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Free Vibrations of Stepped Circular Arcs

Sang Jin Oh, Tae Ki Jin, Kou Moon Choi, and Jong Kook Lee

ABSTRACT

The differential equations governing in-plane free vibrations of stepped circular arcs, including
the effects of axial deformation, rotatory inertia and shear deformation, are derived and solved
numerically to obtain frequencies and mode shapes. Numerical results are calculated for the
clamped-clamped symmetric and unsymmetric circular arcs with thickness varying in a

" discontinuous fashion. The lowest four natural frequencies and mode shapes are presented over a
range of non-dimensional system parameters: the subtended angle, the slendermess ratio, the
section ratio and the ratio of discontinuous section.
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Fig. 2 Loads on an arc element.
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Table 1 Comparison of results between this study
and other methods( = 0.327)

Frequency parameter, C;

Geometry Reference i=11| i=2| =31 i=4
=90, s=50 This study |21.891 | 34.959153.826 | 71.375
n=1 Ref. [1] [21.872134.932{53.792 | 71.265
a=150", s=100 | This study |6.9360|14.428 | 26.445 | 39.629
n=1 Ref. [1] |6.9351]14.425|26.439] 39.618
a=180°, =75 | This study |4,3669 |9.5638 |17.718 | 26.960
n=1 Ref. [1] |4.3662]9.5612{17.712|26.949
a=360°, s=20 | This study (0.61093|1.7046 | 35194159170
n=1.2(A) SAP2000 {0.61889f1.6938(3.5580 | 5.8768
@=270", s=100 | This study | 1.59423.85927.4909|12.178
7=1.4(B) SAP2000 |1.6451]4.0050)7.802212.398
2=120", s=20 | This study ] 9.9095) 14.293| 23.262 | 28.800
7=0.8(C) SAP2000 |9.9720|15.51723.263 | 30.462
@=90", s=100 | This study |23.730|42.167 | 79.754 | 89.637
1n=1.2(D) SAP2000 (22456 {42.505]78.424(91.369

* Alay/a=a,/a=0.5, B: a;/a=0.75, a,/a=0.25
Ciay/a=0.25, ay/a=0.50, a3/ 2 =0.25
D: ay/a=0.40, a,/a=0.20, a;/a=0.40
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Table 2 Frequency parameter C; for clamped- Table 3 Frequency parameter C; for clamped-

