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Weighted Finite Automata(WFA)= [2]ell 4] A7 s 3, B-& ¥
=3¢ g5 =dge] v4E He §4E 2@se 489S
& AAshe T724 g5 fto) (3]o4A] Culki 134 Kari=
WFAE AY4 & st =724 Ahgstgd 58, 21 %
of 4] £ grey tone % A& & 2] 817] H@ T2 4 o] F8l ATk &,
oj 2] &] grey-tone & AT 2 ¥ & © A1%1)& WFAZ A5 2.2 9
a2tz g dnzdSe AdAlsigch 28y, B4 & ofa
g el Eo) o FAst=A o] HE Fo] M=o x| Wk
o B =RoAlis ole|gh el A el Ee] AAR WAL H
5] B9¢e 29sla, FAHY A& B0 o FA Yol &
A Hex| zicks] deeie], dze]F 9 linear-algebraic 4
Aol s w=get. 22 @, shA|Go 2 AAAQ] URY Yo
Eof thgt oj2] $4& sk

2 9% 5o WFA

L2, 27 by 27 o A$AAH LR o) L 04E
225 Aole] & ZeTh)E Ze HAR olfelxl dxF
8% grey-tone %AHS finite-resolution JAo 2 & olsle] 2¢
by 2%(n = 0,1,---)¢] resolution %402 o]folxl & com-
patible® J4HE<] -2 multu-resolution G422 F2lg
t}. $2j4, 27 by 27 resolution o 2z Aol ¥l X =
{(0,0),(0,1),(1,0),(1,1)} & o] Foix] o] nal worde &3¢
b 23 B, 22]9 g 44 multi-resolution & AHL, 278 7
o] n¢l BE word?] Ao g g, £ 1= Uy (Eell4] g2
5l& g4 & 4 gl 27 by 2" resolutione] &= 2% x 2" = 4"7j
o] o] Exslw, £9l9] el ngl worde] A4 EY 477
o|B. 2, ol ¢ wording?] W& gelAelet ws dUrh MR
o} resolution®] compatibilitys, F : £¥ — R7} average pre-
serving G4 dd AYectn @ P4 F: 2 - R 7
average preserving(ap)% & vh&3} Z& Aol A olrh:
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BEwe X' ol s,
F(w) = - [F(w(0,0)) + F(w(0,1)) + F(w(1,0)) + F(w(1,1))].

)

olAl, [0,1[%s]A19] dyadic subsquareEo] Z¢j9] wordZ

# o{gA MASEAE dEech ek we T with w=

(@1,b1)(@2, ba) - (ag, br)ol®, 2 wrt 4% olejol Ao 5

B (3h, %35 8= 2, del delg 2742 2 dyadic

subsquare®] 42} gheh of & Hol, AR [0,1]7 squares] Fa

£ eo]a, (6 = cmpty word), 2.4 1(@)2] F & Az Fak
(0,0)(1,0)(1,0)e] k.
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(a) The subsquare
represented by (0,0)(1,0)(1,0)
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) 2 by 2 image

A= (0,2, f,0,B)o} il & Weighted finite automaton (WFA)&
o-& 3 22 A4 L 7HA| & Stupled: ojv|gich:
1L Q& stateT s} FHY AEE ojvj gt
2. % F3 oz o]k (oM, X =

=

{(0,0),(0,1),(1,0),(1, 1)}
3. W:QOxZIx@— R weight §4-o]c}.
4, o: Q — R initial distributiono] c}.

5. B: 0 — R final distributione] ).
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WFA A& o}&3} 2 distribution @4 §: Q X Z* — (~o0,00) &
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(a) ZE& g€ Q) Usl d(g.e) = alg).
b & g € Ow € X9 a
8(q,wa) = Zpeo8(p,w)f(p,a,9).
WFA AE 04(w) =24 B(9)8(q, w) 2 BR S AT 04
I (—oo,00) & o5, w=ay - -anell A $(w) RS T
3 o] Fol Ak

da(w) =(@iaz---an) = ¥, Plg)8(q,a1a2--an)

