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Abstract

Lim et al.(1998) proposed the Bayesian Imperfect Repair Model, in which a failed
system is perfectly repaired with probability P and is minimally repaired with proba-
bility 1 — P, where P is not fixed but a random variable with a prior distribution (p).
In this note, the steady state availability of the model is derived and the measure is

obtained for several particular prior distribution functions.
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1. Introduction

Consider a system which can be in one of two states, namely ‘up’ and ‘down’.

By ‘up’ we mean the system is still functioning and by ‘down’ we mean the

system is not functioning; in the latter case the system is being repaired or

replaced, depending on whether the component is repairable or not. Let the
state of the system be given by the binary variable

X(t) = {1 if the system is up at timet

(1)
0 otherwise.
1Corresponding Author. Postal address: Department of Statistics, Seoul National Univer-

sity, Seoul, 151-742, Korea. E-mail: jhcha@statcom.snu.ac.kr

-301-



An important characteristic of a repairable system is availability. The availabil-

ity at time t is defined by
A(t) = P(X(t) = 1), (2)

which is the probability that the system is functioning at time t. Because the
study of A(t) is too hard except for a few simple cases, other measures have
been proposed, and more attention is being paid to the limiting behavior of this
quantity. The steady state availability (or limiting availability) of the system

is, when the limit exists, defined by

A= lim A(t), (3)

t—o0

which is a significant measure of performance of a repairable system. Some other
kinds of availability which are useful in practical applications can be found in
Birolini(1985, 1994) and Hgyland and Rausand(1994).

In recent years various models for repairable systems with imperfect repair
have been suggested. Brown and Proschan(1983) examined a maintenance ac-
tion, called imperfect repair, which with probability p, is a perfect repair, and
with probability 1—p, is a minimal repair, restoring the failed system to its condi-
tion just prior to failure. Their model has been generalized by Block et al.{1985)
to the case in which the probability of perfect repair is state-dependent, and by
Shaked and Shanthikumar(1986) to the multivariate case. More recently, Lim
et al.(1998) proposed the Bayesian Imperfect Repair Model, in which a failed
systém is perfectly repaired with probability P and is minimally repaired with
probability 1 — P, where P is not fixed but a random variable with a prior
distribution II(p).

In this note, the steady state availability of the Bayesian Imperfect Repair
Model is derived and the measure is obtained for severa: particular prior distri-

bution functions.

2. Main result
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Some notations and assumptions are described before proceeding to derive
the steady state availability of the Bayesian Imperfect Repair Model.

Let A(t) be the failure rate function of the system and define A(t) = fot Alu)du.
On each failure the system is perfectly repaired with probability P and is mini-
mally repaired with probability 1— P, where P is not fixed but a random variable
with a prior distribution II(p). And it is assumed that II(0) — II(0-) = 0, i.e,,
Prob(P = 0) = 0. The probability of perfect repair P changes after each perfect
repair throughout the entire process.

Define T; as the time at which the ith perfect repair is completed, and N; as
the number of failures in the ith renewal cycle, (T;_y, T3], ¢ = 1,2,---, where
To = 0. Also define X; ; as the jth lifetime of the system in ith renewal cycle,
t=1,2,---, 5 = 1,2,---,N; and Y;; as the repair time which corresponds
to X; ;. Let Fj(z) and p; be the distribution function and the mean of Xij,
respectively.

Assume that the minimal repair times are independent and identically dis-
tributed and the perfect repair times are also independent and identically dis-
tributed. Let G:1(y) and v, be the distribution function and the mean of
Y., 7=1,2,---,N;—1, and G2(y) and v» be the distribution function and the
mean of Y; ;, j = N;. Define Z, =T; - T;_,,1=1,2,---, then Z;’s are times be-
tween renewals and Z; = E;v:l (Xi,;+Yi ;). Also define H(t) as the distribution
function of Z; and assume that Z;’s are mutually independent, i = 1, 2,

Now the steady state availability of the system is derived. Observe that

A(t) P{X(t)=1

P{X(t)=1,t<T}+ iP{X(t) =1, T <t <Tny1}-

n=1
Let P; be the perfect repair probability in the ith renewal cycle. Also de-
fine Z;; = 37 _ (Xim + Yim) and Fz, (i) as its distribution function, i =

1,2,---,j=1,2,---,N; — 1, then

Ao(t) = P{X(t):—‘l, tSTl}
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- /P{X(t) =1, t <Ty| P, = p}dli(p)

- /{iP{X(t)zl, t<Th| A =p,Ny =1}

r=1

x P{N; =7| P, = p}}dH(P)

= /{p[?‘l(t) +r§; [Fl(t) + ::i:P{Zl,j <t< Z; +X1,j+1}]

x p(l—p) ! }dH(P)

= [rh@me) + [Yrn-p (e

r=2
r—1 t

+ 3 [ Fraaiz it = )iz, () Jan(a,
j=1

where Fj 11|z, ;=+(t) is the conditional survivor function of X; j1; given Z; j = s,
that is, P{Xi 1 2t| Zij =s},i=1,2,--+, j= 1,2;--- ,Ni —1.

