oow
t+7 ugl v 0w oug o owoug 4 wjug 1w ug o1 MouZF A w U O WG]
t+8 ug t @ ou7 t woug (| noug o uwg vomougl owoug o owuy 1w
t+49 ug 1w oup 1 M ouglt o woug 1o g v onug oUW ouy b
t+10 ug 1w oug 1 nfug v owoug 1w ug vf0noug 0owoug 0w ugf o
t411 ug « woug t|woug o owoug o ugl v nowg 0owoug 1 owfup
t+12 ug 1+ nougl i woug 1 owug 1w ug b onouwg 1w oug 1| ouy
t+13 ug 1 nfuy v wug o owoug | ug v moug touug| 1 ow
(i) recall time=0 . (ii) recall time=1 (iii) recall time=2
Month Rotation Groups Month Rotation Groups Meonth Rotation Groups
1 2 3 4 5 6 7 8 1 2 3 4 35 6 T 8 1 2 3 4 5 6 7 8
t ug up uUp U7 U4 U] ug uj t ug ug u5 ug uy ug uy ug t ug uz ug up ug u7 ug uj
t+1 ug ug ug ug uy ug uyl ug t+1 ug ug ug ug ugy uy ugq u) t+1 Uy ug uzg ug ug uy up ug
t42 ug uz ug upy us Uy Uz uj t42 U] ug u3 ug ug ug Uy ug t+2 U4 u] ug uz ug up ug ug
t+3 U] UG ug ug U5 uUQ U7 ug t+3 U4 u] UG uz ug ug u uy t+3 Uy u4 U] UG U3 ug U5 U
t+4 ug uy ug ug ug ug ug ug t+4 ug ugq u] ug ug ug up up t+4 Ug U7 ug w] ug ug ug up
t+5 U7 U4 U] G U3 Ug U5 uQ t+5 uQ U7 U4 U] ug uz ug us t+5 Uy ug uy ug u] ug uz ug
t+6 Uy u7 u4 u] ug Uz ug ug t+6 ug u3 U7 U4 U] UG U3 ug t+6 ug ug up uy ugq uw] ug ug
t+7 ug up U7 w4 u] uUg uj ug t4+7 ug u5 uP u7 ug uv] ug ug t+7 U3 uUg U UQ UT U4 U] UG
t+8 ug up uwy uy ug Uy ug ugz t48 ug ug UF U UT U4 ul ug t+8 uUg ugz ug up uQ u7 ug U]
t+9 u3 ug uf U U7 uUg uip ug t+9 ug ug uUg ug uy Uy ugq uj t+9 U] ug ujz ug up uy U7 ug
t410 1©g ug ug up ug ug7 ug uj t+10 U] ug ¥z ug ug up u7y ug t+10 U4 u] ug uz ug up ug ug
t+11 fuy ug uz ug ug up uy ug t4+11 |ug u) ug uz ug us up ug t411 |u7 ug up ug ug ug up ug
t4+12 |ug u)] ug uz ug ug uy uy t+12 |u7 ug u] ug uz ug up u t+12 |ug u7 ug u] ug ugz ug us
t+13 U7 ugq U] ug U3 ug ug ug t4+13 Ug U7 U4 U] UG UZ U UuUj t+13 U ug U7 Uq U] UG UZ UG

3 Multi-level Composite Estimator

For the interview time i = 1,2,...,G and for the recall time j = 0,1,...,1 -1, let zgf) be a

measurement of month ¢ from the sample unit interviewed for the ith time at survey month
t+ 7 by recalling j previous months. In order to use this ng ) in estimation of a characteristic
for month ¢, we need to wait 7 more months from month ¢. Since the three-way balanced
l-level rotation design has G = Y.~ r1; interview times for each recall time in any survey
month, denote the average of measurements over the interview times by zﬁ" ) =1 /G Zf’;l a:gf )
for recall time j and month ¢.

