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Derivation of Exact Dynamic Stiffness Matrix
for Non-Symmetric Thin-walled Straight Beams
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ABSTRACT

For the general loading condition and boundary condition, it is very difficult to obtain closed-form
solutions for buckling loads and natural frequencies of thin-walled structures because its behaviour is
very complex due to the coupling effect of bending and torsional behaviour. Consequently most of
previous finite element formulations introduced approximate displacement fields using shape functions as
Hermitian polynomials, isoparametric interpoation function, and so on. The purpose of this study is to
calculate the exact displacement field of a thin-walled straight beam element with the non-symmetric
cross section and present a consistent derivation of the exact dynamic stiffness matrix. An exact
dynamic element stiffness matrix is established from Vlasov’s coupled differential equations for a uniform
beamn element of non-symmetric thin-walled cross section. This numerical technique is accomplished via
a generalized linear eigenvalue problem by introducing 14 displacement parameters and a system of linear
algebraic equations with complex matrices. The natural frequencies are evaluated for the non-symmetric
thin-walled straight beam structure, and the results are éompared with available solutions in order to
verify validity and accuracy of the proposed procedures.
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2 A7 BHR 729 FHANE st FAzAY Ak ¥x god, 42 HE A&
e daE FE_: F4E JIYE AL vdA ALEEE HAE A SeEe] g Viasove] @
e o2Ry 14709 A9 Fedvied =43t 44 A vEAA gee AuptgAe MY 1
A gAz dastn, Y-ue BANE HeAnzA dUQ 4X14 A o2 FEPPL fEsG B
A7 BY, 19854 Friberg™t Viasovol 8¢ vhgoz wgh3y uhein 2o JU3 33 3=9de
FEZ w7t glod, olzhe AZHFolUd IHAFTFE A7) A E Wittrick-Williams algorithm
I 28 F7HA FANY EE HEof s BHo) Atk 2 Y B A7 Age JBE H¥es
AA 71PN e ol E F1HQY Aol FastA] ¥k FARFE =dst 849 FeRPE A
£ 7129 438283 vag 9, ol 22 FEYPFL HHHEA 229 £ AMAZE OF 2Y
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2. Viasov2| 21§l O E4

1961d Viasove 2313 gol 24N U, , 03 ,0, , ASFHAIA U, , U,, o, , f & 393
3, Y oY @9 E siAe R digte A1) 2 AN Agsgon ol ERA
= e A7 Yzt gn dvh agelM U, U, U, £ xi, x5 x3 BF229 Fo]5Hs
W3, 0z © xp x3 ¥HOR HAWY, 22 o), f £ x VP29 ¥ 2L Fogste e}
deoltt. a3 EA® 734, ELL, El, © x:% x5 0@ #7244, EI, B-9§7%4(warping
torsional rigidity), G & &% %74 (St. Venant torsional rigidity)2 Yebdth 8 mo & A9 o
AZdold A#FW NGV EFs(angular frequency), 13 P & e Al Agste Zug & F,
Fodo(=rim) & A9FA0 g HA937 B)Pold I RAE(polar mement of inertia)o]Th.
A ViasovA Aol Aehd Y (shear deformation)e FA|S A2k H-vjEe] e my =,

G : Centroid
C : Shear center
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- EAU,” -me’U,=0Q (1-1

EIgUy””“' pl3(ﬂZUy” + B( Uyu_zGen) - ’nmz( Uy_zae) = Q (1_2)
EIZU21/11+ Plz(”ZUz”* B( Uz//+y08//) — mz( Uz+yGe) =0 (1-3)
ELS"" +pLp™®" - GJ8" + P(r8"+ygU,"”-2:U,”) (1-4)

-j 08 -mei(ygU,-25U,) = 0

o] EA-AGFAA HAAE AT Viasov B4 §3} uFe dAzAE Qo {1 2
ol 474 ¥ ArleHAAY FeE A, G dFolud FAzUo] FoiAA @de ¥, dLAE T3
E AL o otk o B4 AFAA A HPR 249 ¢AY 2 AFAE HHE A dREY
AFolNE HermitianthaH2] 7 2 HASFE A3 EEN A LE 22 ZEHDE AU

