§EA QA EFES WOIHE ZAE =L, pp 875 ~8%)
~xgoz B4 A ZHHe A4E

Free Vibrations of Curved Beams with Elastic Springs
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ABSTRACT

This paper deals with the free vibrations curved beams with elastic springs. Taking into
account the effects of rotatory inertia and shear deformation, differential equations governing
the free vibrations of such beams are derived, in which each elastic spring is modeled as a
discrete Winkler foundation with very short longitudinal length. Differential equations are
solved numerically to calculate natural frequencies and mode shapes. In numerical examples,
the circular, parabolic, sinusoidal and elliptic curved members are considered. The parametric
studies are conducted and the lowest four frequency parameters are reported in tables and
figures as the non-dimensional forms. Also the typical mode shapes are presented.
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Fig. 1 Curved beam with multiple elastic springs
and its variables
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Fig. 2 Curved beam supported by (a) elastic
spring and (b) elastic foundation

Fig. 3& @A4xw 9o FA FHARAN AH
AEE o] B oA ZgsteE &L U
Bl Aojtt. M, T 32 Q% 2
e Addoln, Fy, Cy ¥ C,t ©HAZ
G FAWE B4, ALY R HEHAA
$eojm, SjpE @HZolF Aot

nxQ 4o ZA83E ol &N BAHY F
Atole] 54 BPLAAE AFHE GOF

Q —poFy—pSjv=0 (1)

M —pQ+ T+ pCy=0 2

M=T +0Cy=0 @)
A71A ()2 d/ded) iAol

Fig. 3 Small element of beam subjected to stress
resultants,
forces

inertia forces and restoring

2AGH wsE &8 M T 2 Qe 4
@~ 2ol & F Yt.°

M=EIp Y (¢—-¥") (4)

T=GJo (¥+¢") (5)

Q=aAGB=aAG(o v = ¥) 6)

A7l Ax @i, [9 JE RAdde ¢w
2ARWME % uEYAFE E GE Az @A
A% 2 AQGHAF, o THIL BE AF

Fy=—mAw®v (7
Cy=—mlI*¥T (8
Co=—mlIpu’d 9

A7H me PANEY UE, ot
(rad/sec)olth. ol el ¥H 2 A
4 @)o] WeRYaTelm A (B)] HWBA Aol
o).
Fig. 2914 j¥al 223 wede Kpolxn j
A AweE SHyolmg olE FYE 57447

(el |

¥
W oe 4% 2ok

SjHU=K,‘U (10)

- 876 -



g9 oINS, K, H2 dghiw gen 2o

A (DM e &3 2ol A=W Agte)

242 o 388 FAd8 Qe

A=I1/H (12)
A DS 4 Do d]dstd 2zt K
ou 2TPAAZ LA SARYIRNL U

7} go] Yt

Q —oFy—pK,(A/1)v=0, K,=0
not for L; —1/(QA)<x<L;+1/(23) (13)

A4 (13), @Q~@9 72 BAY
sEgoz gy NP TURAe

“

& Auste 712 ey

E=x/l, 8=y/l, f=h/l (14~16)
=pll, 9=v/l, m;j=L; /1 (17~19)
s=INTA, s,=INI,JA (20,21)
e=GJ/(EI), u=aG/E (22,23)

ki=K; I'/(s*EI) (24)

ci=w; I mA/(EI) , i=1,2,3,4, (25
A7l (& 8)e AL AuRAEA, f, ¢ 9 m

© koo v, L;E AHel 2 AHysle Feoz
e F¥ze] o AzHe) w,
o, sob 5,8 AP B S,
¥y AvwE ke ]
parameter)o| e}, ¢; ¥ FaY LAFAFFoln &
2= ¥ 3 (mode number)°] T},

T84 @), 6B), G M, T,
A3 FeHA (4)~6), FAHY
BELAAY (13), (2), (Do dAYst=m T
A 4 (14)~(25)E ol &8 o

=
=1

oY,
Ho
X

m',‘TL‘: Eayed

& Fa

i o K
(g ot 2
-b D i

2 =ay +(rtkAd— ciz)a2n+a3W',k,«=0
not for m; ~1/(2A) <&<m; +1/(22) (26)
' =a¥ +(a—as c)T+agd’ +arn’

