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ABSTRACT

Recently, a homogeneous fuzzy time series model was proposed by means of defining

some new operations on fuzzy numbers. In this paper, we consider expanding the results to

the nonhomogeneous fuzzy time series and the general fuzzy time series using 7w, the

weakest f—norm, based algebraic fuzzy operations.

1. Introduction

In 1993, a special dynamic process called
fuzzy times series[5] is proposed due to the
need for modelling dynamic processes whose
The
motivation of fuzzy set theory is maninly to

observations are linguistic values[10].
provide a formal, powerful and quantitative
framework to cope with the vagueness of
human knowledge as it is expressed by
means of natural languages[10]. In [6, 7], as
an application of fuzzy time series, two
models were used to forecast the entrollments
of the University of Alabama by fuzzifying
the historic data. Recently, Song et, al[8]
derived a new model in two forms for the

homogeneous fuzzy time series by defining a

new  fuzzy addition and subtraction
operations. And they mentioned that further
studies are needed to expand the

conclusitions to the nonnomegeneous fuzzy

time series and the general fuzzy time series.

In this
addition and subtraction they defined in [8]

paper, we reconsider the fuzzy
and modify the fuzzy algebraic operations
using extension principle[l]. And we expand
the results in [8] to the general fuzzy time

series.

2. Preliminaries

A function T[0,11x[0,1}-[0,1] is said
to be a ft-norm [9] iff T is symmetric,
assoclative, non-decreasing in each argument,
and T(x,1)=x for all x=[0,1]. The usual
arithmetical
extended to the arithmetical operations on
of Zadeh's

based on a triangular

operation of reals can be

fuzzy numbers by means
extension principle
norm T. Let A, B be fuzzy numbers of the
R. The
operations are summarized as follows:

Fuzzy set addition &:

real line fuzzy set arithmetic
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(A® rB)(2) = sup 4 ,= . T(A(x), B(»).
Fuzzy set subtraction ©:
(A© B)(2) = sup ,— =, T(A(x), B(x)).

If Ty<T,(the usual order of ¢{-norm as
two-place function), then for

quantity A and B it is AD 7 BLAD 7.B.
Let

any fuzzy

Tw denote the weakest f—norm defined

by

min (x, v) if max(x, =1,
Tylx,y) =

0 otherwise,
and let Ty denote the strongest ¢—norm
defined by Tiflx,y)=min(x,y) for all

x,v<10,1]. Consequently, for any t-norm T
it is
AD yBLAD B<AD 4B

A fuzzy set A is called fuzzy interval if 1t
is continuous and for each o =(0,1], the
corresponding  a-cut A= {x =R; A(x)=a}
is a non-empty convex closed subset of 2. If
the support of A, suppA=JA°", is bounded
in R, then the fuzzy interval A is so-called
fuzzy interval, If, for an fuzzy interval A,
A'=[1l4 74] is a singleton (e, 14=74),
then A is called an fuzzy number.

Let 9 be the class of all fuzzy quantities
defined on [0,c] which are continuous
nonincreasing with the strict maximum 1 in
the point 0 and its members be called shapes.
Any fuzzy interval A can be written as a
guadruple

A= (lA, TA,A*,A*)

where A, and A" are defined by
A (x)=Alx+7r,) and A.(x)=A(l4—x),
(if [4=-—0c0, then A.,=@; similarly if
Fap= 00 then A'=; otherwise
A ATeT),

1 if xe[lq 7al,
A ={ A (x—ry) if 2>7r4
Adllya—x) if x<l,
It is known [4] that the addition and the
opposite of fuzzy intervals is defined by

A@ TB = (ZA ?’A,A*‘A*)ea T( ZB, 7’B,-B"*.Bm)

=(la+tlgratrg
A*ED TB’«,A*GB TB*),

and — A = ("‘ Ya, — ZAA*A*)

where, by the convention, o+ x=co and

—~ow+gxg=—0c0 for all xR, and for any

element S from TJU{@}, SP0=0.