3. 83 ZEWEHS| R

A71ME Ud A4 Sy gae) g Visovddd (D2¥Y JU 3 AERL FoE B3
S AwswA @k U4 QA 4y ARRRAA e n4A BAZ Ags) A, 1470
o W9l BEE B 2o =YV

(d} = {dy, dy, ~, dy) (2)
71 d,=U,, d2=U, ,d3=U,, dy=U," ds=U,”, dg=U,"” )
dr=U, dg=U, dg=U,", dy=U,""  ,dy=8, dp=0"dy=0"d,=0"  olch
4@ A0 Hdstel A%, 474 BAAELE Aold) BAE FE F Yok

-EAdy = m 0*d, (3-1)
Elsdg = (-pI3 0> -P)ds + Pzgdys + mo’ds - me®zgqdy, (3-2)
Eldy = (-p L,0®-P)dy - Pygds + mod; + me’ygdy, (3-3)
Elydy'= (-pLy0* + GJ - Pro)dy = Pyeds + Pzeds + j,0’dy (3-4)

+ mm2y6d7 - mmzz(;dg,
£ UeA] 10789 WY gevels e #Ae gy 2o
d'=d, d3’'=dy di’=ds, ds’=dg, dy’ =ds
dg'=dg, do'=dy, dyy'=dyp, dp'=ds diz’=dy, (3-5)
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al=1~01 a2=_EA! a3=EIBI a4=EIZy a5='El¢
7R 2, [Bl1Y 4% o 2o, 12 99 948 BF Ooth

be

b, =10, by=ma® by=-pIlp®-P, by=-pLp’-P, bs=-pIlw*+GJ-Pr’

be=—mu’z;, by=me’ye, bg=Pzg, bo=-Pyg, bio=Jj 0’

A4y A5l AFE e A% AnE dydrgde deols, o] 49 3, {d,)E a1 2ol F4&
Asgee gez AN £ At

{A)x

14
{d;)} = j};l{aj} (Zle (i,j=1~14) (5)

G2 A ddstd AEE, ojdg 2L A e H¥ niA ZAE Hstg + vkl
z2 HoAd e AFsriz dth. og #e 1§ EARRY Eis R 4Ny LFA
(eigenvalue), {3;}9+ 14x14 31549 (eigenvector), [ Z ; T8 o}, 9714 ;e A& IMSL
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subroutine DCVCRGE ©] &3ttt

(LAl - [BDIZgd=20 (6)

gaba, 14709) At B8 4E)E g ol vehd £ gk

{d,) = [X,'j] {Clj} (7N
@A, (X1 = 5 (Zde™" o, % 847t xo 8% %4 A2US WA olFola 14x14
BRIt 292, B2 A% () Fo) ARAE TPk Te PAn 2z Fuel 299N Alg
£ =80 @

C : Centroid
S : Shear center

. )
292 Wlgd e ase) APUI

{u =1 XU]{GJ) (8)

714 {u;} = { U0, U, (0),03(0), U,(Q),0,(0),0,(0),f(Q)

om, [ R,19 2
UAL), U, (L), 05(L), U.(L),05(L),0,(L),f(L))~ '

228 [ X;12%H 44 7 47h itk 23 52 AF (g} bSH o] 789, A7 Fiag

&
B 933g-e IMSL subroutine DLINCGE ©}-&3t T3t

()

(@} = { X, Hup (9)

