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Development of a Numericali Method for Effective Elastic Analysis
of Unbounded Solids with Anisotropic Inclusions

H e o] A7)**
Sung-Joon Choi Jung~Ki Lee

ABSTRACT

A volume integral equation method and a mixed volume and boundary integral equation
method are presented for the solution of plane elastostatic problems in solids
containing orthotropic inclusions and voids. The detailed analysis of the displacement
and stress fields are developed for orthotropic cylindrical and elliptic-cylindrical
inclusions and voids. The accuracy and effectiveness of the new methods are examined
through comparison with results obtained from analytical and boundary integral
equation methods. Through the analysis of plane elastostatic problems in unbounded
isotropic matrix containing orthotropic inclusions and voids, it is established that these
new methods are very accurate and effective for solving plane elastostatic and
elastodynamic problems in unbounded solids containing general anisotropic inclusions
and voids or cracks.
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Fig. 1. Geometry of the general elastostatic problem.
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Ao}, ek, F5A WY& 25 FR8AES AHEA 2Este FH5A MY u(x)E
AAsle A EA oz AA HEWAAHe] RN (6, T) I FHA FolAY
u(x)7} A2A =, H¥E 2 $HE 7% & AL, FFA oA Wy, WIE, &9
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o] ¥r},
R, A oY FHAL VBA(S)AAS Ay P
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t}. (1, 5. 14)
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Z 3 oA FHF-Alo] HE Green ¥5(1, 4. 12, 13)+=
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g%(b( £, x) = — 2 [A11B21 tan_l(gxl)+ AlzB& tan 1(72')] (18)
18
a’(&x) = —2 [Aleu tan—l(‘;‘;‘cl‘)‘F AzBy, tan 1(%)] gi®
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2 3AEY, Baas (A9 (Ble
[Au Ay bugd + by buul + by 19)
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= - = 1
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= RejRg,
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. A,B A,B AyBo 1 ApBo i
T%(D=—21cunl[ 11 221571 + uzz?)’zl_zclznl[ 21 221ﬂ1Y1 4+ S zzzﬂzh]
Ty ) I I3
"ZCeenz[[ Az;?mx n Azzlgzzx ]+ i[ AllBgl.ulx n A12B§2/12X ]}
1 I I Iy
T =9 isz“z[ A21B%1111X + AzzB'zlz#ZX ]_Zczmzl Augux " A1212312X}
T Ty r Iy (24)
—% ApBumy, ApBruy, . AaBuy; AxBv,
601 ) + 2 z 2 + 2
1 Iy n I3
AyBo ApByi: . A,B A,B
T%(I)=_2c22n2[ 2 221#13’1 p Dz zzzﬂzY2]+22cmn2l 1 221371_{_ 12 2&3’2}
n I3 8] Iy
—2066n1[[ Az;?mx n Azz?zzx]+ z'[ A11B§1#1X " AmBgzllzx ]]
1 I Ty Iy
2 FAA L,
tl = cnui1ny + Cralep 2M + CﬁG(ul,Z + uz'l)nz (25)
ty = Cpltyany + Cipty 1M + Ces(ur2 + U )My

o] "} 9714, ni. noE S+olA wpgZ WAl wbgke] 9] we] AEE e, cn. cie.
cn? cee AL ol FfrAdAMY 5% Fulo dANFES ek
#=A (observation point)e] ZAR T=3ba, A (11). (159 u ()3 uy(x)= =

nalg AARAE %ul(x)i]- -%—uz(x)i vl A "3, =¥ (derivatives)s Cauchy

Principal Value(Fx)9 vl siAso} =k AAHANN A& 213 HLstx, %3
A FHul, AAENAL Helet HY el Ui usle Z#¥ (coupled) A¥ HFWAAS
AAL}, At AAANAMY W9 #H8Y #El (traction vector) S YA, ALY =



