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Abstract

A method to construct a memoryless feedback law
for systems with multiple time-delays in the states is

proposed. As a plant model, a differential-difference

equation with multiple delayed terms is introduced.
A stabilizability condition by memoryless feedback is
presented. A feedback gain is calculated with a so-
lution of a finite dimensional Riccati equation. It is
shown that the resulting closed loop system is asymp-
totically stable, and moreover, it is a linear quadratic
regulator for some cost functional. An alternative
stabilizability condition which is easier to check is
given.

1. Introduction

Systems with time-delay in the states belong to a
class of infinite dimensional systems, so it is difficult
to implement the state feedback for them. To avoid
this problem, the memoryless feedback was proposed.
Assuming this type of feedback, some stabilizability
conditions have been derived. Ones via the solution
of a Liapunov or a Riccati equation were given by
Nazaroff-Hewer [1], Kwon-Pearson [2] and Feliachi-
Thowsen [3]. Ikeda-Ohta [4] showed a condition

which can be checked directly from the plant param-
eters. This condition was extended by Ryo-Ikeda-
Kitamura [5], Yasuda-Hirai [6], Miguchi-Tkeda [7],
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Amemiya [8] and Akazawa-Amemiya-Tokumaru [9].
An:dlternative condition was given by Furukawa-
Shimemura [10]. Memoryless stabilization of systems
with uncertain parameters was studied by Trinh-
Aldeen [11], Choi-Chung [12] and Wu-Mizukami {13].
Disturbance rejection using the memoryless feedback
was investigated by Lee-Kim-Kwon [14], Choi-Chung
[15] and He-Wang-Lee [16].

Recently, Shimemura and the present author pro-
posed a new method to construct a memoryless feed-
back law for systems with time-delay in the states
[17]. The merits of this method are the followings;

(i) the resulting closed loop system is an LQ reg-
ulator for some cost functional, and

(ii) ‘this regulator can be obtained without solving
any infinite dimensional Riccati equation.

Furthermore, this regulator is assured to have good
robustness properties as well as a finite dimensional
LQ:regulator; it has

(8) infinite gain margin,
(b) ‘at least 50 percent gain reduction tolerance,

(¢) at least +60° phase margin, and



(d) robust stability against a class of nonlinear
perturbations

[18].

In this paper, the above method is extended for sys-
tems with multiple time-delays in the states. First,
a differential-difference equation is introduced as a
plant model. Second, a Riccati-like finite dimensional
matrix equation is presented. With its symmetric
positive definite solution, a memoryless feedback law
is constructed. Then it is shown that the resulting
closed loop system is asymptotically stable, and it
minimizes some cost functional, that is, it belongs to
a class of LQ regulators. Lastly, an alternative stabi-
lizability condition which is easier to check is given.

2. Formulation

Let us consider a plant described by

da(t) b 5
- = Aoz (t) + ;Ai:c(t — h;) + Bu(t) (1)
- z(0) = ¢(0)
z(f)=¢p —h<0<L0

where z(t) € R", u(t) € R™, Ay € R"*", A; € R™*"
(t=1,---,k), BE€E R*™*™ 0 < h; <--- < hg, and the
initial condition is {¢(0), ¢g}. The plant parameters
are assumed to satisfy the following condition:

Condition 1
There exist
a€Ra>0
QERY™ Q20
Re R™*™ R>0
6 ER,6; >0 (2=1,..,k)
PeRY P>0

such that
T k e?ah; T
PA0+A0P+Z_; 25 AT PAs
k
+2 (Z & + a) P-PBR'BTP+Q=0.
i=1
(2)
a

Using these P and R, a memoryless feedback law
u(t) = —R7'BT Pz(t) (3)
is constructed, and the closed loop system

dz(t)
dt

k
= (40— BRT'BTP) 2(t) + 3 Asa(t — hy)
1=1
(4)

is obtained.

