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Abstract - In this paper, a robust control scheme for a
class of SISO nonlinear dynarnical system is proposed by
using output-feedback linearization method. The presented
control scheme is based on the VSS control theory concept.
In this control scheme, we assume that the nonlinear dyna
mical system i$ minimnum phase, ie., the relative degree of
the system is < n and zero dynamics is stable. We also
assume that the states of zero dynamics are not accessible.
It s shown that the global asymptotically stability is guara
nted under the proposed control scheme. The feasibility of
the proposed control scheme is verified through a computer
simulation.

1. Introduction

Nonlinear control has emerged as an area of extensive research
activity recently.[11-[2). An important class of problems in this
area concerns the study of disturbance inpits for an analysis and
controller synthesis purposes. Feedback stahilization of nonlinear
systems at a specified equilibrium is a central topic in control
theory and it has been a subject of research by many authors,
e.g., seel3]-[5]. The works of Artstein, Sontag-Sussman [6), and
Vidyasagar(7} are among the most significant contributions in the
study of stabilization using Lyapmov-like techniques. The robust
control approach has been developed for the  effective control of
uncertain linear/nonlinear dynamical systems. The robust control
technigque does not reguire the exact functional natures and the
accurate parameter values of the system The robust control
scheme including the variable structure contral is based on the
construction of the control effort overcoming the uncertainty.
Therefore, this control scheme needs a priori knowledge of the
uncertainty bounds. When dealing with minimum phase nonlinear
systerns, a stableAmstable decornposition is usually used and the
controller must contain only the part with stable inverse.
Therefare, the problem of synthesizing control algarithms for

plants with unstable zero dynamics is very imnportant. Recently,
Hauser et al[8] proposed a new control design based on an
approximate linearized model. For many nonlinear systems,
uncertainties are common in control practice. So the design of a
robust controller that deals with a nonlinear system with
significant uncertainties is an important subject.

The paper is organized as follows. In section I, mathematical
tools is presented and output feedback linearization is discussed.
In section I, VSS controller is presented and its stability analysis
is shown in the Lyapunov sense. In section IV, the feasibility
of the proposed control scheme is verified through a computer
simulation.

2. Mathematical Tools

Given f,a C* vector fieldon R",and k,a C” scalar field
on R™ the Lie derivative of % with respect to f is defined as
the inmer product of the gradient of £ with f
Ok

axiflv

Lik=<dh f>=2 @D

Wecanseethat Lyh isalso a C” scalar fieldon R™ . Higher

order Lie derivatives can be defined inductively as follows:
Lih=L,(LY'h), #=2,3,-

Given f,2 a C” vector fields on R”, the Lie Yracket

[f,g] is a vector field defined by

[f,g]=—§§f—~gfg 22

where ‘gf a“d—gf are the Jacobians. [f, g] isalsoa C™

vector field on R". One can define iterated lie brackets

[£.17.£)], [£.1F, 7. g]]] etc. The following notation is
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standard:
adjg = &
adyg = [f, g}
adsg = [/, g])

odtg = Uf, adt 2]

The purpose of this section is to show how single-input
single-output nonlinear systems can be locally given, by means
of a suitable change of coordinates in the state space, a normal
form of special interest, on which several important properties can
be elucidated. The paint of departure of the whale analysis is the
notation of relative degree of the system, which is famally
described in the following way.

The single-input single-output nonlinear system

x ()= f(x(£)) + glx(t N1

() = h(x(t)) @3
is said to have relative degree 7 at a point x° If
GYL,L M(x)=0 for al X in a neighborhood U of x°

and all k<r—]

YL Ly " h(x)=0
where the state X is assumed to belong to an open neighborhood
Uof R, f(x) and g{(x) are smocth vector fields on R,
ueR,yeR, and f(0)=0 (e, the crigin is an equilibrium

point).
3. VSS Controller Design

In this section, we propose a control law  which guarantees
that closed-loop system has the unifamly ultimate bounded
stability with a tolerable tracking error. Because the states of
2ero dynarmics are not accessible, we consider these states as
bounded disturbances under the assumption that zero dynamics
is stable and also we have no priori knowledge concerning the
magnitude of these disturbances. The following assumptions are
needed for the development of a controller.

