FUZZY STRONGLY r-SEMICONTINUOUS NEIGHBORHQODS

SEoK JONG LEE AND Ju HUT PARK

Department of Mathematics, Chungbuk National University Cheongju 361-763, Korea
E-mail: sjlee@cbucc.chungbuk.ackr, topjh03@lycos.co.kr

ARSTRACT. Tu this thesis, we introduce and investigate the notions of a fuzzy strongly r-semineighbor-
hood and a fuzzy strongly r-quasi-semineighborhood in fuzzy topological spaces which are generaliza-
tions of a fuzzy strongly semineighborhood and a fuzzy strongly quasi-semineighborhood, respectively.

1. INTRODUCTION AND PRELIMINARIES
Definition 1.1. ([6]) Let x be a fuzzy set of a fuzzy topological space (X,7) and r € I5. Then
L is called

(1) a fuzzy r-open setof X ¥ T(u) > r,
(2) a fuzzy r-closed set of X if T(u®) > r.

Definition 1.2. ([3,6]) Let (X,7) be a fuzzy topological space. For each r € Iy and for each
p € IX | the fuzzy r-closure is defined by

dlmr) =ApeI* :p<p,T(p°) 27}
and the fuzzy r-interfor is defined by

int(p,r) =V{pe I* : p 2 p,T(p) 2 7}

Definition 1.3. ([6,7]) Let u be a fuzzy set of a fuzzy topological space (X, 7T) and r € Iy. Then
L is said to be
(1) fuzzy r-semiopen if there is a fuzzy r-open set p in X such that p < p < cl(p, ),
(2) fuzzy r-semiclosed if there is a fuzzy r-closed set p in X such that int(p,7) < p < p,
(3) fuzzy r-preopen if p < int{cl{y,r),r),
(4) fuzzy r-preclosed if cl{int{p,r),r) < p.
Definition 1.4. ([5]) Let p be a fuzzy set of a fuzzy topological space (X, 7) and r € Ip. Then
4 is said to be
(1) fuzzy strongly r-semiopen if there is a fuzzy r-open set p in X such that p €< p £
int(cl(p, ), 7),
(2) fuzzy strongly r-semiclosed if there is a fuzzy r-closed set p in X such that cl(int(p,r),r) <
b p

Theorem 1.5. ([5])

(1) Any union of fuzzy strongly r-semiopen sets is fuzzy strongly r-semiopen.
(2) Any intersection of fuzzy strongly r-semiclosed sets is fuzzy strongly r-semiclosed.



Definition 1.6. ([5]) Let (X, T) be a fuzzy topological space. For each r € Iy and for each
p € IX, the fuzzy strongly r-semiclosure is defined by

sscl(p, 7} = A{p € I* : u < p, p is fuzzy strongly r-semiclosed},
and the fuzzy strongly r-semiinterior is defined by

ssint(u,7) = \/{p € IX : 4 > p, p is fuzzy strongly r-semiopen}.

Definition 1.7. ([4,7]) Let z, be a fuzzy point of a fuzzy topological space (X, 7} and r € Iy.
Then a fuzzy set p of X is called
(1) a fuzzy r-neighborhood (fuzzy r-semineighborhood, fuzzy r-preneighborhood, respectively) of
Zo if there is a fuzzy r-open(fuzzy r-semiopen, fuzzy r-preopen, respectively) set pin X
such that z, € p < 1,
(2) a fuzzy r-quasi-neighborhood (fuzzy r-quasi-semineighborhood, fuzzy r-quasi-preneighborhood,
respectively) of z, it there is a fuzzy r-open(fuzzy r-semiopen, fuzzy r-preopen, respec-
tively) set p in X such that z,qp < 4, .

2. FuzzZy STRONGLY r-SEMINEIGHBORHOODS

We are going to define the concepts of a fuzzy strongly r-semineighborhood and a fuzzy strongly
r-quasi-semineighborhood in a fuzzy topological space.

Definition 2.1. Let z, be a fuzzy point of a fuzzy topological space (X, 7) and r € Iy. Then a
fuzzy set u of X is called
(1) a fuzzy strongly r-semineighborhood of x, if there is a fuzzy strongly r-semiopen set p in
X such that z, € p < p,
(2) a fuzzy strongly r-quasi-semineighborhood of . if there is a fuzzy strongly r-semiopen set
p in X such that z,qp < p.

Clearly, if p is a fuzzy strongly r-semineighborhood (strongly r-quasi-semineighborhood) of z,
and r > t, then g is also a fuzzy strongly ¢-semineighborhood (strongly ¢-quasi-semineighborhood)
of z,.

Theorem 2.2. Let (X,T) be a fuzzy topological space and r € Iy. Then a fuzzy set p of X is
fuzzy strongly r-semiopen if and only if u is a fuzzy strongly r-semineighborhood of z, for every
Juzzy point z,, € .

Theorem 2.3. Let (X,T) be a fuzzy topological space and r € Iy. Then a fuzzy set p of X is
fuzzy strongly r-semiopen if and only if p is a fuzzy strongly r-guasi-seminegighborhood of z, for
every fuzzy point Toqp.

Theorem 2.4, Let z, be a fuzzy point in a fuzzy topological space (X,7T) and r € Iy. Then
2o € sscl(u,r) if and only if pay for ell fuzzy strongly r-quasi-semineighborhood p of T.