@7
= a1’ +(as— ag c)p+any ¥ +a,¥ (28)
o 7] A,

a=¢/¢ (29.1)
ay= &/ (us?) (29.2)
a3=¢ (29.3)
a=¢pstte (29.4)
as=1{"/s" (29.5)
ag=1+e (29.6)
ar=—¢tus (29.7)
ag=1/¢ (29.8)
ag= £*/(s%€) (29.9)
ap=—(1+1/¢) (29.10)
EATNA FARAe) drzhoR -3
A, fd-1d, 24-1nAHe] dRxzAL 1,
4 aRzde] W AAzALS g3 2o A
HoMe FANGAY, vELT 2 4 (49 F
EHEZ 07, nAZdAME FALGEHY, HEY
7 % wRgdze) ‘0olng P MFEE ol§
o FHHw, @ mFGde] AAzAAL JeElY

7kz} 4 (30)~(32) 2 (33)~(35)%F 2}
7=0, ¢=0, ¥ =0 (30)~(32)
7=0, ¢=0, ¥=0 (33)~(35)

3 @Y g

Ao FED AuiRaFde £Hs48)
AR E AP ENRAY AT g~aqpd TTH

- 877 -



of Qe BARE ¢, ol HFojorart o
PAgrE T ITHARAY MYo] Folxd
O3 Zol EHoE A4&% £ ok Fig. 1ol
A Foln y=y(x)91 Hgye 2 m e 4
(14), (15)0 <dste] R 4¥4 ¢ 2 2
ZEWA (% 9g 4EY gol ?-g % itk
3= &9 (36)
_[d% _da\*"
g—( d.s?) [1+(-2)] @D

ol el A (36)~(39)% ol&3H Foid FA
FA Ad¥o g WAzt FEFA ¢, g AL
g 5 ok B d7dAE FARAY Hygez
4y, 24, 349, 5t F 9
=3

4 FAHY 23 H E

ojFell A FmERAY,

Aol FEHYoRZ Foj JZARAe
n

S ESR

ol
-,
)
A
W,
ofk
ox
gt

At

N
gt old® A
& ov) Tl £ASE Ssel 7 dE g
o Y4ZHYL.

g A7 BY4e A3 et B @
o} SAP 909 ZIE Table 1914 ¥} o]
2

Fol B ule} Zo] ¥ AREL M2 v 274
¥ REE 2AFT golN ¥ ATAN fED
MR AN dgel BF HIYS ¢
# g

nE gL iZ] gou 9358 Bas g
Bae) Hste MEA e L Holm

Table 1 Comparisons® of ¢; between this study

and SAP 90

end data frequency parameter, c;
constraint  source =1 =2 =3 i=4
hinged this study 16.63 54.15 7281 80.06
hinged SAPY0 1650 5584 71.32 80.13
hinged this study 16.73 54.35 7296 96.55
clamped SAP0 17.02 5394 6954 9857
clamped this study 25.16 64.96 73.06 103.20
clamped SAP90 2587 6532 7272 101.45

* circular, f=0.2, s=50, n=3, k=10, £,=20, k3=30,
m1=0.25, m2=0.5, 7713:0.75

Table 2 Comparisons* of ¢; by end constraint

and type of curve

end type of frequency parameter, c;
constraint  curve =1 =2 =3  i=4

. circular 1663 54.15 7281 80.06
hinged .

B parabolic 1697 5438 7390 81.96
hinged sinusoidal 16.97 5440 74.17 82.66
ne ellipic 1688 54.31 73.49 8107
. circular 1673 5435 7296 9655
hinged )

B parabolic 17.06 54.57 7392 9757
) d sinusoidal 17.06 5456 7424 97.87
clamped  olliptic 1697 54.50 7349 97.13
lamped circular 25.16 6496 73.06 103.20
CAMPEE parabolic 2520 65.15 7401 10461
1 4 sinusoidal 25.17 65.12 74.33 105.06
clamped liptic 2520 6517 7358 103.99

* f=0.2, $=50, n=3, k=10, k;=20, k3=30, m;=0.25,
m2=0.5, m3=0.75
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parabolic, hinged-clamped
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Fig. 7 Example of mode shapes
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