E oA Wy, d¥E 2 $8L A (1D, (159 HE I FEHe2A ALY 4 s

23. Eold] Wid A A AHe
x = EdA, WA 7149 Green &+ In(r) Fee 5ol(singularity) & ZA Sz,
A o FHA Green FFE In(r), G =1, 2) e Feolg zZedh =3t

Green 4ol ®d £ Weldl TP $94 7149 A9le Lyde Solg 22, A=

o4 FHAY ASAE L, (= 1, 2) YU Folg ek olskwe Folg As]
$13t] A4 AE74 (direct integration scheme) (2, 8, 9] AH4H KN}

3. ¢ geA 2H

Fig. 2¢] sl& F337r& AAste 594 71A6 @49 i oA A-H (cylinder) ¥
B} e}d AdAd (elliptic-cylinder) Fei9] $fA7F 23=] sle FRaArE FidelA <l
AetE (0,)% e A$-E 233 B, Fig. 2004 av Sl wix & JYelis be @
Zo| A9 ukA|EE Yt A7FA] ok & vl&(b/a = 1.0, 0.759 0.50)& Z+= A owA
FrAel diste] ws) £}, old, A& WIAF av T0mE 7. o] FA el A
g 71A et A ok A EA FAX = Table 1o veht ol 571A] & &4
58 Ze Ax oA FiAldl dde] mEs] b Ax oWy A #1(Orthotropic
#1)9 cn< SWA 71219 epRok 23, AR oAl Al #2(Orthotropic #2)9 ciie %
WAl 71x19] ¢y} 2t (3)

Fig. 3¢ AA AEgAAe A4=54a x4 £8% 2d9 ooz, Fig. 4% AAS
Ao AME-E 1] Y EAQ 238 md oot A HIwAAYAE EFY 8-node At
72y 849 6-node AAY 84Ut AMSENeH, AALAaYle EFY 23 AALA
(quadratic element)7} AFEE el A HEygA Ao AR 249 = 1447401, 7
A ade A" 849 & 80740lct. o] EAlol Wi A5, 14)¢} AN WHER
e TR e vagozs X6 AE] AGEE A Bk

4 1Y)

-a— Orthotropic .
(€14, 12, €22, Cs6) b
- -
Oo a [o]
-—— l_ Lot
-— H s %X
S
-— Isotropic #1(A¢,Hq)—

Fig. 2. An orthotropic inclusion in unbounded isotropic matrix under uniform
remote tensile loading.



Table 1. Material properties of the isotropic matrix and the orthotropic inclusions.

(Unit: GPa) Isotropic Matrix (#1) m Orthotropic Inclusion -
3\ 67.34
0 37.88
cn 143.10 279.08 1395
iz 67.34 780 0.39
c 143.10 30.56 153
oo 37.88 11.80 059

- v0 0 g
aaaaa

o
@
Sy . g
=

Fig. 4. A typical discretized model in the boundary integral equation method.

Table 2& 544 7179 Z47] o A8 € Feh(A”H 2 o] AL E 2& AR o
A AR o)Folzl FRIAZL FINAN AFEHFE HE o A ool B} EE

d dA-eH AE( %)oil g FAHA e A vwE e old, AR ¥

el ALY Weje] A o]y FA N¥elMY QY Fre AT G A Deh(5,
14) ¥ 744 SA84 BUEY 453 ANt AR F AP T 5 AUk

4. B8 AXM-AA HELHAH (Mixed Volume and Boundary Integral Equation
Method)
Fig. 50 & Az oW i (Orthotropic #1)9 FF(hole)o] FWA 71|

(Isotropic #1)el Z@He} Sl FHILAZ Foejold dHFES e #$E 23 2o
ol A%E A o4 WA et AA A S A4AL, Tl Astl: HA



Table 2. Normalized tensile stress component (0,/0x”) within the orthotropic cylindrical and
elliptic-cylindrical inclusion due to uniform remote tensile loading (0x°). a and b are the radius
of major and minor axis of the inclusion, respectively.