Following that above argument, it suffices

to study only about fuzzy arithmetic

operations of shapes instead of fuzzy
intervals.
Tlet N be a LR-fuzzy number whose

membership function is defined as follows:

Li{m—x)/a) for x<m, a>0,
Mx) =
R{(x—m)/b) for x=m, b0,
where L,R < 7. Symbolically, we write
N= (m, a, b) LR

The addition and subtraction of fuzzy sets

based on strongest ¢t-norm Ty is well
known since the 1980s [1].
(m1, 611,51) LR @M(mz_ ag'bz) LR
={(m+ my a1+ as by + by) 1z
(my ay b)) 1r ©umy az bs) gr

=(my—my a,+ by b+ ay) 1

More generally, we have

Theorme 1 (Dubois and Prade [11). Let

Ay A, be fuzzy intervals. Then for each
es(0, 1],
(AIEBMAz)a::AT"'Ag.

For the weakest t—norm Ty directly from
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the extension principle we have the following
results:

Theorem 2 ([2, 3, 4]). Let A;,=(l;»;L;
R)), i=1,2 be fuzzy intervals. Then

AléD Wi42= (11 + 12'?’1+ 7y,
maxL; maxR,),

and

AOwA,= (11 — T 12.
max{L, Ry}, max{R; Lj}).

If A, and A, are LR-fuzzy numbers, then

from Theorem 2, we have

(ml, al.bl) LED W(mz. as.b7) L

= (m1 + My Max {al_az}, max {blbz}) LR
and

(ml, al,b1) = W(mz, ﬂz,bz) RL

= (my — my, max{a; by}, max{as b;}) rr
In [8], Song et al. introduced new addition
and subtraction operations for fuzzy numbers,

denoted as +; and —j called linguistic
addition and subtraction respectively, and
defined below.

Definition {8]. For fuzzy  numbers

Ay=(my a1.b)) ;g and  Ay=(my ay bo) 1z,
their linguistic addition and subtraction are
defined as follows!
A+ Ay = (my+ my,
max{a; ay}, max{b; b}) Lr

Al _fAZ = (ml*— mg‘
max{a, ay}, max{by by}) Lr

Under this
Song et al. [8] derived a new model in two

fuzzy arithmetic operations,
forms for the homogeneous fuzzy time series.

But, the definition of
linguistic addition and subtraction is slightly

as we can see,

different from T y-based fuzzy arithmetic

operations. Song el al. [8] did not provide
any reason why they defined as above. So, it
is better to adopt Ty based fuzzy arithmetic
operations to study a model in two forms for
the
aditionally for the general fuzzy series.

homogereous fuzzy time  series,

3. The models

Definition 1. Suppose Y(#), t=7, where
T={-,0,1,2,--}, is a subset of R and on
fi(t)y
(=1,2,-") and F(t) is the collection of
f{(H (1=1,2,). Then F(t) is called a

fuzzy time series on Y(#, t=T.

it are defined some fuzzy sets

The
Proposition 1 of Song et al. [8],

following is a generalization of

Proposition. Let {N,}= {(mi_Li,Ri)} =1 be

a sequence of fuzzy numbers where

I={1,2,-+} with ;m,-wo. Then N=N,

DNP w - DuND wt-+is a fuzzy number
if and only if sup,Li<{c and supRi<
for 0<e<1.

Definition 3. Let F(#), t=T, be a fuzzy
time series with the observation F(H)=
(m(H, L(P),R($) be fuzzy numbers. Define

DiF() = F(DO wF(t—1)

where
DiF(H = (m'y (D, L'a(), R'4(D),
mia(D=m(D —m(t—1)
L'y(H= max{L(#), R(t—1)}

and
RYW(H = max{R(H,L(+— D)}

DiF(§) = DYF(DO aDiF(t—1)
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where

DAF() = (m?4 (D), L%(D), R%(9),
ma(D = m'g(H) — m'y(t—1)
L%(8H = max{L's(D), R's(t—1))
and
R%(H = max{R'4(#), L's(t—1)}.
In general,
DiF() = Df ' F(HO wDF 1 F(t—1)
where
DfF( t) = (mkdb ( t) s Lkdb( ) . Riiz'b( D) ,
m () = m'gp( D — m'y(£—1)
L%(8 = max{L 5, R&'(+—1))
and
Riy(H = max{R% YD, L5 (t—D).
DIF(D)  is kth
(k=1,2,) backward liguistic difference of
F(1) at t.