HOF Al AAHY, T3 2ol 14749 B9 RS 2T T S7b Aok
{d,} = [XU]{ XU}-I{U,} (10)
¥ Hamilton® ¥2RE 1Y 33 & v ver g4 -y FAHNS €& + Uk 19
I B, By By £ 27 x, %89 283 x, xy B3] dogolth B8 My Mot x, x; %8

o BEWE, M, M,e x; 33 v§rAse sol2AES tehact, 2282 ¥4 p, g8 22 B9

FH(x = 0, L IS gulath P-99) DA AQ 2& 14749 B9 Heliers =UsA e 2
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C : Centroid
S : Shear center

a9 3 HdA By g4 Y

EF,=EAU, = EAd,

E, = ~ELU,/”+pI; U/ - P(U, - 258"
~Elsdg + (pI30% - P)d, + Pzgd,,

M3 = EI; y” = El3d5

i

Fy = ~EL U, +pL, U,’ - P(U, +y8"
-ElLdy + (pL0°- P)ds - Pyedp,

M2 = ‘EIZUZN = ‘Elzdg

M, = -EL8" + GJ®' + pL, 8" - P(ri8’ + yoU. - zcU,)
= ~Elydy + (GJ + pLy0® - Pri)dy; - Pysds + Pzgd,

M@ = E.[¢e" = El¢d13
A(IDe o33 go] PFAoz FHY 71 ot

{f,} = [SU] {dj) (l:l"'7, ]=1"‘14)

(11-1

(11-2)

(11-3)

(11-4)

(11-5)

(11-6)

(11-7)

(12)

AN (f;} = { By, Fy, M3, E3, My, M, My, )T 0l3, 7x14° [S]9] 2t 84% t&3 2t

s;=EA, s;=pl;0°-P |, s3=pL, 0*-P , s,= GJ+pL, 0° - Pr’
ss= Ely, sg= ~EIL, , s7=Ely, , sg= Pz, sg= -By¢ ,

2 99 gaE 2% 0otk 849 FYUHE Ui 410¢ N1 sk, e 2ol gl
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x oA 2R g e AP} AYAUSIsH AANL FE 571 AUk
n = S1x1 (13)
A2 o (Y pe 92 2EPF (K] 0e&H g
[Kl7xu = [SHXILX] (14)

H4e [KlE Tx14 9Lols, ol ¥ Fx=0,L )9 dx142 Hystad og3 o] Hlojy
W RUne A4UE AN 98 54 04 FEILE 7€ 7L AT

_ T -ISHx@oIL R
(Ko = [ T 21 | (19

4. SHMY
B AT A Aleket i M weRe g 54 ZEgde B4 FFI] A oA E2
1% 93 9ug e gy whdr 720 diF AH3F H4 SRS
E=689GPa, G=265GPa
y¢=105mm, z¢=00mn
A = 0.000308m’,L = 820 mm

I=926%107°m", I;=1771x107°m’

J=152x10"%m" I,=164x10°m*

\ m = 0.8%6kg/m, j,= 000501 kg - m

4 This study Friberg
fmoce P=ON P=1790N P=0ON P=1790N
1 3181 25.02 31.80 2501
2 63.84 61.37 63.76 61.28
3 1379 136.4 1375 136.0
4 199.4 1927 199.0 192.4
5 2782 2749 278.2 274.9
6 4849 4195 4339 4785
7 556.8 552.1 556.3 550.7
8 665.0 662.6 657.3 654.8
9 7671 T61.1 7675 760.8
10 1075, 1067. 1075, 1067,
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1) 44 402 dyddAAe g2 EHHE Viasovd BlA AN gy 940 AudA4 g 14 94
R dee MY ngx TAHZ AP, P-U9 BAYL Feee] YUY BAH Z=YLES &
=34 _

2) Hermitian T}A% 22 JAU4E £9std 74 24 FEPIFE g, £ A7 FEF 54
AR oy WTZE HHT Aol FAZAY AGS ¥ For, dUHoERE 249 FE
W gaNZ % sice Aol st o |

3 54 geyze weA, ALdw SEn 32 %a%#% T3, o2 FH Fsh wa
sk A FHolM B ule)l ol 1% WY ¥y Pz TFIAFFE Y T dAPoH
B Aol A 53 Ay AL dFsA
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