Isotropic Matrix (#1) Isotropic Matrix (#1)
with Orthotropic Inclusion (#1) with Orthotropic Inclusion (#2)
b/a=1 b/a=0.75 b/a=0.50 b/a=1
Exact 1.2388 1.3051 1.4206 0.2980
VIEM 1.2389 1.304 1.4213 0.2979
BIEM 1.2397 1.3049 1.4245 0.2986
s XZ(Y)
Orthotropic
Inclugsion #1
* (&}, €50 Sz Cgg) Void —
N %
BE U ;‘(x)
— 2a a ! 2a ’ .
isotropic #1 (A..4)

Fig. 5. An orthotropic cylindrical inclusion and a cylindrical void in unbounded
igsotropic matrix under uniform remote tensile loading.

S44Ee Agete £ AA-AA AedAAie] A FANY Wi & = Ak 4G
s, Aw olA iAol AA ApAAdE Agshd AR oA sl HE Green ¥
5 9ag A dede Al 3. FH AAssdEe Hesh $¥aLe] 7F Y
F glen, x5, 359 AARGA 249 Hes} 0o] Boke S o148 F 7] dgolth

4.1 WA 71A el AL oA FFAlS TFo] £ slv FRIAA ] BN
A()E $estd, AR oA FHAe 5 E¥te FRIAY dst] EF AH-HA

Ayl e
| U (2) = % (D)= [ Sciuei® (&,x)u; (O)de+ [cMerPunds (26)
2 EA" £ gl A71A, un(x)E A el AAAML] HHd e Ve, Ve A

oAl Ff-Ae AAL vehe Se FF9 AAWE vehdch nd SelAe] wpgE Au
gFe] wre] wlelo]lx, AAA (M)E 5HA 71A (Isotropic #1)el Widt F(quantity)& vHebd
o}

Fig. 6& &% AA-AA Ao ALg=es dgdd 28 e oot = o]
WA geAlE 14409 £59 8-node AHE 2 6-node AAH FRIAE AMSSle] EE3)
da, ZEe AANL 8070 2& AARAE ARSI 28I old), AL o|wtA Al
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Fig. 6. A typical discretized model in the mixed volume and boundary integral
equation method.
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[BV] vy [[BBI=2011] e
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[Fl m+n)x@+m= (27-2)
[BV] axmy {BBI (axn)
[VV] axm) [VBI (mxm
[G] (m+mxm+m1= (27-3)
[BV] (nxm) [BB] (nxn)
[[VVI-II]] (xm [VBI] tmxn
(27-4)

[H] {(m+m) x(m+m)=
[(BVlGxw  [[BBI=%111] o

o2 vepdtt, [m+n] = AR olA F5A2] A4 (node) & [m] + F52] AAR (S) A
o A4 [n]& Yebdch [VVIe AR oA #i-Al oA 9] Ax8E(interaction) <,
[VBl& A w4 FfAlet 359 AAW (S)ze] 45 24-<¢, [BV]e 59 FAd
(S)s+ A oA FFfAele] A5a4-e, a2l [BBle 3% AA™ (SAe 4= 2
£4¢ e P2 (matrix) 58 424 vepdid

gebd, Al QT 2FE AR o]y FHA Uiyl He " FTFY AARAMS WAE
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Fig. 7. A typical discretized model in the volume integral equation method.
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€ Aol Sla, 3%l sl AALAYE ALToBN B¥eL] £F FY 5 9lod,
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-AA AEAAEE Agste T H9 AR 2487 et A FrwAAyee
43 slek s ugrow F sbA] A wpHEY Bl A A A" 4 4 sl

ob&e], iy ey il oS veblle Am oA FHAVE TIY FIzAY B
AN e Sk, AA AEUAAET EG AR-AA ARl A2 £
A el BAF e owdE vehdle dubAQl ol IHAt 23R 23 A
of " el vl B A e U5
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Fig. 8. Normalized tensile stress component (0,/62) at the interface betweer
the orthotropic inclusion and the isotropic matrix under uniform remote tensil
loading (d2).
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