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Abstract

This article deals with stochastic reliability systems
that include a repair facility and unreliable machines: the
main facility of working and an auxiliary facility of
"super-reserve” machines. The number of super-reserve
machines are random number with a arbitrarily
distribution and working machines break down
exponentially. Defective machines line up for repair,
whose durations are arbitrarily distributed. Refurbished
machines return to the main facility. If the main facility is
restored to its original quantity, the repair facility leaves
on routine maintenance until all of super-reserve machines
are exhausted. Then, the busy period is regenerated. The
whole system also falls into the category of closed queues,
with more options than those of basic models. The
techniques include two-variate Markov and semi-
regenerative processes, and a duality principle, to find the
probability distribution of the number of intact machines.
Explicit formulas obtained demonstrate a relatively
effortless use of functionals of the main stochastic
characteristics (such as expenses due to repair,
maintenance, waiting, and rewards for higher reliability)
and optimization of their objective function. Applications
include computer networking, human resources, and
manufacturing processes.
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2.2 Connection between Models

(EFE #fo]9) HHE)

ool ol AFT BUS B} FAFHoz
Fd@stna o 2d-100M Z_{tM1} B Ak
of A5 71AEY ¥ dsHa A R & F
A9z AFHE @) BF 99 yFE X
ok olgg = Hf AU dge FEHoR 2
AHe, FEEIXE FE 2F T (probability
mass function)® F# &9,

r(n):=P Left {R=n Right}

o] B3, r="E[R] 9 BEHE Ak W, )
Fo] BE JAES Fe5 BUE, BE FASE
7149 = m+1 7} Bt o] o, FEFL A4
Fe & A% F718 [y, R+1 9 71A7E FFo]
7t HE €3 T FAAE AFEH
g &, F718 oy 2 FEFS grlEtn e
17d 7IAES 17 AFEY £ B A4S
FaFol F7HE 2 TG 2FG JAES dA
th @u 0 (=0)tau_1', .. + FEFo] 1P 7|

& FeEldte ot /G VA @ dE 1
Ae ARE &E X2 IS,

A(x) “:=""P" Left{tau_n+1" - “tau_n"<="x "Right}

o] §1, ¢ AL a="Etaun+l - taun ] ©°}
drh

E292-29 B9, & Jbed 13d JIAE 3§
Yol gElgol £AgT. At o A% 714
9 Fe{z) e 2 ¥ 2y, 2d-1ge 2
g 2929 AfE RE JAS0] TS AU
dgE £IFL FHE 7 FECHTo & ¥l
Ao 2 #4858 UEY FAs s 71AY F7t
m °] Hl& w, £ FL AYS TEL, T o+l
d W AL JIAE AR S0kt

xi_n"i="YZ {taun  -}M{1} } and
X n:="{({Z} {T_n-} }
n=0,1,..

olsh 43,

(Omega_1 , U_1 , P*x )_{x IN E} , ({xi_n} ;
n=1,2,.)")"->"E_1
::LE]:’—1

(Omega , U , P~ )_{x IN E} , ({X_n} ;

n=1,2,..)")"->"E.
5 7}A #BA (process)E BT iR HE A A (Markov
chain)ol®, §EX o2 F U, ergodicolt}d. o]
9o &g E£XE g W FEE FEsHE
boldP ="Left{*P_0","...",P_m ‘Right} °] ®d. =%
CX_n) ¢ Cxin') °] TYIEE (equivalent) F
BAF @ AT GRES @k 291 3 Bd2
o Q& E tt& F4 A (stochastic process) =

(Omega , U_1, (P )_{x IN E} , (Y_{t}*1} ;
t“>=“0)“)“~>“E) 9]_

(Omega , U , (P )_{x IN E} , ({Y}_t ;
£°>="0)")"->"E) °]H, o] 99 &3 AL
A4 My vizEB  #HA  (minimal semi-Markov
processes)?] ©t} Rt Hd #AE A ©F
Zol,

M_k™:=" E*k [T_1{bold]}
“="Left{M_0,"...",’M_m Right}

&boldPM™=""a'+'P_m ‘“LeftCaR '+ {(R+1) over
mu(m+1)}'Righty™ & AH@d. zglxn, FAHRA
Zt 9 Z (M1} & FEFo] FFE 3= 7]
b B9 Y3 T2 AAE JMX 3, o]E FEHO
2 ®HEshd,

PAx Left{Z_{t} = kK Right}'="P*x Left{*Z_{t}*{1}'=k
“I* t NOTIN {Idle~Period} “Right}

o] do}. th&& A,

&lim from { t -> inf }“PAx Left{t IN {Idle} “[*
Y_{t}*{1}'=m“Right} *="{1 over{ 1 + amu (m+1)}},
og,

&lim from { t -> inf }"PAX" Left{Y_{t}*{1}’= m
“Right}™ =" {P_m""M_m} over {boldPM}™"
&~~~~="E" left[{P_m (S+1) Left{ 1+mu (m+l) a
“Right]} over {a mu(1+S'P_m )(m+1) + P_m (S+1)}}
Right] .

,{boldM }

pi_{k}*1}":=" lim from { t-> ‘inf } PAx
Left{ Z_{t}*{1} ="k Right} & A & 3%, &
I} e 4oz ®Ho| 753t
&pi_{m+1}A{1}=" lim from { €7-> Vinf ) PAx
Left{*Z_{t}*{1}'="m+1""Right}“‘## &~ ~=E
Left[ {P_m (R+1) }over {a mu(1+P_m'R )(m+1) + P_m
(R+D)} Right]} =831,

&pi_{k}M117 =" (1-pi_{m+1}2{1}) pi_{k}~,~~k=0,1,..
,m .

TG pi_{k}AM1}:= lim from { € -> ‘inf } PAx
Left{ Z_{t}*(1}) "=k Right} 22 X ¥ HH, o] &&
EXE 430 thFo] A Holt.

3. Embedded Process of Model 3 (t} A4 )

—200—-



2439 Ae, Es dAFFd AAHH,
GUM/m/0¢) ©} ) 'd(multi-channel) FE F AT,
olgigk mdle mAZHQ AO=Z Tak ¢s o 23
E31Y. Ao mEr WSk g mtEE A
(Markov chain)®] &-& ¥ (stationary probabilities)$!
boldP'="Left{'P_0","...,P_m ‘Right} ¥ t}&3 Zo]
Eoldoh (Fn &4 [6)])

P_k"="Left{f MATRIX { {SUM from { { r}=k} to m
B_r"PMATRIX {{r~}#{k~}} D" -k &
{k="0,.,m-1, }## {Left[a_0 SUM from { {r}=0} to m
PMATRIX {{m~}#{r~}} over a_r Right]*-1 ,}&

B_n'=" {an SUM from { {r}=n} to

m{ Left( MATRIX { {m }# {r } } Right)} over
ar } over {a_0 SUM from { {r}=0} to
m{ Left( MATRIX { {m }# {r } } Right)} over
ar},

a_ih=" Left{ MATRIX
2 e r'="0,}# & {PROD_{i=0}"r
{alpha_i over{1-alpha_i}}}{,~r'>="1,} }

alpha(theta) =" INT _{ O}*{inf }
eM-{theta>>u}}" A(du)’,

alpha_r*"=""alpha(r mu).

4. Stochastic Process w/ Continuous Time
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