Furthermore if we define H(™)(t) as the n-fold convolution of H (t) and My (t)
as y oo H(t) then,

P{X(t)=1, T, <t < Tpy1}

o0
JAXPx0) =1, T <t < Tonsl Pars =5, N =1}

r=1

Il

X P{Nn+1 = Tl Pn+1 = P}}dH(P)
= /p “P{T, <t < Tp + Xpt1,1}d1(p)

+J/{z [ P{T,<t<Tp+Xp411}

r=2

r—1

+ z P{Tn + Zn+1,j <t<T,+ Zn+1,j + Xn+1’j+1} :!

=1

xp(1—p)! }dﬂ(p)

= //Otpﬁ‘l(t—u)dH(")(U)dH(P)
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+/§p<1—pr-*[/ﬂt{m—u>

r—1 t—u
+ Z/ Fj+1lzn+1,j=5(t —u—s)dFz,,, (S)}dH(")(u):t dll(p)
=170

_ / t’ / pFi (¢ — w)dI(p)dH ™ (u)
0

+/:/ [gp(l —p)"’{ﬁ‘l(t_u)

r—1 t—u .
+ Z/ P}'-{-IIZ,,_HJ-:s(t —Uu- S)dFZ"+x_j (S)}}dn(p)dH(n) (u)
=170

f

t
/ Ao(t — u)dH™ (u), by the monotone convergence theorem.
0

Hence,
ot
Al = A®+Y / Ao(t — w)dH™ ()
n=1 0
t
= Ao(t) +/ Ao(t—u)dMH(u).
0
Note that lim;yoo Ao(t) < limy,oo P{Th > t} = 0 and, if Ap is directly

Riemann integrable, by the Key Renewal Theorem,
t
tligxo Aty = tll)rgo/o Aot — w)dMpy(u)
1 oo
= — Ap(t)dt
E(Z)) /o olt)dt,
where if we define V; = E;\Ll Xijand W; = Z;V:'I Yij,

B(Z) = / E{V; + Wi| P, = p)dII(p)

1_
- /E(Vim:p)dmm/ L dll(p) + 1o

= [ [ expt-pptodudticp) + [ 2 Purani) +1a.

On the other hand, by the fact that

~o t
| [ Brnzsmtt = )Fz,, ()t = 1y,
(4] 0
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we obtain

/0°° Ao{t)dt = //000 exp(—pA(v))dvdIl(p).

Therefore the steady state availability of the Bayesian Imperfect Repair Model
exists and is given by

_ J Jo exp(=pA(v))dvdIl(p)
[ 15" exp(=pA(v))dvdIl(p) + [ 122 - vydIi(p) + v

Note that the steady state availability given in (4) depends only on the mean of

(4)

total up time in a renewal cycle and that of total down time in a renewal cycle,

ie., E(V;) and E(W;).
3. Particular cases

In this section the special case when the system failure rate is a Weibull

failure rate, which is defined by
At) = N6tP7 A>0, >0,
is considered. In this case,

e a)
EWIP=p) = [ ex(-pA@)dv
0
1 1
= — -T(=+1).
e B
As particular prior distributions the Uniform distribution and the Beta distri-
bution are assumed. Let the corresponding pdf of II(p) be 7 (p).

(I) Uni form(a, ay) Prior;

1
7(p) = (a_z‘_.—l(cn,az)(p)) 0<oy<a; L1

- ay)
When #>1and 0 < a; < ay <1 since
1 @21 1

S Y Dd» =
a2 =01 Jo, (pA)F (‘ﬁ + D
8 ,\-%F(1+1)(a£5_1 )
(B —1)(az — a1) B 2 o
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and

a2 1 _
! / ! pdp ={ ! (In{az) = In(aq)) — 1},
Q2 — 1 Jo Yy Qo — X

1

the steady state availability is given by

T e s +1><a§'—af5‘>]/[(ﬁ_1)ﬁ,

B —1){az — )

x/\“%I‘(—;- + 1)(0155l —ocf_‘;al)+ <a2 . In(22) - 1) n +V2} (5)