Theorem 2.5. Let 2o be a fuzzy point in a fuzzy topological space (X,T) and r € Iy. Then
2o € ssint(p,r) if and only if there is a fuzzy strongly r-semineighborhood p of . such that p < p.

Remark 2.6.
(1) Every fuzzy r-neighborhood (r-quasi-neighborhood) of z, is also a fuzzy strongly r-semi-
neighborhood (strongly r-quasi-semineighborhood) of z,.
(2) Every fuzzy strongly r-semineighborhood (strongly r-quasi-semineighborhood) of z, is also
a fuzzy r-semineighborhood (r-quasi-semineighborhood) of z,.
(3) Every fuzzy strongly r-semineighborhood (strongly r-quasi-semineighborhood) of ., is also
a fuzzy r-preneighborhood (r-quasi-preneighborhood) of z,.

Following examples show that their converses need not be true in general.



Example 2.7. Let X = {a,b} and p; and pe be fuzzy sets of X defined by

3 1
pi(a) = 5 pr(b) = ik
and
7 9
pa(a) = Tt pa(b) = —.

Define 7: IX = I by

1 if p=0,1,
Tw) =4 5 if p=up,
0 otherwise.

Then clearly T is a fuzzy topology on X. Let z = b and a = % Then =, € o and us is

fuzzy strongly %—semiopen. Thus pg is a fuzzy strongly 3-semineighborhood but not fuzzy x-
neighborhood. Also us is a fuzzy strongly %»quasi—semineighborhood of z, which is not a fuzzy
1-quasi-neighborhood of z.

Example 2.8. Let X = {a,b} and p1 and ps be fuzzy sets of X defined by

1 2
m(a) = g )= £

and 1 3
pa(a) = 2 p2(b) = 5

Define 7 : I* — I by

1 if p=0,1,
0 otherwise.

Then clearly 7 ig a fuzzy topology on X. Let z = b and a = %. Then z, € puz and pg is fuzzy
L semiopen. Thus ps is a fuzzy -semineighborhood but not fuzzy strongly 3-semineighborhood.
Also o is a fuzzy %aquasi-senﬁneighborhood of 2, which is not a fuzzy strongly %-qua.si—semi—
neighborhood of z,.

Let (X,T) be a fuzzy topological space. For each r € I, an r-cut
Tr={ueI*:T(y)2r}

is a Chang’s fuzzy topology on X.

Let (X,T) be a Chang’s fuzzy topological space and r € Iy. A fuzzy topology IT7 : I* = I'is
defined by L
1 if p=0,1,
T (w)={ r if pweT~-{0,1},
0 otherwise.

The next two theorems show that a fuzzy strongly semineighborhood[11] is a special case of a
fuzzy strongly r-semineighborhood.
Theorem 2.10. Let z, be a fuzzy point of a fuzzy topological space (X,T) and r € Iy. Then
a fuzzy set p is a fuzzy strongly r-semineighborhood (strongly r-quasi-semineighborhood) of x4 in
(X,T) if and only if u is a fuzzy strongly semineighborhood (strongly quasi-semineighborhood) of
zy in (X, T)-



Theorem 2.11. Let ., be a fuzzy point of a Chang’s fuzzy topological space (X,T) and r € I.
Then a fuzzy set u is a fuzzy strongly semineighborhood (strongly quasi-semineighborhood) of z,, in
(X,T) if and only if u is a fuzzy strongly r-semineighborhood (strongly r-quasi-semineighborhood)
of #o n (X, TT).

The product fuzzy set u x p of a fuzzy set p of X and a fuzzy set p of V is defined by

(1 x p)(z,y) = u(z) A p(y)

for all (2,y) € X X Y.

Let (X, 7T) and (Y,U) be fuzzy topological spaces and r € Iy. Then X is r-product reloted to Y
if any fuzzy set u of X and any fuzzy set p of ¥/,

cl{p x pyr) = cl(p, ) X cl(p, 7).

Let {(X;, T;)}ies be a family of fuzzy topological spaces. Let X = [ X;andp; : X = X0 € J,
denote the projection map. Let (7;), denote the Chang’s fuzzy topology on X; fori € J, r € I.

Let,
[1(T3)r = supses 7 ((Ti)r)

be the Chang’s fuzzy topology generated by {p;'((Ti)r)}ics s a subbase. Let T be the fuzzy
topology generated by {I1](7:}r}o<r<1. That is

T =V{rely: uel(T)-}

Then T is called the product fuzzy topology on X and denoted by [] 7;.

Lemma  2.12. Let 7 € Iy and a fuzzy topological space (X,T) be
r-product related to o fuzzy topological space (Y,U). Then for any fuzzy set p of X and any
fuzzy set p of Y, int(u x p,r) = int(y,r) X int(p, 7).

Theorem 2.13. Let (X, T) and (Y,U) be fuzzy topological spaces and v € Iy. If X is r-product
related to Y, then the product pu X p of a fuzzy strongly r-semiopen (strongly r-semiclosed) set p in
X and a fuzzy strongly r-semiopen (strongly r-semiclosed) set p in'Y 1s fuzzy strongly r-semiopen
(strongly r-semiclosed) in the product fuzzy topological space X x Y.
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