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ABSTRACT
The equivalent load method has been widely used in the design and analysis of prestressed
concrete structures. The purpose of this paper is to explore several important methods of obtaining
equivalent loads, and to clarify ithe advantages and limitations of each method. The methods
devised in this study include the use of curvature of tendon, characteristics of primary moment,
seli-equilibrium condition, and linear segments approximation of tendon It is shown that
equivalent loading system is not umquely determined in some cases and careful engineering

judgement 1s required from the view point of accuracy and practical convenience.

1. INTRODUCTION

With the progress of analysis technique for prestressed concrete siructures, many studies to
investigate the effect of prestressing tendon on the structural behavior have heen conducted.

Concerning the modeling of tendon in prestressed concrete structures, two  alternative
approaches are pgenerally used. One is to deal with tendon as elements in the fimte element
analysis of prestressed concrete structures. The other is to evaluate only the forces exerted to
structure by prestressing tendon. neglecting stiffness of tendon. The second approach can be
classified nto several categories, the representative of which is the equivalent load method that
considers prestressing force exerted to the structure as extemal force. By employing this concept,
one can obtan a clear picture of the forces acting in- the prestressed concrete structures and it
allows the designer to use familiar beam and frame anaiysis. That is, the analysis of prestressed
concrete mernber is converted to that of nonprestressed member.

The main purpese of the present study is to devise several umportant methods of calculaung
equivalent loads, and to clarify the advantages and limitations of various methods studied.
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2. GENERAL PROCEDURES TO CALCULATE EQUIVALENT LOADS AND APPROXIMATIONS USED

2.1 Equivalent Load Calculated by Curvature of Tendon

The equivalent load depends only on the geometry of tendon, precisely speaking, curvature of
tendon irespective of shape of the member and support condition. The distributed load exerted by
the curvature of tendon at the contact face between tendon and swrounding concrete can be
written as, w — P/R = xP, with the direction norma! to the tendon axis. Where, P is the
presiressing force, R 1s the radius of curvature, and x» 1s the curvature.

This method is convenient to use for the tendon with constant curvature. Fig. 1(a) shows the
exact eguivalent loads in the simple beam with circular tendon profile. However, the problem is
now how cne can accommodate these eguivalent loads in the beam analysis. The best answer to
this 1s to deal with equivalent loads as it is without any modification in magnitude and direction
already calculated. Fig. 1{b) shows the idealized simple beam in question with exacl equivalent
loads applied.

However, in many cases including above example, the equivalent load method is not used in a
strict sense due to the practical considerations for the convenience of structural analysis. Fig. 2 is
a generally accepted analysis model of Fig. 1{b) which transferred original equivalent distributed
load to the location of centroidal axis with its magnitude maintained but direction slightly changed.
Moreover, the direction of anchorage force P is often assumed toc be horizontal. These
approximations result in the foliowing problems.

First, the equivalent loads do not satisfy self-equilibrium condinon, which must be met from
the consideration of statics. As a result, some reactions of small magnitude at the supports occur,
which do not exist in the simple prestressed beam in reality Secondly, the section forces produced

by approximate equivalent loads are alsc approximate ones.
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(a) Equivalent loads in a strict sense {b) Idealized beam with exact equivalent loads

Fig. 1-Simple beam with circular tendon profile
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Fig. 2~ Approximate equivalent loading svstem for the simple beam of Fig. 1(a)
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2.2 Equivalent Load Calculated by Primary Moment

When the curvature of tendon varies from point to poinl, the methed 1 is not practical and the
following method, especially for the polynomiai type tendon, can be used instead. The primary
moment can be defined as, M, = (Pcoshe = Pe, for small 4 value.

This is very effective assumption in the sense that the bending moment diagram of M, has the
same shape as eccentricity with only difference being magnitude. One can obtain the eguivalent
loading diagram by differentiating the primary moment twice. Note that according to this
procedure, the parabolic eccentric corresponds to uniform equivalent load, and the cubic eccentricity
to linearly varying one, and so on.