€ Zel o3

q€Q
= Z 8(gn,a1a2--an)P(qn)
g.€Q
= Z z 8(gn, 12+ @n-1)/(gn—1,4n,9n)B(gn)
€04 1€Q
= 3 algo)figo,an,q1)f(q.a2,q2) -
Gny+go0€Q
S(Gn-1,8n,9n)R(qn)- 2
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[3]= WFAE o] &8 alossless encoding & 1121 5-& A A8} %
oL AxAe R o sl danelFo] FAste Ao gt 5ol
FolH 1A edch $-2l& o] dtell A encoding &3 F[3]0}
e JEs] B ge YT

Hx, WFA®2| average preserving& % 2§t} WFA 47}
average preserving (ap-WFA)I & 2 & p € Qoll Hia] o}&2] 4
Wol A=A 54 o]k

Y. flp.a,q)Blg) =4B(p)- &)
acz geQ

Theorem 1 A& WFEAe} 812} gk} A7} average preserving g4
o], &4 ¥ 3t average preserving §t47o]c}.
Proof.  [3]°l] MAj=]e] glct. a

o} o] Fo| x| &= lemmag} Theorem 2= ap-WFAZ v}e}u of
e T4 §49 ¢ =5 ap-WFAZ vjebllof ke Fell4]
[3]¢} Theorem 2& 7} 4 H & Bolw, EF ap-WFAZ el
o] #|+= o A} 5 2] family7} vector-space7} ¥ =R & Helt),
Lemma 1 Ap-WFAZ el ol & g2 § & 4§l ap-WFA
2 yehfe] Do
Theorem 2 Ap-WFAZ Elo] x| G AHE 2 family vector-
spaceolt}.

Culik II #} Kari [3]+ t}&9 encoding ¢ 128]5& 54 ¢l
o] A A]3l¢ 2.7, Theorem 3ol 4] o] & FH el g2l F o4
fele ohg it 2L 715 EE ALk Ap-§t4 ¢ wordw €
5, Gwis ohS 3 o] Ao s ap-¥E B ok

Sw(u) = d(wu), Yu € Z*.

olul, 34 ¢wi= dyadic subsquare wel 4] 3 2| 5| &£ ap-§ 4 92| <
A& viebdie.

Encoding ¢ 2| & A(3])

z = {(0,0),(0,1),(1,0),(1, 1)} e+ A}
Ap-§4 ¢: 2" — Rel o8] F == 4ol w3, an ap-WFA
4=({q0,91,",an}, Z. /.0, B) @4 = )& WEc}

N: state7} gt o] A v}x] 2} index

i X2 A AT R E A ¢ A state2] index

Y: 0 — Z*: stateo]] 4] subsquare 2 2] mappinga mapping

1. SetN =0,i=0,B(g0) = §(),7(q0) = €.

2. Process q;, &, w=Y(g:)3 a= (0,0),(0, 1),(1,0),(1, 1) =&},
(a) et oh-3-9) A4S vhEahe 2gel oo, on7t EX
B, Gua = codo + -+ eNON( §; = dyq) Tor j=0,..N),
f(gi.2,9;) = c;j(j =0,..,N),

(b) 28 x| i, b5 o] Frh
¥gi+1) = wa,Blgn+1) = ¢(wa),
f(gi.a.9n+1) =1,N=N+1,

3. i=i+1.qeFi<N,22 2.

4. olgo) = 1,alg;) =0forj=1,..,N. ‘
Sl ok 4o A AL2E 29 9] orderE R o) jc} T e o}

%5} 2& order X A48 linearly-ordered(well-ordered) g 3

& ojojaiek

1. e& 2.& worde]) $ 4 gc}

2. 0,00 2(0,1) 2 (1,0) X (1,1).

3. qtof a9} b7t |a| =no| 2 [b] =m (n < m)3] worde|'d, a X b.

4,

. qteta=a)---an b=by - -ba, a# bolH, j7} a7} b7} THE A
w5 “digit'eh W), a < b a <bol T a# by & Sujateh.

