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ON THE INCREMENTS OF
(N,d)-GAUSSIAN PROCESSES

Yong-Kab Choi! and Kyo-Shin Hwang!

ABSTRACT

In this paper we establish limit results on the increments of (N, d)-Gaussian
processes with independent components, via estimating upper bounds of large
deviation probabilities on the suprema of (N, d)-Gaussian processes.
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1. INTRODUCTION AND RESULTS.

Limit theorems on the increments of Wiener processes and Gaussian processes have been
investigated in various directions by many authors [1, 5-8, 11-25]. Furthermore, the moduli
of continuity for Gaussian processes and Ornstein-Uhlenbeck processes have been intensively
studied recently by Csérgé and Shao [9], Cséki and Csorgé [2], Csdki et al. [3, 4], Csorgé et
al. [10].

Throughout this paper we shall always assume the following statements: Let {X;(t), t €

[0,00)"}, i = 1,2,--- ,d, be real-valued independent continuous and centered Gaussian
processes with X;(0) = 0 and E{X;(t) — X;(s)}? = o2(||t — s]|), where o;(t),t > 0, are
positive nondecreasing continuous functions and || - || denotes a usual Euclidean norm such
that

N 1/2
le=sll={ > (ti-5)%} ", tisi €[0,00).

i=1

Further assume that o;(-) are regularly varying functions with exponents o; at zero and oo
for some 0 < a; < 1.

Let X4(t) = (X1(t), -+, Xa(t)) € R% t € [0,00)", be a vector-valued Gaussian process.
We call X%(t) a (N, d)-Gaussian process with independent components.

For our purpose we first introduce some notations to be used in this paper. Let t =
(t1,--- ,tn) and s = (81, ,sn) be vectors in [0,00). We define:

(t,s) = (t1, - ,tN,S1, " ,SN) € [0, 00) 2N
t<s if t; <s; for all integers 1 <7 < N;

t+s=(t; 81, -ty Tsy); bt=(bty, - ,bty) for be[0,00);
ts = (ty51,  ,tnsn); T= (T, ,T) € (0,00)";

a(T) = (a1(T), - ,an(T)) for 0<T < o0,

bl

where a;(T), 7 =1,2,--- , N, are real-valued positive continuous functions of T
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Fori=1,2,---,N, let a;(T) be such that
(i) 0<a;(T) <T and liminfr e ai(T) > 0.
For convenience, we denote:

.
[
-

5 = o [T 5 (- 5)}
N 1/2
Ba(T) = {2<108"(H al(T)) + log log T)} )
(

=
=

Bo(T) = {2(log

1 d
o(d,h) = { =D 0¥

i=1

az‘(T)) ~ 108 (m2) T) }1/2’

h >0,

.
[
—

N
=
~
——t
—
~
[

m > 2,

where log,,)T" = loglog(,,_1)T for m 2> 2, logyyT = logT, logz

p V ¢=max{p,q}.

Our main results are as follows:

Theorem 1.1. Suppose that

T 1
i I (— br+—)=c, i-1,2,--,N.
(11) Tl—'moo ai(T) +or+ bT) o
then X%t +5) - X(0)]
Xt +s)— Xt
liminf sup sup <1 a.s.
T—oo 0<t<T 0<s<a(T) a(d, [la(T)II) B(T)
If we have
7 i (T
(iii) fim D 10N
T—o0 lOg(m) T
where m > 2, then
L | Xt +5) — X4t)|
liminf su sup <1 a.s.
70 02eer ozaga(ry o(d: [a(T)]) Bs(T)
Theorem 1.2. Suppose that
(iv) M:w, i=1,2,-,N
T—oo log (br + H)
and that there exist positive constants ¢; ana ¢y such that, for x > 0,
do?(z) a7 (z) d*of(z) o(z) .
' dr |SC] " and |‘—E‘T—2'—'|SCQT, 121,2,"'
then p 4
Xt - X4t
liminf sup sup Xt +5) (®)] >1 a.s.

T—oo 0<t<T o<s<a(T) o(d,la(T)|) /1(T) —

Combining Theorems 1.1 and 1.2, we have the following linit theorem:
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Corollary 1.1. Under the assumptions of Theorem 1.2, we have

liminf sup sup X4t +5) — X4l
T—oo o<e<T ogs<a(m) 0(d [a(Tl) Br(T)

=1 k=1,2,3, as.

The proofs of Theorems 1.1 and 1.2 are accomplished by applying the modifications of
Fernique’s lemma [12], Theorem 4.2.1 in Leadbetter et al.[17] and some supplementary
lemmas. The details are omitted.
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