Consider the simple beam with parabolic tendon profile. With the coordinate definition shown 1n
Fig. 3, the eccentricity can be written as e = 4kx(1 —x/L)/L, which results in w = 8PR/L*. This
produces exact bending moment at the mid-span, but approximate one at other locations. This is
due to the fact that M, = Pe is true expression at the mid-span and approximate one at other
locations.

Next alternative procedure can also be used for the parabolic tendon, which is based on the
above discussions. It iz assumed that the equivalent load is applied at the centroidal axis of a
beam with constant magnitude in the veitical direction. Then, the magmtude is determined so that
it produces exact bending moment at the mid-span.

Self-equilibrium condition and section forces produced by the method 2 are only approximate
expressions, because the above procedurs has the same effect as slightly medifying the magnitude
and direction of exact equivalent load.
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Fig. 3-Simple beam with parabolic tendon profile

2.3 Equvalent Load Calculated by Self-Equilibrium Cendition

This approach evaluates the eguivalent load by equilibrium condition with ancharage forces
given. Therefore, the self-equilibrium condition, which is saiisfied in an approxiumnate sense in the
methods 1 and 2, is exactly satisfied, although section forces are still approximate values.

Two equilibrium equations can be uscd to [ind eguivalent (ransverse joad in the plane heam,
1e., vertical force equilibrium and moment eguilibrivm. One should ry to find oul the equivalent
loads that satsly these two equilibnum equations with the anchorage forces given at both ends of
the beam. This may raise a queshion, because there exist many load cases that satisfy equilibrium
condition with anchorage forces. Therefore, it is necessary that one should obtain some
mformation of equivalent loads from Lhe geometry of tendon with two unknowns left belore

detailed calculations.



Consider the member with cubic tendon profile and ancherage forces given in Fig. 4(a) It 1s
already known that assuming c¢onstant horizontal prestressing force, the cubic tendon profile
corresponds to linearly varying equivalent lead from the methed 2. Therefore, it is reasonable 1o
set the magnitudes of linearly varying lcad at both ends of the member as unknowns, and solve
for these two unknowns by two equilibrium equations. Referring to Fig. 4(b) with positive sign

convenuons shown, the following results are derived from the equilibrium conditions.

w, = - % (2Psind,— Psin@} — %(Q;PCOS 8,+ePcosd,) {1
w; = _zf (Psin@,—2Psing) + -[%(e;Pcos 8,+ e Pros 8,) (2

Naote that cubic tenden profile also includes parabolic shape, which would result in equivalent
uniform load. However, eguivalent transverse load corresponcing to tendon orofile higher than
cubic order cannot be uniguely determined by only two equilibnum equztions, because the number
of unknowns exceeds two

When the several kinds of profiles are used 1n one tendon as in the continuous beam, the beam
should be divided into segments so that each segment has unique polynomial expression. After
that, the method 3 can be applied to each segment to find corresponding equivalent load,

respectively.
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{b) Forces applied to the beam 1n relation to the vertical equilibrium
TFig, 4-Simple beam with cubic tendon profile

2.4 Eguivalent Load by Linear Segments Approximalion of Tendon

According to the method 4, the member is divided into segments and the curved tendon is
assumed to be straight tendon commecting two intersection points 1 each segment. Then, the
equivalent load exists as the form of concentrated load only at the interface of two segments

meeting each other and the eguivalent distributed load arising from the curvature of tendon
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disappears. This method is also used when the tendon is implemenied as elements 1 fnite
element method. As can be expected, to simulate curved geometry of tendon by this method to

some extent, many segments are required depending on the problem.

3. CONCLUSIONS

The equivalent load method has wide applications in the design and analysis of prestressed
concrete structures and is recognized as simple yvet powerful one. The purpose of this paper 15 to
explore several important methods of obtaining equivalent loads, and to clarify the advantages and
himitations of each method. The methods devised in this study include the use of curvature of
tendon, characteristics of primary moment, self-equilbrivmn condition, and linear segments
approximation of tendon. The present study emphasizes that careful engineering judgement is
required to obtain realistic equivalent loading system for the prestressed concrete members
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