clamped arc with a;/e=ay/a=0.5 clamped arc with @;/e=0.75 and a;/a=0.25
Frequency parameter, C; Frequency parameter, C;
a s n =1 =2 =3 1=4 a s n =1 =2 =3 i=4
08 | 22787 | 36.220 | 62.456 | 66.629 0.8 | 23.046 | 37570 | 62.665 | 68.866
60° 2 1.0 | 23732 | 38713 | 62.803 | 69.975 60° 20 1.0 { 23732 | 38713 | 62.803 | 69.975
12 | 24631 | 40.290 | 63.032 | 72.606 1.2 | 24206 | 39.637 | 62.928 | 70.709
1.4 | 25466 | 41.323 | 63.183 | 74705 1.4 | 24538 | 40.369 | 63.031 | 71.243
08 | 46968 | 72608 | 11052 | 152.9% 08 | 49624 | 75068 | 114.13 | 162.24
100 1.0 | 52784 | 75977 | 11781 | 170.81 100 1.0 | 52784 | 75977 | 117.81 | 170.81
1.2 | 57236 | 78354 | 12549 | 184.15 1.2 | 55692 | 76.384 | 121.37 | 17652
14 | 60.778 | 80.061 | 133.06 { 1M4.71 1.4 | 58266 | 76561 | 124.85 | 180.94
08 | 17309 | 17.481 | 35514 | 41.713 08 | 17585 | 18151 | 36907 | 42.085
%0 2 1.0 | 17.823 | 18.908 | 37.881 | 42.266 %0 20 10 | 17823 | 18908 | 37.881 | 42.266
12 | 18213 | 19.990 | 39.880 | 42545 1.2 § 17914 | 19623 | 38650 { 42.373
14 | 18610 | 20.730 | 41.588 | 42673 14 | 17961 | 20.218 | 39.291 | 42.448
0.8 | 19.892 | 37583 | 68.014 | 85.909 08 | 21.039 | 39906 | 72420 | 874N
100 1.0 | 22435 | 41.509 | 76.430 | 88.831 100 10 | 22435 | 41509 | 76.430 | 88.831
1.2 | 2439 | 45.149 | 82.896 | 90.741 1.2 | 23729 | 4279 | 79.186 | 89.717
14 | 25934 | 48465 | 88239 | 92.046 14 | 24875 | 43.960 | 81.385 { 90.315
08 95969 | 14.676 | 23.321 | 29.047 0.8 | 10040 | 15.058 | 24.019 | 29917
1200 | 20 1.0 | 10591 | 15171 | 24659 | 30.459 1200 | 20 1.0 | 10591 | 15171 | 24659 | 30.459
1.2 | 11310 | 15538 | 25917 | 31.154 1.2 | 11.077 | 15210 | 25.230 | 30.730
14 | 11847 | 15824 | 27.068 | 31515 14 | 11491 | 15215 | 25.750 | 30.874
08 | 10459 | 20935 | 37.647 | 55.641 08 | 11.031 | 22263 | 40.075 | 58.034
100 1.0 | 11789 | 23.244 | 42.353 | 61.395 100 10 | 11.789 | 23244 | 42353 | 61.3%
1.2 | 12809 | 25.445 | 45942 | 66.516 1.2 | 12495 | 24.065 | 43905 | 63.797
14 | 13615 | 27505 | 48.841 | 70.816 14 | 13124 | 24832 | 45128 | 65.424
