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1. Introduction

Since Bellman and Zadeh [1] studied fuzzy systems, Nazaroff introduced the notion
of a fuzzy topological polysystem and attempted to develop several conclusions about
such systems. His work was the first effort toward a fuzzification of the topological
aspects of the optimal control of dynamical polysystems, as contributed by Halkin [3].

He obtained an abstraction and formalization of the previous work on fuzzy sys-
tems in [1], accomplished by considering the concept of a fuzzy topological polysystem.
Equivalently, his work can be considered as a fuzzification of results obtained by Bushaw
[2] and Halkin {3,4]. The order theoretic structure of fuzzy topological polysystems was
based primarily on that given by Halkin with an appeal to the topological machinery.
Moreover there was an attempt to use the fuzzy relation concept in order to construct
a state equation for fuzzy systems [7,8].

The purpose of this paper is to obtain a complete fuzzification of the topological
aspects of the optimal control of dynamical polysystems as generalizations of results
in [6,10]. Particularly, for a fuzzy topology we will adopt the notion of fuzzy topology
defined by R.Lowen [5] and moreover we will consider a fuzzy relation to express the
degree of the relationship: an event follows a given event Using these notions, we for-
malize fuzzy topological polysystems and discuss about an optimal solution for a fuzzy

optimal control problems depending on the level of crispness.
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2. Fuzzy topological spaces

Let X be a set. A fuzzy set A in X is a map puag : X — [0,1], called an associated
membership function. We denote Supp A = {r € X : pa(z) > 0} and 4, = {z € X :
pa(z) > a}, the a-cutof A for a € [0,1]. Let F(X) = the collection of all fuzzy sets inX.

Definition 2.1. Let A and B be fuzzy sets in X with p4(z) and pp(z) their associated

membership functions. In addition, let A denote the complement of A and the symbols

V and A denote the join (supremum) and meet (infimum), respectively, in [0, 1]. Then

forallz € X,
A=B & pa(z) = ps(z),
A C B < pa(z) < pp(z),
AUB & paus(z) = pa(r) V up(e),
ANB & panp(r) = pal) A pp(z),

A © pac(z) =1 - pa(z).

Definition 2.2. If I is an index set and if for each ¢ € I, A; is a fuzzy set in X, then
forallz € X

C= UA < pelz V{/lA (z)},

D= ﬂA & pp(z /\{uA

Clearly, the membership functions for the empty fuzzy set ) and the universal fuzzy set

X are pg(z) = 0 and px(z) = 1, respectively. If pa(z) € {0,1} for all z € X, then the

fuzzy set A is called a crisp set.

Definition 2.3.[5] Let X be a set. A fuzzy topology T on X is a subset of F(X)

satisfying the following conditions.

1. @ € T for all constant a € [0, 1].
2. fU; € T for all i € A, then JU; € T.
A

3. U, VT, thenUNV eT.
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The pair (X, 7T) is called a fuzzy topological space.

Definition 2.4. A map f: (X,T) — (Y,7’) is called as a continuous map if for each
VeT, f/{(V)eT, where f71(V)=pyo f.

Definition 2.5. Let A be a fuzzy set in a fuzzy topological space (E,7T). Then the

interior of A, denote by A, is the union of all open fuzzy sets contained in A:
A=U{G:GcAand Ge T}

The closure of A, denote by A, is the intersection of all closed fuzzy sets containing A:
A=n{F:AC Fand F e T}.

The ezterior of A, denote by A, is the union of all open fuzzy sets contained in A°:
A=U{G:Gc A® and G € T}.

Clearly, A and A = (A)C arein T.

Definition 2.6.[9] Let A be a fuzzy set in a fuzzy topological space (E,T). The fuzzy
boundary of A, denoted by A, is defined as follows. If AN AC = @, then A = 0.
Otherwise, A = N{closed fuzzy sets D in E : pup(z) = p4(z) if z € Supp A N AC}.

Proposition 2.7. [9] Let A be a fuzzy set in a fuzzy topological space (E,T). Then
(i) A= AudA.
(i) DA > AN AC.

Proposition 2.8. [10] Let A be a fuzzy set in a fuzzy topological space (E,T). Then
e € Supp 04 if ,u;l(e) #1land pi(e) # 1.

