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ABSTRACT

In this paper, we investigate some properties of the SKoroKhod metric

on the space

F(R?®) of upper semicontinuous fuzzy subsets of K? with compact support, which include

the continuity of operations, the translation invariance and convexity.

Keywords :@ Fuzzy Numbers, The SKorokhod metric, Translation Invariance, Convex Sets.

1 . Introduction

The
D[0,1] of functions from

Skorokhod metric on the

[0,1] into the

space

real line R which are right-continuous and
have left
limits theorems

with

limits was introduced to study
for stochastic processes
that the

Skorokhod metric plays a key role for the

jumps. It turned out

measures on

and Kim [6]

convergence of probability

D[0,1].

introduced a new metric

Recently, Joo

d, on the space
F(R?) of upper-semicontinuous fuzzy sets
in R? with
similar to the Skorokhod metric on D[0,1],

compact support vwhich is

and proved that F(R’) is separable and

topologically complete in the metric 4.

[t is expected that the metric ¢, will play

an jmportant role for the convergence of
fuzzy random variables. Thus it seems to be
important that we study several properties

of the metric d..

In this paper, we investigate some

properties of the metric d; on the space

F(R?") which

the translation invariance and

include the continuity of
operations,

convexity.
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Il . Preliminaries

let K(R?) denote the family of
non-empty compact subsets of the Euclidean
space R?. Then the space K(R?) s
metrizable by the Hausdorff metric Z
defined by

WA,B) = max{sup seainf ,c5 la—4,

sup pepinf 4eq la— 8}
AeK(R") is defined by
| Al =#(A,{0})=sup ,eal al.

A norm of

The linear structure on K(R?) is defined

as usual:
ADPB = {atb: acA b=B},
AA = {la : a=A}
for A,BeK(R?) and A=R. In particular,
if p=1, the multiplication on K(R) can
be defined as follows:
AOB = {ab: a=A,b=B}.

We denote by K (R?) the family of all

convex AsK(R?).

Now let us denote by F(R?) the family of

all fuzzy sets z :R? — [0,1] with the

following properties:;

~

(1) « is

xe R? such that #z(x)=1;

normal, 1i.e,, there exists

(2) u is upper semicontinuous:

(3) supp # = {x=R’ : u(x)>0} is

compact.,

A fuzzy set weF(R®) is called a fuzzy

number if it is a convex fuzzy set, i.e.,

7x+(1—A)y) = min( z(x), #(y)
for x,y R’ and A=[(,1]. The family of
all fuzzy numbers in R’ will de denoted by

F.R).

For a fuzzy set z in R?, the a-level
set of z is defined by

. m_{{x x)=a) if 0<e<l,
U= ~ : —
a supp u if a=0.

Then, it follows immediately that
neF(R?) if and only if L,u € K(R’)
and

neF.(R”) if and only if L,u = KJ(R?)
for each o=[0,1].

The linear structure on F(R?) is defined

as usual:
(% ®v )(2) = sup 4y- min(ulx), 2(»),

[ zlA) if A0,
(Aw)(2) = {1(0} if 1=0,

#, v €F(R?) and A€R, where [ is
{0}.

the multiplication on

F(R) can be defined as follows:

for

the indicator function of Also, for

the case of p=1,

( Q0 )2) = sup ,—.min(ulx), 1(y)),

in order to generalize the Hausdorff
metric % on K(R?) to F(R?), we define
on F(R?) by

Now,

the metric de
d (2, V)= SUp g0y WL o2, L ,0)

Also, the norm of # is defined as

” Zfz” :dm(a,](o))=5quELuzT_|x| -

Then it is well-known that F(R?) is

the
[10]).

Recently, Joo and Kim [6] introduced a new

F(R?”) which makes

complete but non-separable w.r, t.

metric de(see Klement et. al.

metric d, on it a

separable metric space as follows:
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Definition 2.1, Let 7T denote the class of

strictly increasing, continuous mappings of

[0,1] onto itself. For %, v €F(R?), we

define
du, v )=1inf { &>0 :there
te T such that

exists a

SUP g2qe) (K@) —dl < &
and duo(u, €v) < ¢},

where

and £

K v) denotes the composition of v

Then it follows immediately that d, is a
metric on F(R?) and d(u, 1) < dol(u, v).
The metric ¢, will be called the Skorokhod
metric. Note that a sequence { #,}e F(R?)

converges to a limit #z in the metric d,

if and only if there exists a seguence of
functions {¢,} in T such that

Iin;lo t.{@)= @ uniformly in @,
pras

and
lim (6 %), 8 = 0.

If do( u,,2) — 0, thend( u,, ) — 0.
But, the converse is true (
counter-example, see Joo and Kim [5] ).

not for

. Main Resulis

In this section, we investigate some

properties of the metric d; on the space

F(R?).

Proposition 3.1,

For z,v =F(R") and AR, we have
dAdu,dv ) = (A dlu,v ) if A < 1,
dAu,iv) < A dw, v ) if A = 1.

Proposition 3. 2.

(1) The scalar multiplication on
(F(R?),d,) is continuous.
(F(R"),d) is not

(2) The addition on
‘continuous_ But if o %, u ) — 0,
d{ v,,v ) — 0 and
d{ 4, ® v,,w) — 0,
u @ o
(3) The multiplication on

then w =
(F(R),d,) is
not continuous, But if

dl u,,u) — 0, d{ v,,0v)— 0 and
A 5y © 5y 00 ) = 0 for @, 3, <
F/R) , then

w:

u® v

Proposition 3. 3.
(1) The
invariant.
(2) d(u Da,v Db )
< du, v )+Hlla I+18

metric ¢ is not translation

for any u, v, a, b =F(R?).

(3) flzll < o ll+dlw, v ) for
u, v eF(R.

Proposition 3.4,

(1) d{ wu, up ) < d vy, v ) does not
imply dol 2y, % ) < dol 01, 03 ).

(2) dool 21, 23) < dul Uy, 0;) does not

imply d( 2y, uy ) < d{ vy, Uy ).
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Proposition 3.5. In the

metric space

(F AR, d; ),

(1)

(2)

[1]

f21

[3]

[4]

[5]

[6]

[7]

(8]

(91

The closure of a convex set need not be
convex.,
The closed convex hull of a compact set

need not be compact.
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