Theorem 3 A& encoding Y12]Z Aol 28 vhEol% WFAs}
3152, O = (qo.--~qs) & &k 28]E, Qa(w):= Zrn,rr--,r,.GQa(rO)
Sro,ar.r)fir.az,r2) - f{tn-v,0n,ra) B{ra) & dyadic sub-
square w2 mean value-& e}

&9 de dazjFy F2& Beloh $EE dI% ¥
2|5 Aol o8 ukS o] % WFAE decodedtr] sl 44(2)& A
-3k} (B & decoding ¥ 312] &2 [3]ol A& e o))

Example 1 Encoding ¢22]%F AE 19 1(b)Y GAtel H&
3o 048 A4 sle ap-WFAE # =t} WA, state go-§ square
eol =254, B(go) = 3 0] Sirheol 2] average greyness). ©|
#, £4 (0,0),(0,1),(1,0),(1,1) & Z& vl7] & subsquareol]
s Azsi Rl 8w subsquare (0,0)9] FA4L y(q0)9] A
o HAger IHY F 7Bl $HA state 17t HAE
k. f(90,(0,0),91) = 1%} B(q1) = 12 27} & o 5} AH(subsquare
(0,0)2] average greynessi= leoltl). ¢ & square (0,0)8] ¢4&
Folx]iz gae g Fah 224, address (0,1)2] FHA sub-
square2] JAHE 2012 EH7M53lch(ol= G4 619 contrastE
u] F7hA71d feh) 8RR, f(g0,(0,1).q1) = 20] 3, F
2 (1,003 (1,1)& 7kx)s= A a2 i 2] subsquare 7}
zr 3¢]§+ ih & Ed 7Hestr| A, f(q01(1)0)aq1) =3o|31,
Flgo,(1,1),q1) = 4. Initial distribution o= ©h&-3} o] P g
o} afgo) = 1, afgy) = 0. ¥REF LS 714 Bvini, WFAZ}L 4)
4 5 et

oA, ¢4(w)& A A3t Encoding Algorithm A<] o] 44 &
WFA7} g A4H& & 2817 encodingdle x| & gl

8(q0,(0,0)) = ¥, 8(p,&)f(p.{0,0),40)

peQ

= ¥, a(p)f(p,(0,0),90) = ex(g0)f(g0,(0,0),90)

pe@
=1 'f(qu(oro)rqO) =0.
8(a1,(0,0)) = 3 8(p,€)(p,(0.0),a1)
Pe@

=Y a(p)/(p,(0,0),q1) = o(g0) f(g0. (C,0),q1)

34
=1-f(90,(0,0),q1) = 1.
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8(40,(0,1)) = ¥, 8(p,€)f(p,(0,1),90)
peQ
:f(q()v(o:])aq()) =0.

8((]1, (0’ 1)) = Z S(JD‘E)f(Pv(Ov I)vql)
pegQ
= f(90,(0,1),q1) =2.

ageg,

#(0,0) = 3 Ble)8(7,(0,0)) = ¥, B(9)8(s,(0,0))
90 q€Q
Blg1)-8(g:1.(0,0)) = 1.
Z ﬁ 8((],(0,] )B(ql
9€Q

#((0,1)) -8(g1,(0,1)) =

@

EghulRT w22 04((1,0)) =39 ¢4((1,1))
& B i

olAl, -2l M A ® ¢z F 9 linear-algebraic A3 o o s}
F8taxt gl @ ofwjx] ¢7} 27 x 2 resolution-g 7}x| 1 9l r}
3 7bg 8t o] A, & subsquare we] ol s % 2] ¥ normal-
ized vector#} 8}, 7 o] k2] word weil t &, O, 27 x 274 2]
vectorzh 8} &b £ g, ¢ 8 2% 23 & 27 x 2" vectore} 3} A},
H 264, G4 o Yol Holl, b = b FUoll, 2 m
dw = b(0,0)1.1) & LEHe Bt

=40] 4%

31 5| 6| 7| |21121][34|34| |22]22]{22)22
110130 5| 4| |21,21|34|34| |22|22|22{22
3512212134 70 7| 8| 8| |22|22|22)22
Iy 21 7] 3 707 8| 8| 122|122122|22

2% 2: W €] phie, §(,1), P01,y 8

thi9] BEe, H4ef 59 stated 744 encoding g
&AL A 488 G323 FYsteio] {¢ulwe )7t fab di-
mension d9] A% I 2HE AT FAHERE FHEL
generates a linear space of finite dimension 4.