Note that if @; = 0 in this case, A = 0. This somewhat interesting result
arises from the following facts. The random variable NV; assumes large values
with probabilities large enough that E(N;) = co. Thus the mean of total down
time in a renewal cycle is infinite. But on the other hand, since the system is
deteriorating(8 > 1), the mean of total up time in a renewal cycle is finite.
When f=1and 0 < o3 < a2 <1,
A= oz (52) . (6)
2 1n(2) + (2 (8 1) o+

When 8 < 1and 0 < a1 < ay < 1, the steady state availability A is also
given by (5).
(I1) Beta(ay, az) Prior;
F(Oﬁ] + a2) (a 1
™ T T e
®) = FaTlan)”
Observe that if oy > 1/8,

p)(az—l)’ ay, 0 > 07 0 S D S 1.

Iy + o) 1 i
I(a)l(02) Jo (pA)#

+ 1)p1=(1 - p)le2~dp

1
B
_y-ipel Iog - lg)r(al + az)
= A F(E + l)l"(al)l“(al i)

ana if my > 1,

Tlog + a3) [ 1- - P (o,1 1)( )0,2 1)dp— o723 '
[(a)l(e2) Jo P o — 1
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Therefore the steady state availability is given by

~ 1 1 F(al-%)r‘(al—l»az)
A d F(_E + 1)1‘(01)1“(01—3—}—02)

A=

I“(cn—%)l“(a,-ka?) az :
Ta)T (a1 — L +o2) + -1 1 +va

ATHD(S +1)
if & > max(1/8, 1).

Also note that when 1/8 < a; < 1 the steady state availability 4 = 0. In
this case, the prior distribution also enables P; to take suitably small values so
that the mean of total down time is infinite, whereas that of total up time in a
renewal cyclé is finite.

Values for steady state availability are given in Table 1 for different Beta
prior distributions when A = 1.0 and v, = 0.1. The parameter 8 values,
which represent the degree of system improvement or deterioration, used are:
B = 2/3, 4/5, 1.0, 3.0, 5.0 and the parameter v, values used are: 13 =
0.01, 0.05, 0.45. The Beta prior distributions used are: Beta(4,1), Beta(3,1),
Beta(2,1), Beta(2,2), Beta(2,3) and Beta(2,4). If the corresponding distribu-
tion functions are denoted by H;(p), (), Mz(p), M4(p), s(p) and Tig(p),
respectively, then the random variables U; from the prior distributions II;,

U; ~Ui(p), i =1,2,---,6, have the following usual stochastic orderings;
Ui+1 Sst Ui) for: = 1’21"'757 (8)

which mean that as the prior distribution changes from II; to Ilg, the repair by
the prior distribution is more and more likely to be a minimal one.

As the prior distribution changes from II; to Ilg, the mean of total up time
and that of total down time in a renewal cycle increase together. Thus the trend
changes of availability values given in Table 1 depend on the relative sizes of
changing increments related with the nean of total up time and that of total
down time in a renewal cycle. In particular, when the system is improving(f <
1), as the prior changes from I1; to Ilg, the mean of total up time increases more

and more rapidly. Conversely, for the cases of deteriorating system(8 > 1). it
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Table 1: Availability values for several Beta prior distributions

2 B 11, (p) 2 (p) 3(p) 4(p) s(p) s(p)

2/3 0.953668 0.962007 0.979732 0.988842 0.992418 0.994274
4/5 0.940997 0.948713 0.964871 0.977356 0.983037 0.986254
0.01 1.0 0.928074 0.934579 0.947867 0.961538 0.968523 0.972763
3.0 0.904098 0.905371 0.906904 0.909470 0.910042 0.909622
5.0 0903411 0.903559 0.902671 0.90107¢ 0.898484 0.895407

2/3 0.948001 0.955095 0.972564 0.981541 0.985520 0.987809
4/5 0.933888 0.939534 0.952701 0.962821 0.967882 0.971000
0.05 1.0 0.919540 0.923077 0.930233 0.937500 0.941176 0.943396
3.0 0.893047 0.889342 0.877208 0.857704 0.840267 0.824464
5.0 0.892290 0.887261 0.871815 0.845328 0.821503 0.799804

2/3 0.894823 0.891074 0.906261 0.914051 0.921475 0.927503
4/5 0.868283 0.856657 0.845996 0.838173 0.838597 0.840937
045 1.0 0.842105 0.821918 0.784314 0.750000 0.733945 0.724638
3.0 0.795778 0.755566 0.660%24 0.546593 0.475610 0.425818
5.0 0.794491 0.751672 0.649723 0.522230 0.442434 0.386806
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increases more and more slowly. These explain the trend changes of availability

values for the ordered Beta prior distributions presented in Table 1.
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