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ABSTRACT

A new improved variable structure controller is
designed to drive uncertain linear systems to
any given point by using a sliding surface with
an integral of state error for removing any
reaching phase. Predetermination or prediction of
output response is feasible for all the persistent
disturbances. The usefulness of the proposed
algorithm is verified through an Hustrative
example, '

1. Introduction

The theory of the variable structure system
(VSS} or sliding mode control (SMC) can
provide the effective means to the problem of
controlling uncertain dynamical systems under
arameter variations and external disturbances
5 Many  design algorithms including  the
linea.r(optimal control™ eigenstruciure
asmgnrnent 9, geometrlc approach[ ], d1fferential
geometric approach Lyapunov approach ]) and
nonlinear'># techmques are reported. Moreover,
an integral action also had augmented by two
groups. One is to improve the steady state
perfonnance[?'w'm against the external
disturbances in the digital Implementation of the
VS5, and the other aims to reduce the
chattering problems by filtering the discontinuous
input through integral operatjon

Unfortunately, most of these existing V55's
have the reaching phase, which reduce the
robustness of the contral sys‘cems[1 ‘

Many alleviation methods for the reaching
phase  problems are reported, high-gain
feedback! ™" adaptive rotating or shifting of the

g (2,20) - [zl
sliding surface™™, segmented sliding surface™,
augmentation of exponential term[zz'gg], and
Park’ s, However, these methods have merits
and disadvantages.

In this paper, a new intepral variable
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structure controller(IVSC) is suggested for the
control of uncertain general linear systems to
any given point with predetermination/prediction
of output response. An example is presented to
show the effectiveness of the algorithm
compared with the {iypical V55 having the
conventicnal linear sliding surface.

2. Integral-Augmented Variable Structure
Systems

2.1 Description of plants
An n-th order uncertain general linear system
iz describad by
X&(x):(A+AA)X(:)+(B+AB)u(r)+Df(r), Xtt,)

y=EX() (1}

where XY()eR weR and S€R are the state,
control, disturbance, A4,AB,D are the bounded
uncertainties and the disturbance matrix and
satisfy

N(AA), RAB). and N(D) = R(BY (2)
The purpose of the controller design is to
regulate the plant to the output(state) of a plant
(1) to any value »(% »=£%) for all the
uncertainties and disturbances by using the
sliding mode control. By state transformation,
z=Px a cancnical {orm is obtained as,

BN =AZ(H)+Tu)+TH),  Z(t) €)
y=EP\Zit)
where
0 1 1 A ¢ 1}
A=PApP! 0 0 a0 =F8=
M M M M M 0
-a —a;, -—oy A -a, 1 (4)

Zl)and A are a transformed initia) condition and
lumped uncertainty, respectively.
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2.2 Design of Integral sliding Surfaces

Ta design the IVSC, the sliding surface in
ertor coordinate system is suggested to the
following form having an integral of state as

8,20 =Cool [(Z-Z)dr+ [ (2-2,)d)
+o(z (-2 0+A +e, (2,(1)~2)

=Cul [(Z-2)dt+ [ (2-2,)d]

+C,(Z(0)~Z,)=0 (&)
S5, =Clpgl J: (XX )dt+ f (X = X.)di)
+Cyp (X (H-X,)=0 (6)
where coefficient matrices
Cy =[cl c; A cn}eh‘l"”, c, =1
Cro=CaPs  Cyy=C,P e R (7

Can [(2- 2= 2= 7). Ci [0 = 8, )1=Conl = Kt (g

From $Z0=0 (3) and (4)

BN =—Cy(Z-Z)-10 ¢ A ¢,]Z0

=-C,Z(N+ T4 2, 2)]

where

C;i,=[r:zl C., A cm]=Czo+[0 e, A c:n_,] (10
is gbtained. The initial condition for the integral
state in (5} and (B) are selected for removing
the reaching phase from the beginning as (8).
Finally combing (9 with (3) leads to the ideal
sliding dynamics:

B =AZ()+TC7Z,,
and

(= PAPX D+ PTIC,PX,, X () =X(t) (12)
where

O(n—l]xl I(n—l}x(n-l)
A=
— CZ

Zlte)=Z (1) (11)