Theorem 4 § ¢:Z* — R7} WFAE o] 884 o 4 9=
AT glol A G ¢ (5 A {dulw € I*)) 9 Fgho)

3+ dimension d ] linear space & B A s} & -5 % o]}

o], 2" by 2"¢] pixelZ o|£0]x] multi-resolution oA}
A zts] A Encoding 4225 AS A4F ¢oll & -$sh=zln
1 _o 4474 9} vector {¢y|w € =} 2 3E} Hamel basis& =70
FA e AL 94 ¢ = 2ot 2 multi-resolution level jol) o &
(% {dwlw € 2,0 < j <n}) i blowing-upHol = Ao 2
20 d by 2nJ e Yol 3 [{oulwe T/, 0< j <n}|=4o}7] g &
ofl, level j 2| dimension& & o] £ min{4/,4"~ /}0114 asBE, ¢
by ¢’¢] & subsquareo]] 4 & 2] €] &= vectorE-& & ¢ dimension
k9] o}-& 3 2L linear space & A A §hc}.

k<{ 22/.:—0 4k 43 =345 — 2 ifniseven,

25,747 = 3@ — 1), ifnisodd

EFol| A Fo] A ool 4, linear space®] basis: {¢o,d }olct. 2
222, 13 29| dimension 20|t}

4 Error 4]

A& "Jé—ﬂ'ﬂ H44-& Fs] QA sk ap-WFAE A}
1L §& Wl o] ot} ol d finite resolution & Abo| &} & ap-
WFAE 01-8-51‘5 fatol AgsA . 28, HEEY
74§ ol 2l ¥ automaton®- A 43] ZA He}. Wb o, th-goll Fo
A encoding ¢t 12} & B 3] A M7 ol E 9 of 2] & 383}
w, 4 A -Loke] automatono] YA et o] ghete] A $-2lE F
o] %l toleranceef] i gt ol 2] 2] upper bound& #jAlgtc}. 2@ m
2, Folal YAt s JAHE Fo{ 3 toleranceol] A A 43
&&= Encoding €112 & B tolerance-& v)g] g 4 gl

Encoding Algorithm B

Z={(0,0),(0,1),(1,0),(1,1)}. F1 % F4& ol st ap-¥5
¢ : 2" — Re} tolerance 8 > 0o o8, ¢4, ~ ¢} ap-WFA 45 =
(05, Z, f5, 05, Bs) & A A Tt

N : v} x| 9} state7} A A ® index

irdae] o) M4 X oL A state?) index

: F 0] 7] tolerance

10 — X* : stateo]] A subsquare 2. 2] mapping

. N=0,i=0,B5(g0) = #(e),Ys(90) =

. Process g;, &,

Fojd VF‘Y&(‘I;‘)% Ztae {(0,0),(0, 1)!(110)7(1v 1)}°“ o &)

N =2 o

() whef o3& w&she oo, w7t E4 54,
{|Gwg — (coto + - +CN¢N)”12(2")(2") <8,
(o]u‘.ﬂ ¢1_¢Y(q/)(/_0 N) o]z coPo + - +endy &
GwgE span{dy, -, ¢n} 5 orthogonal projection gt Z o]
o) f5(gr.a,9;) = ;2 =T =0,...,N).
b) 2% eobd, v5(gie1) = wa, Bslgn+1) = ¢(wa),
Sfolginagne) =1L,LN=N+1.
3. i=i+1. "k} i< Nojw, goto 2.
4. og(go) = 1,08(g;) =0 forj=1,..,N.
Theorem 6 5 $Fof%l 27 x 2"-resolution®] % +4olz} s}
A=(0,%,f,0pB) & 05 F 83| A4 s}l automatono] i, Ay =
(05, %, f5, U5, Bs) & tolerance 88 7} x] 1 & o}l automatono] g}
shAL 229,
I|¢ @Ag”[z(znxzn) < 8.
5, J43 Agol oa) 4 F4Y Fo] o I*- normE- S8}
At g,
ZAe] 2 B 2B At Rr|E AT (AT S Bate]
et A 9E e

=z A4

[1] M.F. Bamsley, Fractlas Everywhere, Academic Press (1988).

[2] K. Culik II, S. Dube and P. Rajcancy, Finite Automata Com-
puting Real Functions, TR 9105, Univ.of South Carolina
(1991).

[3] K. Culik II, F. Kari, fmage Compression Using Weighte Fi-

nite Automata, Comput. and Graphics Vol.17 ,No 3.pp.305-
313 (1993).

[4] K. Culik II and J. Karhumaki, Efficient compression of
wavelet coefficeints for smooth and fractal like data, Proceed-
ings of STACS 93, Lecture notes in Computer Science 655,
Springer-Verlag, Berlin,343-353 (1993).