08 | 37168 | 78356 | 14.064 | 17.427 0.8 | 38939 | 82561 | 14.809 | 17.691
180" 20 10 | 41551 | 85272 | 15423 | 17.908 180° 2 1.0 | 41551 | 85272 | 15423 | 17.908
12 | 44802 | 91411 | 16.358 | 18.267 1.2 | 43940 | 87288 | 15805 | 18.076
14 | 47269 | 96789 | 17.032 | 18553 1.4 |} 46046 | 88972 | 16.066 | 18214
08 | 38719 | 86337 | 15774 | 24.450 08 { 40720 { 9.1776 | 16.827 | 25566
100 1.0 | 43746 | 96022 | 17.806 | 27.210 100 10 | 43746 | 96022 | 17.806 | 27.210
12 | 47599 | 10538 | 19.357 | 29.794 1.2 | 46586 | 9.9641 | 18470 | 28.419
14 | 50620 | 11432 | 20593 | 32.145 14 | 49140 | 10307 | 18987 | 29.267
08 | 12136 | 3.1019 | 59026 | 9.3420 08 | 1.2591 | 32808 | 6.2494 | 9.7050
70° 2 1.0 | 1.3647 | 34218 | 65757 | 10.215 270° 0 1.0 | 1.3647 | 34218 | 65757 | 10.215
1.2 | 14770 | 3.7265 | 7.0595 | 10.979 12 | 14634 | 353% | 6.785 | 10.582
14 | 15623 | 40121 | 74218 | 11625 1.4 | 15519 | 36484 | 69358 | 10.833
0.8 1.2339 | 3.2175 | 6.2198 | 10.135 0.8 1.2821 | 34137 | 66242 | 10.589
100 1.0 | 1.3937 | 35783 | 7.0212 | 11.290 100 1.0 | 1.3937 | 35783 | 7.0212 | 11.290
1.2 | 15141 | 39324 | 7.6248 | 12.380 1.2 | 14990 | 37214 | 7.2876 | 11.810
14 | 16066 | 42747 | 81016 | 13.374 14 | 15942 | 38592 | 74909 | 12.178
0.8 | 0.49837 | 1.4083 | 29007 | 49374 0.8 | 050897 | 1.4879 | 3.0805 | 5.1349
360° 2 10 ] 056166 | 1.5579 | 3.2585 | 54487 360° 2 1.0 ) 056166 | 15579 | 3.2585 | 54487
1.2 | 061093 | 1.7046 | 35194 | 59170 1.2 [ 061071 | 16201 | 3.3738 | 56794
14 | 065025 | 1.8468 | 3.7149 | 6.3374 14 [0.65450 | 16805 | 3.4571 | 5.8407
08 | 050150 | 1.4347 | 29858 | 51532 0.8 | 051247 | 15180 | 3.1816 { 5374
100 1.0 [ 056623 | 15937 | 33793 | 5.7419 100 1.0 | 056623 | 1.5937 | 3.3793 | 57419
1.2 [ 061675 | 1.7521 | 36741 | 6.3009 1.2 [ 061645 | 16621 | 35106 | 6.0157
1.4 | 065707 | 1.9083 | 39017 | 6.8200 14 (066135 | 1.7299 | 36091 | 6.2100
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Table 4 Frequency parameter C; for clamped- Table 5 Frequency parameter C; for clamped-
clamped arc with @/a=0.25, a;/a=0.50 and clamped arc with @,/a=0.40, a3/@=0.20 and

