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Hausdorff Intuitionistic Fuzzy Filters
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ABSTRACT
As a generalization of fuzzy sets, the concept of intuitionistic fuzzy sets was introduced
by Atanassov [1]. By using intuitionistic fuzzy sets, we introduce and study the concept of
Intuitionistic fuzzy filters and define the concept of Hausdorffness on intuitionistic fuzzy
filters, which can not be defined in crisp theory of filters, and study their properties for

some extent,

1. Introduction

The concept of fuzzy sets was introduced
by Zadeh [12]. As generalizations of fuzzy
sets, the concepts of intuitionistic fuzzy sets
and interval valued fuzzy sets were introdu-
ced by Atanassov [1] and Gorzalczany [7],
respectively. The theory of fuzzy filters has
been studied in [9] [11] et al.

Recently, Ramakrishnan and Nayagam [12]
introduced and studied the notion of interval

valued fuzzy (IVF) filters and also the notion
of Hausdorffness on IVF filters, which can not
be defined in crisp theory of filters, and studied

their properties.

In this paper, by using intuitionistic fuzzy
sets, we introduce and study the concept of
intuitionistic fuzzy filters and define the con-

cept of Hausdorffness on intuitionistic fuzzy
filters, and study their properties for some
extent.

2. Preliminaries

First we shall present the fundamental
definitions given by Atanassov [1]:

Definition 2.1. Let X be a non-empty fixed

set. An intuitionistic fuzzy set (shortly, IFS),
A is an object having the form

114

A={<x,U4(x),¥V4(x) >:xEX}
where the functions p,4:X—[0,1] andv,:X
—[0,1] denote the degree of membership
(namely U,4{(x) ) and the degree of nonmem-
bership (namely V4(x)) of each x€X to the
set A, respectively, and 0<p (x) +V,4(x) <1
for each x€X.

An IFS A={<xnq(x),V4(x)>xeX} in X
can identified to an ordered pair <u,(x),v,(x)>
in [0,11¥ x[0,1)" or to element in [0,1]1x[0,1]% .
Obviously, every fuzzy set {<u,(x),x>x€EX}
on X is an IFS of the form A={<xu4(x),
1-U4(x)>xEX} .

Definition 2.2. Let A and B be IFSs in X in
the form A={<xp,4(x),¥4(x)>x=X} and

B={ <Xyl-lli(x),\'[;(x)> :XEX} . Then

(a) AcB iff pu(x)<pg(x) and v,(x) =vg(x)
for all x€X,;

(b) A=B iff AcB and BcA;

(c) A%={<x,V4(x0) 0 4(x)>xEX} ;

(d) ANB={<x,14(0) ARp(X),¥4(x) VV5(x) >

x€X};

(e) AUB={<x,04(x)VIg(x),V4(x) AYg(x)>:

x€X},

(f) If {A,:ie]} is an arbitrary family of
IFSs in X, then
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NA;={<x, Al 4(x), VY 4 (x)>xEX]),
UA;={<x, VI 4 (x), AY 4 (x)>:xEX).
(g) 0.={<x,0,1>xeX} and 1.={<x,1,0>:
xeX}.

Definition 2.3. Let X and Y be two nonempty
sets and f:X—Y be a function. Let A={<x,
Na(x),V4(x)>xEX} be an IFS in X and
B={<yn5(y), v, {y)>:yEY} be an IFS in Y.

(a) The inverse image f '(B) of B under f
is the IFS in X defined by

FHUBY = {<xf T (u)(0)f (V) (x) > xEX).
(b) The image flA) of A under f is the IFS
in Y defined by

FIA) ={<x, u W) (1-f1-Y I)Ny) > yEY)}
where

SUP vy 1y Hal) iff T (y)#0
f(uA)(y)={

0, otherwise,

inf .op 1, Valx) iff () #0
(1—f(1—v,,))(y)={
. 1, otherwise.

Notation 2.4. We shall use the symbolf_(v,)

for 1-f(1-v,) for the sake of simplicity.

Now we list the properties of images and
preimages, some of which we shall frequently
use in Sections 3 and 4.

Theorem 25. Let A and A; (i€J) be IFSs
in X and B and B; (i€J)be IFSs in Y and
f:X-Y be a function. Then:

(@) If A;cA4,, then flA))Sf(A4,) .

(b) If B,cB,, then f (B))cf (B, .
(c) Acf T (f(A))
A=f'C f(A) ).
A (BB
fFBY=B ).
(e f ' (UBy=Uf (BN (NBy=Nf"(B)

(D FAUA)=URADANANSNAA,) (If fis
injective, then flNA)=NfA) ).
(@f'=1_£%0.)=0_
(h)f0.)=0_f1.)=1_ if fis surjective.

D fUB)=f (B, LA S A) if fis
surjective,

( If f is injective, then

( If f is surjective, then
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3. IF filters

Definition 3.1. A nonvoid family F of IFSs
is called an intuitionistic fuzzy filter or IF filter
if

(a)0.eF.

(b) If A, BEF, then ANBEF.

(c) If A€EF and AcB, then B €F.