13

which can  be considered as a dynamic
representation of the sliding surface (5) or (6),
In order to apply the well-studied linear
regulator theories to choosing the ideal sliding
dynamics, (11) and (12) are transformed to the
nominal from of (3)

Ey=AZ (O +Tu (2, §+TCyZ,

u{Z, )=-GZ (1) (143
where
A, =A-TG (15)
and
Ky = AX () + Bu (X, )+ BT, PX,
u (X, 8=-GPX (1)=-KX () {16)
where
PUAP=4-BK
In steady state, the condition for the gain
IG=A+TCyz, and BK=A+BCy,P (17

are satisfied. After determining ¥ or G to have

a desired ideal sliding dynamics, the coefficient
matrix of the new surface (5) or (6) can be
directly determined from the relationship:
CZ:I_CZO, Ty, tez A czn,+C2|H]
=[a, a A a,|+G
=fo, &, A a,]+kP (18)

Crp=0C4 (19
which is derived from (15) and {17). If one
design the desired performance using the
nominal plant (14} or ({(16) based on the
previously well developed linear feedback
theories, then, the sliding surface having exactly

that performance can be effectively chosen using
(18) or (19).

23 Control Inputs and Stability Analvsis

Now, as the second design phase, a following
control input to generate the sliding mode on the
selected sliding surface is proposed as

() = =(Cy BY '[Cyg (X =X, )+ Cpy AX ()]

ﬁ(C-YiB)—IIEPli [% =%, 1+ el XH.i-p}]Sgn(Sp) (20)

1=l

with the positive constant gains satisfying the
inequalities:

max{|Cy, B[}
1-max{|C 4 B}/ |C B’
. max{Cy L4

1-max{{Cy B[}/ | C (B (21)

max{|Cy D (6) |}
1—-max{|Cy, 1B}/ | Cp B
and the necessary constraint is imposed on the

uncertain bound pf AS()
I>max{|Cy B}/ | Cy B (22

Pu >'l Croy | :1!2 T

145
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This confrol input (21) can be practically
implemented for moere general uncertain systems
(1}). And the obtainable performance can be state
in next theorem,

Theorem 1. The proposed feasible uvariable
structure controller with the input (20) and the
modified sliding surface (6) can exhibit the ideal
output of the sliding mode dynamics, (14) or
(16), defined by the modified sliding surface (6).

Proof: The real dynamics of the sliding surface
by the new confrol input can be obtained as
X = Cpp(X = X )+C i = CylX - X))
+ C (A + AN XD+ (B + AR+ DF(OY (23)
Substituting (20) into (23} leads to

$(X.0) = CAMX (1) - CAB(Cy B '[Cy(X - X,)

+ Oy AX(O]-Cx (B + AB){C,“B)*‘['E P x =,

+ g x4 5188005, ) + Cp D (1)
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F(X )= —CAB(C BY 'Cy (X - X,)-C ALK ()

-Cy(8 +AB)(CHB)7IZP|‘ (x, —x, }sgn(5,)

1=l
~Cy (B +ABYC\BY ' py | X || sgn(S,)

o4
- Cy Df ()= Cyy (B+ABXCy,B) pysan(S,) (24)

To stabilize the dynamnics of the sliding surface
in (24), the condition (23) is naturally necessary.
From the inequalities of gain (22), it can be
easily shown that the existence condition of the
sliding mode

Sa(x,0 (%, 0<0 (95)

is satisfied. Thus the control in this paper can
generate the sliding mode at everv point on the
modified sliding surface with a feasible form.
Therefore, the output trajectory of the proposed
controller can be identical to that of the ideal
sliding mode dynamics from a given initial state
to corigin delined by the new sliding surface
because of the insensitivity of the controlled
gystem to uncertain Parameters and disturbances

in the sliding made™Y,

3. Design Examples and Simulation
Studies

Consider the following plant with uncertainties
and disturbance

() = (=2 + Aay)x, (O + {1+ Ab (D) + f17)
(0) = Aayx, (1) = 3%, () + (+ Aby (1))l 1) + £ ()

y=R s xf (26)
where

a(ty=3sm(@) Ab(£) = Ab,{r) = 03 cos(5¢} , S0=0 5cos(6r)

