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Abstract

We introduce sums and joins of fuzzy finite state machines and investigate their algebraic structures.
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1. Introduction For the terminology in (crisp)
algebraic automata theory, we refer to
[31.

Since Wee [9] in 1967 introduced the
concept of fuzzy automata following
Zadeh [10], fuzzy automata theory has
been developed by many researchers,
Recently Malik et al.[5-8] introduced Definition 2.1[1,4]. A triple
the concepts of fuzzy finite state M=(Q, X, ) vwhere @ and X are
machines and fuzzy transformation

2. Preliminaries

finite nonempty sets and r is a fuzzy
semigroups based on Wee's concept [9] subset of QX X X Q, i.e

of fuzzy automata and related concepts
Y P function from @ x X x @ to [0, 1],

and applied algebraic technique, Cho ; - )
et al. [2, 4] introduced the notion of is called a fuzzy finite state machine
e if 2, a <1 for all

a T-fuzzy finite state machine that i=

is an extension of a fuzzy finite state pe Q and g € X.
machine. Even if T = A, our notion

is different from the notion of Malik

r is a

et al. [6, 7]. Definition 2.2 [4].Let M,=(Q),X,. 1)
In this paper, we introduce sums and and M,=(Q,, X, ) be fuzzy finite
joins of fuzzy finite state machines state machines. Let a: Q — @

that are generalizations of crisp

concepts in algebraic automata theory
and investigate their algebraic the pair (@, B) 1is called a fuzzy
structures. finite state machine homomorphism

and B: X; — X, be mappings. Then
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(which is written by (a, A) ) if
11(p, a,9) £ rp(a(p), B(a), alq)),
p: qE Ql! CZEXI.

The homomorphism (@, 8) : M; — M,

is called isomorphism if @ and S are
bijective respectively.

Definition 2.3 [1,4]. Let
My=(Q, X,,r)) and M,=(Q;, X, 13)
be fuzzy finite state machines, If
E: Xy — X, is a

n: & — @ is a surjective partial

function and

function - such that
1 (n(p), a,7(q)) < (9, &(a), q)

for all p, ¢ in the domain of 7 and
a = X, then we say that (7, &) is

a covering of M; by M, and that
M, covers M, and denote by
M < M,. Moreover, if  the

inequality always turns out equality,
then we say that (7, &) is a complete

covering of M, by M, and that M,
completely covers M| and denote hy

Proposition 2.4. Let M;, M, and
M; be fuzzy finite state machines, If
M, £ M, M <, M)
M, £ M3 [resp. M, <, M;], then

My < My [resp. M, <, M,].

[resp. and

3. Several products of
fuzzy finite state machines

Several products of finite state
machines are in [3]. Some of these
products have been fuzzified in [1],
[4] and [6]. In this section we
introduce sums and joins of fuzzy
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finite state machines,

3.1 [1,6]. Let
M=(0(@,X,.r;) and M;=(8,, X, 13)
be fuzzy finite state machines. The
cascade product MywM, of M; and
M, with respect tow: @ ¥ X, — X,
is the fuzzy finite state machine

(Ql X QZ, XZ, 7.'1(07.'2) with

Definition

(rywry) (B, 19), b, (a1, @2))

= N(11 (91, 0(p2, b),q1), (02, b,05)).

3.2 [1,6]. Let

and M,=(Q,, X, 13)
The
and

Definition

M =(Q;, X1, 1)
be fuzzy finite state machines.
wreath product M; - M, of M,

M,

is the fuzzy finite state machine

(@) X @y, XlQZ X Xo, 71 ° 7p) with

(71 ) ((p1, p2), (f, B), (a1, 42))

= /\(T1(171, f(ﬁz ), 41),72(152, b,qz))-

Now we introduce sums and joims of
fuzzy finite state machines.

Definition 3.3. Let M,=(Q,,X,. 1)
and M,=(Q,, X,,r;) be fuzzy finite
state machines, where (1 @y = @

and XINX, = . The  join
M/ My of M, and M, is the
fuzzy finite state machine

(& U@, X, U Xy, Z"]\/?.'g) with

(nnVr)(paq=

oo (p, a,q) if (p, a,q) € @ X Xy X &
0, otherwise
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Definition 3.4. Let M, =(Q,,X;, )
and M,=(Qy,X,, z;) be fuzzy finite
where
XINX, =00 . The
M M, of M, and M,

fuzzy finite state machine

state machines,

and join®

is the
(Ql UQZ, X1 UXz, Z“l\/*Tz) with

(V' ) (b a,q) =

n(p, a,9)if (p,a,q9) € Q x X, X @
r(p, a,q) if (p, a,q) € Q; X Xy X @,

leQz = @

Lif (p, . @ = (Q X X1 X @)U(Q X XX Q1)

0, otherwise

Definition 3.5. Let M;=(Q,,X), 1))
and M,=(Q;,X,, ) be fuzzy finite
state machines, where Q, N\ Q; = @.
The sum M; + M, of M; and M, is

the fuzzy finite state machine
(QI U Q’z, Xl X Xg, 4] + 2'2) with
(np+ 7)o (a, b),q)=

r(p.a,q)ifp, g €
(p, b,g)ifp, g = @y
0, otherwise

4. Associative properties

Proposition 4.1 [4]. Let M;, M, and
M;
Then the following are hold:

(i)

be fuzzy finite state machines.

(Ml/\Mg)/\Mg = Ml/\(Mg/\Ma).

(ii) (MiXMy)x Ms= My < (MyxX Ms).

Now we prove that wreath product, join
and sum of fuzzy finite state machines
are associative,

.._27_

Theorem 4.2 Let M,=(,, X;,7;) and

M;=(Qy, X3, 1) and M;=(Q;, X3, 13)
be fuzzy finite state machines, Then
the following hold:

(1) (Ml "Mz) cMy=M, - (Mg “Mg)

( ii ) (Ml\/Mg)\/MgEMl\/(MZvMS) ’
QNNe = o
leXgﬂX;g = @

where and

(iii) (My+My)+M;=M, + (M,+ M),
where QN QN Q5 =

V*

operation.

Remark. is not an associative

5. Coverings

Proposition 5.1. Let M; and M, be

fuzzy finite state machines. Then
(i) M\ M, <, M; X M,
where X, = X,

(ii) Mo M, <. M, + M,

Proposition 5.2, Let M, =(Q,, X, 1)
and M,=(@,,X,, ) be fuzzy finite
state machines such that QN @y, = @
and X; N X, = @. Then

(i) M1 = Mlsz

(i) M; < MV M,

Theorem 5.3. Let M; and M, be

fuzzy finite state machines. Then
(1) M] \/Mg = M1 \/*Mz

(i1) My + My < M, +* M,
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Theorem 5.4. Let M,, M, and M;
be fuzzy finite state machines such
that Ml = Mz . Then

(1) My My < My N M
(1) M,V My < My " My

(iii) My + My < My + M,

Theorem 5.5. Let M;, M, and M,
be fuzzy finite state machines such
that Ml = M2 . Then

(1) M1°M3éM2°M3

(11) Mg ° M1 gMg ° M'_)_

Theorem 5.6. Let M;=(Q;, X,, ;) and
My=(Q,, X5, mp) and M;= (&, X3, 13)
be fuzzy finite state machines such
that @, M @; = @ . Then

(1) M- (MNM) < (M > MV (M » My)
where Xy N X3 = @

(i1) My« (M "My)=(M, - M)V "(M, - M;)
where Xy (\ Xy = @

(111) My (My+M)< (M - M)+ (M - M)
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