Definition 3.2.(a) A nonvoid family B of IFSs
is called an IF filter base if provided B does
not contain 0. and provided the intersection
of any two element of B contains an element
of B. A family S is called a subbase of IF filter
if it is nonvoid and the intersection of any finite
number of elements of S is not 0.

Remark 3.3. If S is a subbase of an IF filter,
then the family B(S) consisting of all finite
intersections of elements of S is an IF filter
base. If B is an IF filter base, then the family
F(B), consisting of all IFSs A such that AoB
for some B €B, is an IF filter. Furthermore,
B(S) and F(B) are uniquely determined by
S and B, respectively.

Definition 3.4. The IF filter F(B) and F(B(
S)) (or, F(S)) are called, respectively, the IF
filter generated by B and the IF filter gener-
ated by S. A family B is called a base of the
IF filter F if B is a IF filter base and F=F(B).
Similarly, S is called a subbase of the IFS
filter F if S is a subbase and F=F(S).

Remark 3.5.(a) Let® be any indexed family
of IF filters on X. Then

() N e F is also IF filter.

(1) N pey F is also IF filter if ® is directed
family of IF filters under inclusion <.

(b) Let B and B: be two IF filter bases. Then
F(B)) c F(By) if and only if for any B €B;
there exists A €B> such that A cB.

Theorem 3.6. Let F be an IF filter on X
and Y X. Then F|Y is an IF filter on Y
if AlY#0. for any AEF.

Theorem 3.7. Let f: X—Y be a function and
F be an IF filter on X. Then AF)={F): Fe
F } is an IF filter base on Y.
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Theorem 3.8. Let f: X—Y be a surjection
and G be an IF filter on Y. Then f' ( G )
={f'(G): GG} is an IF filter base on
X.

Definition 3.9. Let (X;, F;) be IF filters (i=1,2).
A function f : (X, F\) —(Y,F3) is called IF fiiter
continuous if for every F €F», ' (F) €F\.

Example 3.10. Let X={ab,c } and Y={def }.
Let A and B be IFS in X and Y respectively
defined as follows:

b b
A (g g ) e ay ) and
fy(d e f
B< (01'31 1)’(02’52’52)>'
where a,+a,<1, B,;+B,<1 and 8§,+8,<1 .

Then clearly Bi={A} and B,={B} are IF filter
bases on X and Y respectively. Let F, and
F> be the IF filter generated by B: and B2
respectively. Let f : X—Y be a function defined
by fla)=f(b)=d and fl(c)=e. Then by definition
' (B2)=Bi and hence f is IF filter continuous.

However, constant function f: (X, Fi) —=(Y,F3)
need not be IF filter continuous as shown by
the following example.

Example 3.11. Let X={a,b,c } and Y={d,ef }.
Let A and B be IFS in X and Y respectively
defined as follows:

) > and

N ot oo

<

a,
SR v 10 A oty W o D
where a,+a,<1 , B, +B,<1 , §,+8,<1,
and B,>a, .

Clearly, Bi={A} and B={B} are IF filter bases
on X and Y respectively. Let F| and F: be
the IF filter generated by Bi and B. respec-
tively. Let f : X—Y be constant function defined
by fix)=e for all x €X.

Choose 0; (i=1,2) such that B,<6,<a, and

B,>0,>a, Then clearly,
- d e fy1d e
C—<x,( 01'031'51 )’(02'082’3%)>E F..

But
o= (g e e )

Hence f is not IF filter continuous.

B,<q,

>E F.

116

The following statement is an immediate
consequence of definitions. '

Remark 3.12. () If f: (X, F) =Y, G) and g
(Y, G)—(Z, H) are IF filter continuous, then
the compositionfe g : (X, F) —(Z, H) is also
IF filter continuous. '

(i) If f: (X, F)—(X, F) is identity function,
then f is IF filter continuous.

(iii) Let f : (X, F)—(Y, G) be an IF filter
continuous function. If Z<X such that FlZ#0.
for any F €F, then the restriction flZ :

(Z F|Z)—(Y, Q) is also IF filter continuous.

Theorem 3.13. A function f(X, F)—(Y, G)
is IF filter continuous if and only if for
every IFS point x (.5 in X and every G
G such that flx ,5)EG, there exists a F &
F such that x ;,€F and f(F)cG.

Recall that the characteristic set of a fuzzy
filter F with respect to a fuzzy set A is the
set C'(F)={ a<l[0,1): for all F &F, there
exists x €X such that F(x) >A(x)+a} and
the characteristic value of F with respect to

A is the supremum of C*(F) [9].
Now, we generalize these notions as follows:

Definition 3.14. Let F be an IF fiiter on X
and A be an IFS in X. Then the characteristic

set of F with respect to A is given by C*(F)
={(g,b) €[0.1] x [0,1] : for all F €F, there
exists x€X such that Up(x)>p,(x)+a,
V(x)+b<V,(x)} and c¢?( F)=(sup a, inf b) is
the characteristic value of F with respect to A,
where the supremum and infremum are taken

over all (gb)e C'(F), respectively.