In this paper, it is shown that the closed loop sys-
tem (4) is asymptotically stable, and the memoryless
feedback law (3) is the optimal control for the plant
(1) minimizing the cost functional:

J = /:0 gz, u)dt (5)

g(z,u) = 7 ()Qz(t) + u” (t) Ru(?)

k V26; e@hi
+Y 1P a(t) — —==Asx(t — hy)}|?
Pt ech V26;

>0 (6)
5 k
Q=Q+2aP+2) §(1-e>)P>0 (7)
i=1
where || - || denotes the Eucledian norm.

3. Linear Quadratic Regulator

In this section, two theorems are given. The first
one is to show the stability of the closed loop system
(4). The second one is to show the optimality of the
memoryless feedback (3).
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Theorem 1

Under Condition 1, the closed loop system (4) is
asymptotically stable.

Proof:

Let us consider the function

40]

=T (t) Px(t)
k e?ah;

255 )

i=1 2% J-hi

0
xT(t + 0)AT PA;z(t + 6)dd.

(8)
Differentiating V' (¢t) by the time ¢, we have
dv (t)
dt
{d:v(t) } Pa(t) + T(t)Pda:(t)
dt
N k e2ohi 00 {ax(t + 0)}
- 26; Jon; ot
ATPA-a;(t + 0)dé
2ah 0 T
¥ 5 /_ 2Tt +0)
. AiT PA; {M} do
ot
(9)
Noting that
Oz(t+0) 0Oz(t+0)
ot 99 (10)

we have
0 t+6
/ 2T (t + 0) AT P A; {az—(a:i—)} e
—h;

= 2T ()AT PA;x(t) — 27 (t — hi) AT PAsz(t — k)
_/0 {3m(t+ T
—h;

- } ATPA(t+0)d6.  (11)
Using this equation to Equation (9),

dv ()
dt

dz(t) d:z:(t)

o } Pz(t) + 2T (1) P—=

2ah;

k
T ATPA:
+,§ 55.° () AT PA;z(t)

2ah;
2T (t — h))ATPA;z(t — h;)

k
e
2

-1 26
(12)
is obtained. Along the solution of Equation (1),

dv(t)
dt

k
{Aoz(t) + Y Aiz(t — hi) + Bu(t)}T Pz(t)
=1

k
+aT (1) P{Aoz(t) + D Aiz(t — hi) + Bu(t)}
=1
k

+Ze

i=1

-3¢

25
T (t){AT P+ PA

k eQah,‘
+2
1=

< 726;

2ah;
26;
2ah;

T () AT PA;z(t)

2T (t — i) AT PA;z(t - hy)

k26
ATPA; + Z; 5o PYa()

eozh,' 4
- ;z(t —
a5 il

+uT (t) BT Pz(t) 4 27 (t)PBu(t)

R}

(13)

k .
S M IELCA

holds. With the Riccati Equation (2), we obtain

dV(t)

T (¢ ){Z

Zah.

-2 (Z 8 + a) P—-Q+ PBR'BTP}x(t)
i=1
ozh,-

V26
-l-uT (t)BTPm(t) + 2T (t) PBu(t)
—z7 (t)Qx(t) — uT (t) Ru(?)

Azt — hi)}I?

Z P2 -

k Ny
_ 2y V2 oy €t — R

,Z—:1||P1 {eahi (t) mAzm(t R HI
+|RY?{u(t) + R™'BT Pz(t)}||2. (14)
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Substituting this equation to the identity

v

V(O)::V(T)—/O .

(15)
we obtain
V(0)
- V() + /0 {7 ())@z(t) + " () Ru(t) } dt
r k .
v [ e

0 ;=1

eah.-

(t — hy 244
— (e — b))

- /OT||R1/2{u(t)+R“IBTPz(t)}Hth. (16)

If the feedback law (3) is used,
V(0)
= V(r)+ ‘/0 {wT(t)Qm(t) + uT(t)Ru(t)} dt

k
T 12, V28
+ [,;”P (La)

ah;
e 2
_._._41- it — ; dt

T T -
> ["aT (st (17)

holds. The right hand side of this inequality is mono-
tone increasing according to 7, whereas the left hand
side is a constant. As 7 — oo, this integral exists.
With Q > 0, we conclude that the closed loop system
(4) is asymptotically stable, that is,

(18)

lim z(t) = 0.
t—oo
O

Theorem 2

Under Condition 1, the memoryless feedback (3) is
the optimal control minimizing the cost functional

(5).