Then called the order

Definition 4. Let F(), t=7, be a fuzzy

time F(i) =

(m(D), L(#),R(£) be fuzzy numbers. Define
D'F(H) = F(++ 1O wF (1)

series  with the observation

where
D'F() = (mYy (D, L'{D, R'AD),
m(H = m(t+ 1) ~ m(D
LY(H=max{L(t+1),R(D}
and
RY() = max{R(t++1),L(D};
D*F(f) = D'F(++ 1)© yD'F(?)
where
DPE(D = (m% (D), LA(D), RA(D),
m (D) = m*(t+ 1) — m{ D
Li(H= max {L(t+1), RAD}
and

R =max{R',(t+ 1), L'(D)}.
In general,
D*F(H)=D* 'F(t++ 1O wD *'F (i)
where
D'F(8) = (m%(D, L0, R*(9),

mi( D= m'(t+1) — m' (D

L= max{Lg "(++1),R5 (D)}
and

RY(H=max{RE'(++ 1, L (D).
Then D*F(# is kth
(k=1,2,---) backward liguistic difference of
F(9 at t. Both DiF(#) and D*F(#) are also

called the order

a fuzzy time series for any 4&>0.

Definition 5. Let F(#), t=T, be a fuzzy
time serises and F(H = (m(®, L(#),R(1)). I
L(H=L(t—1) and R(H)=R(¢t—1) for any
teT, then F() s

homogeneous fuzzy time series.

said to be a

Lemma 1. Let F(? be a homoneous fuzzy
time seres, ft<=7, and F(H=(m(d),L(D,

R(#). Then
L(p=L%(0=R(H=R(H=LYH=RAD,

teT, k=12,

For general fuzzy time series, we have the
following first new model which indicates
that the value of F(f) at ¢+1 can be
related to its previous ones by means of
differences of various

forward linguistic

orders.
Let F(8)=(m(D, L(H,R()),

te 7T be a fuzzy time series. Then we have

F(t+1)= FOD D' F(t— 1D WD’F(t—2)D w
DD (t— B D

if and only if for any t=T

Theorem 1.
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m(t+1) = Zum;(t_ ) if and only if for any teT

where  m%(#—0)= m(D m(t+1)= gmiab( 1)
L(t+1) = max{sup <L k), Sup <, R(A)} where m'y(£)= m(%)
and L(t+1)= max{sup p=y5..L(1—28),

R(t+1)= {sup sR(R), sup e LY. SUP =12, R~ 120}

R( t+ l) = l’IlaX{SLlD b= 1_2_---R( = Zk),

Now, we consider the following lemma. SUD 4=y 2, L(t—1—2R)}.

Lemma 2. For any =T we have We also have the following result.
max {sup < L&), SUD 4er-1R(A)} = L(¢+ 1)

and
max {sup 4 R(&), sup pe;— L(B)} = R(++1)

Theorem 4. Let F(#, t€T be a fuzzy
time series, then Fp, teT is

homogeneous if and only if

if and only if for any ¢t T . 5
F(t+1) = F($)® wDsF( D w3 F(HD w

L(:—1)=L(H=R(H=R(t—-1).

=@ DD -

By Lemma 1 and Lemma 2, the following ie., F(t++1)=( iomiﬂb( B, L(t+1),
conclusion for the homogeneous fuzzy time . R(t+1)
series is immediate. and L(t—1D)=L(H=R(H=R(t-1),

teT,

Theorem 2. Let F(BH, t=T be a fuzzy

F(H, teT \ 4_ Conclusion

time series, then is

homogeneous if and only if

F(t+1)=F($ @WDlF(t~ D WDZF(t'_Z)@W In this paper, using Ty-base fuzzy
- gDt~ B D - arithmetic operations, we have derived a new

model in two forms for the general fuzzy

i.e., F(t+1)=(2m;(t—i),L(t+1),

time series which indicate that the value of

R(t+1)), F(f) at t+1 can be related to its previous
and L(t—1)=L(H)=R()=R(t— 1% ones by means of forward and backword
teT,

linguistic difference of various orders. This

The following result is another form of the proves the problem Song et al. [8] suggested

new model of general fuzzy time series
which indicate that the wvalue of F{(§ at

in concluding remarks of their paper.
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