/}ssumptjon 1 : Assume that zero dynamics is stablelor
‘onfinear minimum phase). a( z,¥ ) and 5(z,¥) can be
approximated as follows

a(z,¥)za(2.0,) + 22(2, 0, )0

Bz ¥)=a(z, %)+ S5 ( 2.0, )60

where ¥, is an equilibrium paint of zero dynamics , and without

loss of generality, ¥, = 0.
Assumption 2  There exists some positive constant vector
Py P2 such that

192 (2,2, )89 1 < oL (1, 2)

1252, 9,)08 011 < pf w(t, 2)
where
Pva = (py P o13), Pva = (pn Pn Pxm)
are unknown parameter vectors and 41, (, 2)= (1llzllllzll*)7.
From the ahove assumptions, the time derivative of Z, can be
rewritten as
z,=a({z, ¥+ b(z, ¥ u+(z,nu, £} GD
where
12w 0= 222089+ 25 (2. 0)8 v
Because control input 2(¢) must be bounded, the norm of
7{ z,u,t) can satisfy the following inequality.
l2Czu, Il < ol @, (4, 2)
where ol = (¥, 7,73) is unknown parameter vector and
¢,(t, z) can be any positive vector function. In this paper, we
set @,(f, z) tobethe same as p,(¢, z) as follows
et z)= (1 llzll IzI*)7.

Throughout this paper, the norm || - |} is assumed to be the

Euclidean vector norm Now we utilize the VSS concept to derive
a control law. First let us define a sliding surface as follows.
sz, z)=az,+ +a,12,,+ 2, (32

where a;, {= 1,--,7r—1, are chosen so that the following
polynorinals 2(s) are Hurwitz
Hey=s"+a, s '+ +a 33)

Now, we consider a following VSS-like type control law
U= eyt Uy (34)

where u,, is the equivalent control input of the nominal system,

u#s is the control input overcoming the uncertainties ( or
disturbance Wwhich represent the term conceming zero dynarnics).
We derive g, from the fact that the derivative of 1/2s° along
the trajectory of the closed-Joop system should be equal to zero
and Uy is found such that

s{s1¢ ~8lsll, 8>0. (35)
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This inequality implies that the trajectory reaches the sliding
surface in a finite time and stays on the sliding surface thereafter.
Now wediscuss how to derive the #,, and u, which satisfy

the above conditions. The time derivative s can be expressed as
s{zp=z,)=a &ty 25+ + 2,=0
=@zt ape2,+al z, ¥,)
+ b6(z, ¥ u+ p{z,u, 1),

If we choose u, as follows
Uy = m{~ @z~ a2, —al z, ¥)} 36

then
s(zpmz) = 8z, TJuy+ 9 z,u,8). B
Now w#, is chosen by

Ug= —m{ a7 ekt 1) + k) - sgnis) (9

where 7, is estimate of 0, . We can summarized the controller
structure as follows

W= gy + m{wk—- 770 (1 2))sen(s) (39

Now the dbjective of control is to drive the parameter update
law which guarantee that z{ {) converge to zero vectar as time

goes to infinity. Therefare, we suggest the perameter update law
as follows

;’1 = ¢+ sgn{s)
7= sllzll sen(s)

7= sl zll? sgn(s)

(310
where
?1”?1”?’1
?2"—'?2"72
373:/7’\:-1‘73

The stability of the proposed control Jaw is analyzed by the
following theorem.

Theorem 3.3 : Under the assumption {11-{2], the uncertain
dynamical system (3.1) with a robust control law (39) and
parameter update law (3.10), is globally uniformly ultimately
bounded.

Proof: The proof is based on the Lyapunov-like function

V= 42L( W R+ T4, @1

Taking the time derivative of V' along the trajectary of (37

yields
; o~ e o~ e
V< yrn+nntnntsb(z,¥) u,
+1slol @,(t, 2)
~ A ~ ~ A
Snntrertnann
-~ T
=s{ 0, ot z) + k) - sgn(s)
+lslol ot 2)
~ A ~ A -~ A
Snntrrntinn

—s T ot 2) san(s) — sksan(s) . »

From (311), V can be expressed as

Vs —sksgn(s)<0.
Therefare s->0 and z {0 as {— o0,

4. Conclusions

In this paper, a robust control scheme for a class a
uncertain nonlinear dynamical systems has been proposed The
presented control schere is based on the VSS robust  control
structure with an parameter adaptation law for the uncertainty
bounds. The wiformly ultimate boundness of the control scheme
is guaranted and has been demonstrated by a simulation.
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