Proof:

As T — 00, Equation (16) gives
V(0)
o0
= V(o) + [ afa,u)dt
0

- /0 " IRV2{u(t) + R~ BT Px(2)}|%dt.
(19)

From Equation (18), we know V(o00) = 0. So, sub-
stituting Equation (5), we know

J=v(0)
+ /0 = I RV2{u(t) + R~ BT P(2)}|%ds.
(20)

As V(0) is a constant, this implies that the control (3)
is the optimal one in the class of stabilizing controls.

a

Thus we know that the closed loop system (4) belongs
to a class of LQ regulators.

4. Stabilizability Condition

Condition 1 has a rather implicit form, and it is diffi-
cult to check whether a given plant satisfies it or not
directly from its parameters. Now let us consider the
following condition:

Condition 2

(Ao, B) : controllable.

rankB = m.

There exist L € R"™*! .Cy € R™*",oo > 0 and § > 0
such that
(Co, Ag) : observable,

rankCy =1,

sI-Ay B
Co 0

VSECQ Ca:{SGC;Re[s]>—6_a}

rank[ }=n+l

376



and

Then the following theorem holds;
Theorem 3

Condition 2 is a sufficient condition for Condition 1.

Proof:
Divide L as
I _
Lo .
L= LieRnx (i=1727"’7k)’ (21)
Ly
and we can write
A;i=L;Cy (:=1,2,---,k). (22)
Let us set
5 .
62':;‘:' (z=1,27"'ak)' (23)

If the plant (1) satisfies Condition 2, then the finite
dimensional Riccati equation

Po{Ao+ (a+8)I}+ {40+ (e +6)I}TP,
~oP,BBTP, + CTCy=0 (24)

c€ER, >0

has a symmetric positive definite solution P, € R**"
and it has a special property that P, — 0 as 0 — oo
[10, Lemma 6]. So for ¢ large enough, there exists
P, such that

k eZC!h,'

> =—LPL<I

2 35; (25)
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We rewrite this P, as P. P satisfies
k _2ah;

e
275,

i=1

crLTPL,Cy

2ah;

k
e
=§ 26;

< T cy.

AT P4,

(26)
Let us:select

T k e2ah,~
Q=C{Co-Y_ o5

=1

ATP4a; >0

(27)

1

Substituting these parameters into Equation (24)
gives Equation (2). This means that o, Q, R, 6; (1 =
1,2,---,k) and P satisfy Equation (2).

]

From this proof, we know how to find parameters
a, Q, R, 6 (1 = 1,2,---,k) and P which satisfy
Equation (2). The algorithm is as follows:

Select @ and 6 satisfying Condition 2.
Select o > 0.
Calculate the solution P, of Equation (24).

Ll

Check whether Inequality (25) is satisfied. If
not, return to step (ii) and increase o.

5. Let P = P, and calculate Q, R, §;
(:=1,2,--- k) from ¢, §, o, P.

The integrand (6) of the cost functional (5) is deter-
mined with these parameters. So this algorithm can
be regarded as a method to select weighting parame-

ters soas to make the optimal control a memoryless
state feedback.

5. Conclusion

A method to construct a memoryless feedback law for
systems with multiple time-delays in the states was
proposed. A stabilizability condition by memoryless
feedback was presented.



It was shown that the resulting closed loop system
was asymptotically stable, and moreover, it was a lin-
ear quadratic regulator for some cost functional. An
alternative stabilizability condition which was easier
to check was given.
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