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Type-2 fuzzy sets and their applications
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Abstract : In this paper, we are interested in counting the number of elements of a type
two fuzzy set. Using concepts of type-two fuzzy sets, we can obtain some properties of these
concepts and some results of possibility of type-two fuzzy sets.

1 Preliminaries and definitions

Let R be the real numbers and [0, 1] the unit interval in R. We denote the set of all fuzzy
numbers on R by F(R). In 1965(Zadeh [8)), a fuzzy set was defined by a function f : X —
[0,1], where X is an ordinary set. Zadeh [8], A.L. Ralescu [4], D. Ralescu [5], Wygralak (7],
Dubois and Prade [1] investigated concepts of cardinality of a fuzzy set and obtained some
properties of these new concepts. A statement such as ” most students are smart” has a truth
value between 0 and 1 ; such a statement is of the general form ” Qxz’s are A ” where @) is a
fuzzy quantifier and A is a fuzzy subset of a (finite) universe of discourse X = {z;, s, -, Z,}.

D. Ralescu[6] and A.L. Ralescu([5] discussed some properties of card A, the cardinality of
fuzzy set A. This should be a fuzzy subset of {0,1,---,n}, with card A(k) being interpreted as
the possibility that A has exactly k elements (0 < k < n). Also, A. L. Ralescu[5] investigated
that cardA was k to the extent to which exactly k elements of X belong to A while the other
(n — k) elements do not belong to A and obtained the following explicit formular for the fuzzy
cardinality:

cardA(k) = pgy A (1 — pryny), k=0,1,---,n

where f1yy, pt(2), - - -, H(ny are the values of pa(x1), -+, pa(z,) arranged in decreasing order of
magnitude, and p) = 1, fy(n+1) = 0.



We introduce a definition of f-card F (see [2,3]),‘that is, the cardinality of a type-two fuzzy
set F' with mp : X — Fo(R) by mp(z;) = Hagycopdgy 0T @ = 1,2,---,n, where Fo(R) is the
collection of all functions p,, ¢, 4,(2) , for i =1,2,- - n, defined by

» 1 z € [r,s) #0
/‘Lai,ci,di(z) = Li(z) z2 <7y |
Ri(z) z>8;

where a;(i = 1,2,--,n) are some real numbers, r; = mT_lai and s; = m:n—rlai, the functions L;

are straight lines through points (1,7;), (¢;,0) and the functions R; are straight lines through
points (1, s;), (d;, 0), for some numbers ¢;,d; and i = 1,2,---,n. It is easily to show that Fy(R)
is a subcollection of F(R). And also, we denote the set of such type-two fuzzy sets by Fp(X).

Definition 1.1 The type-two fuzzy cardinality of F' € F5(X) is a function f-card F’
{0,1,---,n} — Fo(R) defined by

f-card F(k) = Pagycayday N Pl-aganyl=dgany =g foreach k =0,1,2,---,n

where a@) > a1y 2> -+ > a(y are the ordered values of the a;’s, ag) = 1 and a(,41) = 0.

In the above definition, it is not necessary that {c(,, } and {d(} be non-increasing and the
operation A is defined by

Ha,c,d A Hbe,f = HarbevedAf

By the definition of f-card F, it is easily to show that f-card F' is an element of 73({0, 1,2, -- -, n})
which is the set .of type-two fuzzy sets F' with their membership functions defined by mp
{0,1,---,n} — Fo(R).

In references|2,3], we defined generalized concepts of cardinality of type-two fuzzy sets.
Using concepts of cardinality of type-two fuzzy sets, we can obtain some properties of these
concepts. And also, we discuss some results of possibility of type-two fuzzy sets.

2 Main Results.

In references [2,3], we introduced the concept of complement (denoted by F) of F in F5(X)(see
[2,3]), that is, the membership i of F is defined by

Fagy.capday = Hl-a@iviyl=dmn-iayl=Ccaic

fori=1,2,---,n
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Proposition 2.1 f-card F'(k) = p;; if and only if F' is a nonfuzzy set with k elements.

We note that the membership function of a non-fuzzy set F' with k-element is represented
by

. Ty e Ik Tyl I
mpep =
( Hiir oo Hiin Hooo o H000 >
When we discuss the possibility of a type-two fuzzy statement, we need the following definitions
and propositions.

Definition 2.2 Let o4, foef € Fo(R). Then, the maximum of p, 4 and py s is defined
by
Hacd V Ubef = Havbcvedvs

Proposition 2.3([2,3]) Let F' € F5(X). Then we have f-card F(i) = f-card F(n — 1)

Now, we discuss a representation of f-cardF" as in references|2,3,6]. Since

ak) if aw +agsn <1

agky N 1- a(k+1)] = { 1~ a(+1), otherwise,

there is a unique value j such that the following inequalities hold :

L+ag =2 aq +ag = 2ag-1n+ag >12ap +ag) = 2 an-1) +am) = am) >0

Thus the definition 2.1 gives

—a for0<k<ijij-—-1
f-cardF'(k) = { HFa=ag fuyaw fgi <k 2731
Fagy. fay9u JSRZ

and we obtain the following representation of f-card F'. It is easily to show that f-card F' lies
in F({0,1,---,n}), that is,

( 0 1o j—1 j jH+1 - n)@m

Hl-agyfopg  Hl-agpfopgny 7 Hl=egnfy-n9u-n  Hegnfunan  Hag-nfi-ugg-n " Fagyfaygm

where fix) = ¢y A [1 — dg4r)) and gy = dgy A [1 — crqy)) for k =0,1,---,n, and a() > agq) >
.-+ > a(n). But, it is not necessary that {f;} and {g(;} are non-increasing.
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Using the national number j and (2.1), we can define the following possibilty that F' has
exactly k elements.

Definition 2.4 The possibility Poss{f — cardF = k} that F has exactly k elements is
defined by

Poss{f — cardF' = k} = { Hagy furgw > if k2 J
Pi-ag)foonag-y ¥ Hagufgeg k<7

Proposition 2.5 Let F' € F,(X). Then we have

£ s
Poss{f — cardF > k} = { Hagpupaw » lf k2 J
M- )Vagyponagoy LK <J

where j is as defined in (2.1) and pgy = fir) V-V fi) s a0y = 91) V- V 9n)
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