Hereafter we assume the level | > 2. Define the following | — 1 preliminary estimators

ygj) for 3 = 0,1,...,1 — 2, and the final estimator yél_l) for the month ¢. we call these
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estimators as the multi-level composite estimators (MCE), and the monthly level MCE y(] )
of the jth level for month t is defined as

5350) - wi§1)1 + wyfo)l for =0
yg]) =40~ ﬂj)fm +ﬂ1y(J k= w(( ,B])fE(J+1) + ﬂ,y(J 1)) +wy(’) for 1<3<1-2
(1-B- l)zt )+[3_y12) for j=1-1
(1)

where 0 < w,B1,...,6i-1 <1, and f; concerns only recall time j. The MCE given in (1)
is a specific form of the generalized composite estimator used in one-level rotation design
when j = 0 (Breau and Ernst 1983). In particular, the equation (1) is reduced to the 2-level
Wolter’s composite estimator (Wolter 1979) when [ = 2.

3.1 Bias

Denote the rotation group bias of interview time 7, the panel imbalance of rotation group g,
and the recall time bias at the recall time j by 7, v, and n;, respectively. To reflect these
biases into the expectation, we assume that E(zgf)) = ps + 7 + vy + n; where g, is the
monthly effect, of zgf ), Here, v, is actually ,(;) to stress the dependency of i. The repeated
interviews of the same sample unit are more likely to be correlated. Denote this correlation
between months ¢ and ¢ 4 t' by py. The interview and recall times of a sample unit may
also have some impact on its variance. Hence we allow that the variance does not remain
the same, but rather varies over the course of interview time ¢ and recall time j of sample

unit: Var(xt )y = o?; for all ¢.

For t' > 0, interview time i,i' = 1,2,...,G, rotation group ¢ = 1,2,...,G, and recall
time j,j' =0,1,...,1 — 1 for I > 2, we summarize above discussion as
E(@) = pe+ 7+ +15 (2)
pvoijoyy  if both are from the same sample unit
Cov(a?,a}) ) = ®)
0 otherwise.

where pg = 1.

Lemma 3.1. Suppose that the l-level 711 — 31 — - — ram—1 — r1m design is balanced in
3-ways. Under (2), the expectation of the MCE is given by
. B _ 1 .
E(ytm) = m+F+y+ 1_-w(a; —wbj)n; for 7=0,1,...,1—1

where 7 = Y0 7:/G, 4 = Zil Y9/G, and i = (no, M, ,Mj+1) for 0 < j <1~2 and
N_y1=mn_, forj=1-1,1>2.
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3.2 Variance

By the l-level 711 —rg1 —+ - *—72,m—1 —T1m rotation system, a sample unit, which is interviewed
for the first time at month ¢, is interviewed again for the ith time at month ¢ + ¢; where
i=1,2,...,Gandt; = (i~ 1)I+E] 1 7'2]I[l>2€ el This implies that when we have two
sample units interviewed for the i;th and iath times at the respective survey months ¢ and
t+t' for t' > 0, these two sample units are the same only if t' = ¢;, — ¢;,. This relationship
can be expressed by the G x G matrix Ly in which the (7, j)th element is 1 if t; = ¢; — ¢/
for j > i and is O otherwise. Then, the Ly indicates that two sample units interviewed for

the ith time at month ¢ and the jth time at month ¢ + ¢’ are the same only if (Ly);; = 1.

Lemma 3.2. Suppose that a multi-level rotation design is balanced in 3-ways. Then under

the covariance structure given in (8) and z =1/G El_l mtz ,

Cou(z"), 7)) = g‘; VAj LipsjainAinl, for j1,52=0,1,...,1—1 and t' =0,1,...
where 1 is the G x 1 unit vector and A; = diag(o1j, 025, -+, ogz) for j=0,1,...,1—-1,
[>2.

Theorem 3.3. Under the same assumptions given in Lemma 3.2, the variance of yfj) for
i=0,1,...,01—1,1>2 can be expressed by
(1- w2)Var(yt(j)) = a;(Vo; + 2wB§ g)a] + w2b' (Vo,; + 2wB(J))b
2uwb’,(BY) + BD)a;.
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