M]3 | A= AR (DIS03 70105, {97)

The controller is aim to drive the output of the
plant (26) to any 7*. In the steady state, the

state should be Z =01 o'y, and X, =P/8 U4l
due to the steady state condition. The
transformation matrix to a controllable canonical
form and the resultant transformed system
matrices are

TR L -

By means of Ackermanns formula, the gain is
obtained as
K=[075 025] gqa G=[175 1.00] (20}

for desired poles in % are located at -2.5 and
-35. By the relationship (18) and (19, the
coefficient of the new sliding surface directly
becomes such that the closed loop eigenvalues of

Co=lay, e]+G =[6 s]+[1.75 1.00]
=75 600] =C, (30)

Cro=[875 6] Cu=[0 1]

Cey=CroP=[-325 925] Cp=CyP=[-2 3]  (31)
and {inally the new sliding swface become

SO¥.0=—3.25 L(x\ —x, Jedt +(243.25)(x,, —x, ()]

+9.25f £(_r1 = %y, )t +(319.25)x,, - %, (ON)]

= Uy =x, Y+ 300 ~ 2,20 (32}
Far the second design phase of the IVSC,
CyB=1, C,AB=03cos3(5¢)
l—mak{CmAB}/[Cﬂm:(}.? (33)

are obtained. The condition (22) is satisfied in
this design. The inequalities [or the gains In
discontinuous input term, (20} hecome that the

constraint on

max{|Cy, B[} 0.3

Pn € | =3.25-"==1.393

M max{(Cy B [CB| 07
P >| €y, |M.__ - 9252 =3.964

*omax(|Cy B | CBl 0.7
P, > max{Cp L9 _ _»i — 428G

[~ max(Cy, B[}/ |CiB| 0.7 (34)

P— max{Cy L) [} _05_ 0714

- max{Cyp B}/ | CpB] 07

The control gains are selected as

Ai=2 pn=53 p,=7 and Py =4 (35)
and finally, the following confrol input is
obtained to satisfy the existence condition of the
sliding mode as

ult) = -3.23(x, ~ x,) #9.250x, ~ 25, }+ 45, — 9, ]
—[2]5 =X, [+5]xy =3, [+T | X [+ 4]sen(S,) (36}

Fig. 1 shows the ideal output and real output
from 0 =-2=[2 ([-05 -1 t5 » =2 The ideal
and real state responses by the proposed SMC
are shown in Fig. 2. As can be seen, the
trajectories identically egual to those of the ideal
sliding oufput. The phase portrait is presented in
Fig. 3. There is no reaching phase. The integral
state of output error is depicted in Fig. 4. The
fact of no reaching phase can be also found in
Fig. 5 showing that the value of the new simple
sliding surface chatters from the initial time
without any reaching action, And this is
fundamentally resulted from the switching of the
implemented control input from the initial time
as shown in Fig. 6 as designed. Fig.7 shows the
output responses to the two different commnads,
¥, =5apd 10
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4. Conclusions

Inn this paper, a design of an IVSC is
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Fig. 7 Two outpuls [or different commands

presented o control uncertain linear systems
under persistent disturbances to a given desired
oputput. This algorithm basically concerns with
removing the reaching phase and application to

uncertaln non-canonical linear systems. To
successfully  remove the reaching  phase
problems, a siiding surface angmented by an

integral of state is suggested to define the hyper
plane from any given initial condition to a given
desired putput. For the design of its sliding
dynamics, the system is transformed to a
canonical domain and the ideal sliding dvnamics
is  obtained. After choosing the desired
performance by means of any well developed
linear regulator theories, the integral sliding
surface is determined to have exactly that
performance from 4 given Initial condition. A
correspanding control input is also designed to
completely guarantee the performance
pre-determined in the sliding surface from any
initial condition to an arbitrary desired output.
The complete robustness of the pre-determined
performance for all the persistent disturbances is
investigated in Theorem 1 together with the
existenice condition of the sliding mode of the
IVSC and the asymptotic stahility of the closed
loop  system  because the reaching phase is
removed  perfectly.  Through  studies, the
usefulness of the proposed controller is verified.
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