Definition 3.15. Let f : X—Y be a function.
An IFS A in X is called f-invariant if f(x)=f(y)
=A(x)=A(y).

Theorem 3.16. Let f: (X, F) —(Y, G) be an
IF filter continuous function. If IFS A in X

is f-invariant, then C*(F) < ¢ (G).

Definition 3.17. Let F and G be IF filters on
X and Y, respectively. Then a function f:
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(X, F)—(Y, &) is called IF filter open if for
every FeF, {F) €G and f is called IF filter
homeomorphism if it is both IF filter continuous
IF filter open.

Theorem 3.18. If f «(X,F) —(Y,G) is injective

IF filter open, then ¢’ c ) for

any IFS A in X.

The following corollary are immediate from
Theorems 3.16 and 3.18.

Corollary 3.19. If (X,F) and (Y,GG) are IF filter

homeomorphic, then c'F = "G for

any IFS A in X.

Corollary 3.20. If f «(X,F) —=(Y,(&) is f-invari-
ant IF filter continuous, then ¢’ (@)= ¢*(F)
for any IFS A in X.

4. Hausdorff IF filters

For two ordinary sets A and B, it is well-
known that ANB=0 & A< B¢
This equivalent is no longer valid for fuzzy
set. So Ramakrishnan and Nayagam [12] chose
the notion of fuzzy disjointness that agrees
with ordinary set theoretic disjointness in crisp
case as follows: Two fuzzy set A and B in X
are said to intersect if B (x)+ny(x)>1 for some
x€X, and A and B are said to be disjoint if
these sets do not intersect.

Now we extend these notions to IFSs as
follows:

Definition 4.1. Two IFSs A and B in X are
said to intersect at x€X if Da(x)+(1-Vv,(x))>1

or Hu(x)+(1-v,4(x))>1. Otherwise A and B

do not intersect at x. A and B are said to be
disjoint if these sets do not intersect anywhere.

Definition 4.2. An IF filter (X, F) is called
Hausdorff if for any x, y €X with x¥y, there

exist F1, F2 €F such that v (x)< %

Yr)< 5 and By (2+(1-V () <] and
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B (2)+(1-V (2D <1 for any z€X.

Example 4.3. Let X={g,b,c} and B; (i=1,2,34)
be IFSs in X defined as follows'

Bi=(x( 2.3 C)(1ao 115 1>
By={x, % TE TS D
TR T D
B[ 3 M 1“0 SER I

where af5 (0,1/4). Let F be an IF filter

generated by B={ B,B,B;B, }. Then clearly
(X, F) is a Hausdorff IF filter.

b:
/\
X

rla el 'c=|Q a|a

> o oo[o- 'cal
|n oo oln o|
_—
—
\‘a

(
|
(

Recall that a sequence { x,)} of fuzzy filter
(X, F) is said to converge filterly to x€X if

for every F €F such that ugp(x)> %—, there
exists nyE N such that up(x,,)>% for all n=n,,

equivalently 1-v ,:(x,,)<'%- for all n=n,.

Now we extend above definition to IF filter
as follows:

Definition 4.4. Let (X, F) be an IF filter. A
sequence {x,} of X is said to converge IF filterly

to x (denoted by {x,}—  x), and x is called
an IF limit of F, if for every F €F such that

V,(x)< , there exists o€ Nttt 1V () <

for all n=n,, equivalently up(x, )> for all

nZn().

Theorem 4.5. Let f: (X,F) —(Y,& be an IF
continuous function and {x,}be a sequence in

X If {x,)=  x, then {f(x,)}= & flx).

Theorem 4.6. In Hausdorff IF filter (X, F),
every IF filterly convergent sequence of points
of X has exactly one IF limit.

Theorem 4.7. Let (X, F) be an Hausdorff IF
filter and YcX. If AlY#0. for any A €F,

then (Y, F|Y) is also Hausdorff IF filter.

Theorem 4.8. Let f: (X, F) —(Y, G) be a bi-
jective IF filter open function. If (X,F) is Haus-
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dorff IF filter, then (Y, &) is a Hausdorff IF
filter.

Lemma 4.9. Let f: (X, F) —Y be a surjection.

Then G={GE([0,11x[0,1D" | f (G EF} is
an IF filter on Y.

Definition 4.10. The IF filter defined in above
lemma is called Quotient IF filter determined by
the surjective function f.

Suppose (X, F) and (Y, H) are IF filters
and f: (X, F) —(Y, H) is surjection. The fol-
lowing theorem gives conditions on f that make
H equal to the quotient IF filter G on Y
determined by f.

Theorem 4.11. Let (X,F) and (Y,H) be IF
filters, f: (X, F)—(Y, H) be a surjective
IF filter continuous function and let G be the
quotient IF filter on Y determined by f. If f
is IF filter open, then G=H.

Theorem 4.12. Let f: (X, F) =Y be bijective
function and G be the quotient IF filter on Y
determined by f If (X, F) is a Hausdorff IF
filter, then (Y, ) is a Hausdorff IF filter.
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