a3/a=0.25 03/020.40
Frequency parameter, C; Frequency parameter, C;
a s n =1 =2 =3 i=4 a s n i=1 i=2 i=3 i=4
08 | 22815 | 36.705 | 62.468 | 65.391 08 | 23680 | 36947 | 62501 | 68.886
60° 20 1.0 | 23732 | 38713 | 62.803 | 69.975 60" 20 1.0 | 23732 | 38713 | 62.803 | 69.975
12 | 24284 | 40512 | 63.091 | 73.677 12 | 23734 | 40.056 | 63.059 | 70572
14 | 24618 | 42.163 | 63.383 | 76.619 14 | 23707 | 41.065 | 63.265 | 70.925
0.8 | 48541 | 70568 | 11041 | 151.46 08 | 49128 | 75.020 | 11515 { 163.56
100 1.0 | 52784 | 75.977 | 117.81 | 170.81 100 1.0 | 52.784 | 75977 | 117.81 | 17081
12 | 56.787 { 79521 | 12597 | 185.91 12 | 55799 | 76451 | 11937 | 177.79
14 | 60.741 | 81.772 | 134.16 | 19751 1.4 | 68211 | 76.700 | 120.34 | 184.28
08 | 17.200 | 17.748 | 35.079 | 41.59% 08 | 17.780 | 17.921 | 37.126 | 41.859
%0° 20 1.0 | 17.823 | 18908 | 37.881 | 42.266 %" 20 1.0 | 17.823 | 18908 | 37.881 | 42.266
12 | 18204 | 19964 | 40.332 | 42.646 1.2 | 17.832 | 19.727 | 38297 | 42.593
14 | 18435 | 20.962 | 42402 | 42.927 14 | 17.797 | 20.358 | 38540 | 42.844
0.8 | 20658 | 36556 | 67.351 | 85.631 08 | 20.866 | 40.290 | 73.006 | 87.308
100 10 | 22435 | 41509 | 76.430 | 88.831 100 10 | 22435 | 41509 | 76.430 | 88.831
1.2 | 24110 | 46.019 | 83664 | 90.874 12 | 23730 | 42.167 | 79.754 | 89.637
14 | 25768 | 49.964 | 89.309 | 9255 14 | 24767 | 42535 | 82.861 | 90.112
08 | 99095 | 14.293 | 23.262 | 28.800 08 | 99509 | 15.065 | 24.199 | 29.703
120° | 2 1.0 | 10591 | 15171 | 24659 | 30.459 120" | 20 1.0 | 10591 | 15.171 | 24659 | 30.459
1.2 | 11.221 | 15735 | 26.040 | 31.365 1.2 | 11.102 | 15200 | 24.920 | 31.097
1.4 1 11.828 | 16.089 | 27313 | 31.925 14 | 11500 | 15189 | 25.077 | 31.607
08 | 10.8% | 20404 | 37.280 | 55.479 08 | 10962 | 22544 | 40.392 | 58313
100 1.0 | 11.789 | 23.244 | 42.353 | 61.39%5 100 10 | 11.789 | 23.244 | 42353 | 61.395
12 | 12636 | 25874 | 46.384 | 65891 12 | 12471 | 23611 | 44.260 | 63.346
14 ] 13477 | 28227 | 49530 | 69.691 1.4 | 13.016 | 23.803 | 46.047 | 64.608
08 | 38988 | 76225 | 13921 | 17.383 08 | 38812 | 83548 | 14.788 | 17.633
180° | 20 1.0 | 41551 | 85272 | 15423 | 17.908 180° | 20 1.0 | 41551 | 85272 | 15423 | 17.908
12 | 43925 | 93122 | 16511 | 18.298 1.2 | 43765 | 85933 | 16.023 | 18.062
14 | 46248 | 99656 | 17.303 | 18.639 14 | 45510 | 86008 | 16567 | 18.159
08 | 40806 | 84321 | 15633 | 24.373 08 | 40653 | 93372 | 16944 | 25.723
100 1.0 | 43746 | 96022 | 17.806 | 27.210 100 1.0 | 43746 | 96022 | 17.806 | 27.210
1.2 | 46500 | 10696 | 19540 | 29.422 12 | 46286 | 97230 | 18647 | 28167
14 ] 49235 | 11.685 | 20.896 | 31.326 14 | 48317 | 97648 | 19436 | 28.791
08 | 13042 | 3.0355 | 5.8538 | 9.3350 0.8 | 1.2705 | 3.3588 | 6.2669 | 9.7268
70" | 20 1.0 | 1.3647 | 34218 | 65757 | 10.215 700 | 20 1.0 | 1.3647 | 34218 | 65757 | 10.215
12 | 14183 | 37744 | 7.1176 | 10.883 12 | 14414 | 34320 | 6.8737 | 10518
14 1 14703 | 40844 | 75213 | 11.449 14 | 15022 | 34103 | 7.1499 | 10.710
08 | 1.3289 | 3.1536 | 6.1720 | 10.133 08 | 1.2945 | 35028 | 6.6681 | 10.657
100 1.0 | 13937 | 35783 | 7.0212 | 11.290 100 10 | 13937 | 35783 | 7.0212 | 11.290
1.2 | 14514 | 39755 | 768%6 | 12.19%5 12 | 14750 | 35950 | 7.3671 | 11.693
14 1 15078 | 43340 | 81966 | 12.978 1.4 | 15399 | 35766 | 7.6928 | 11.952
0.8 | 055052 | 1.3856 | 2.8857 | 4.9427 08 [052999 | 15385 | 3.0992 | 5.1617
0" | 20 10 | 056166 { 15579 | 32585 | 5.4487 60" | 20 1.0 | 056166 | 15579 '| 3.2585 | 5.4487
1.2 {0.56766 | 1.7203 | 35390 | 5.8328 1.2 | 058789 | 15493 | 3.4144 | 56255
14 1057107 | 1.8678 | 3.7453 | 6.1559 14 060900 | 15221 | 35610 | 57343
0.8 | 055458 | 1.4129 | 29716 | 5.1602 0.8 1053361 | 15719 | 3.2077 | 54148
100 1.0 10566231 15937 | 33793 | 57419 100 1.0 ] 056623 | 15937 | 3.3793 | 57419
1.2 1057260 | 1.7659 | 3.6940 | 6.1911 12 | 059337 | 15858 | 3.5488 | 59464
14 1057631 | 19242 | 39304 | 65739 1.4 1061531 | 1.5584 | 3.7096 | 6.0736
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(a) a=360°, s=20, n=1.2, a,/o =0,/ =0.5, u=0 327

C,=1.7046

C,=3.5194 C,=59170

() a=270°, 5=100, 114, o,/ =075, u,/a=025 #=0.327

C,=74909

C=12.178

Fig. 3 Example of mode shapes.
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