By the following example, it is known that the converse of Proposition 2.8 is false.
Let E = {e1,e2}, let pa(er) = 1,palez) = § and T = {0, E, A}. Then e; € 9A and

#;1(31) =1

~ 442 -



Proposition 2.9. [10] Let A be a fuzzy set in a fuzzy topological space (E,T) and let
e € Supp E. Then #:1(6) #1orp;(e)# 1

3. Fuzzy topological polysystems

Let X be a set and E = X x R, where R is the real line. The elements of E may be
considered as events. The projection map = : E — R, called a clock, denotes the time
of an event. Take a fuzzy relation r on E, a fuzzy set in E x E. We assume that r
satisfies the following conditions.

1. r(e,e) =1 (reflexive)
2. if r(e1,e2) >0 and r(ez,e1) > 0, then £ =y  (antisymmetric)
3. r(er,e2) > yEr(el, e) Ar(e,ez) (transitive)

e

4. r(e1,e2) Ar(er,e3) > r(ea,e3) Vr(es,ex) (forward)

Let R be a set of fuzzy relations on E satisfying the above conditions 1-4. The set R is
called a strategy set and its elements are called strategies. We note that r(e;, e2) means

the degree of the relationship: the event e, follows the event e;.

Definition 3.1. A fuzzy topological polysystem is a triple (E, T, R), where (E,T) is a
fuzzy topological space and R is a strategy set such that for all e1,e; € E,U € T,r € R
with (e, e2) € Suppr and e; € SuppU, there exists V € T such that e; € SuppU and

s Vo r(ee).
e’€Supp U

Definition 3.2. A fuzzy dynamical polysystem is a fuzzy topological polysystem (E, T, R)

such that ri(e1,e2) A ra(ez,e3) < \/ (r(e1,e2) A r(ez,e3)) for any e;,e2 € E and
reR
ry,r2 € R.

Let (E,T,R) be a fuzzy dynamical polysystem. Take e;,e; € E and r € R. The
fuzzy set in E, t(e1,e2,7)(e) = r(e1,€) Ar(e, ez), is called the trajectory from the event

e1 to the event e; with respect to r. For e; € E, we define a fuzzy set in E

K(e)(e) = \/ r(es,e),

r€ER
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the reachable set from e;. Let A be a fuzzy set in E. The fuzzy set in E, K(A) =

V  K(e), is called the reachable set from A.
e€Supp A

Proposition 3.3. For alle,e;,e; € E,

K(e)(e1) AN K(ey)(e2) < K(e)(e2).

Proposition 3.4. Let e1,e0 € E and r € R. If t(e1,e2,7)(e3) A t(er,e2,7)(es) # 0,
then

0 # t(e3, eq,7) V t{eq,e3,7) < t(ey,e2,7).

Proposition 3.5. If A is a fuzzy set in E such that e; € Supp A, (e1,€e2) € Suppr and
eg € Supp 0K (A), then t(e1,ez,7) C OK(A).

4. Fuzzy control problem

Definition 4.1. Let (E,7) be a fuzzy topological space. A locally tailed fuzzy set of
(E,T) is a pair (T, H) such that
1. T is a fuzzy set in E.
2. H is a fuzzy relation over T, i.e. upg(er,e2) < pur(er) A pr(ez), which is (1)
irreflexive, l.e. pp(e;,e2) > 0 = €; # ey, (2) antisymmetric, and (3) transitive.
3. if e € SuppU N T, where U € T, then there exists € € SuppU N T such that
H(e,€) > 0.

Definition 4.2 Let (E,T, R) be a fuzzy dynamical polysystem and o« € [0,1].

1. A fuzzy control problem for the system (E,T,R) is a quintuple (E.T,R,S,T),
where S and T are fuzzy sets in E.

2. An a-solution for the fuzzy control problem (E,T,R,S,T) is a triple (€3, eq,1)
such that e; € Supp S, ez € SuppT,r € R and r(e1,e3) > a.

3. A fuzzy optimal control problem for the control problem (E,7,R,S,T) is a quin-
tuple (E, T, R, S,(T, H)), where (T, H) is a locally tailed fuzzy set of (E,T).
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4. An optimal a-solution for the control problem (E, T, R, S, (T, H)) isan a—soh}»:\ion
(e1,€e2,7) of the fuzzy control problem (E,7,R,S,T) such that there is no a-

solution (€,€3,7) of the same fuzzy control problem with py(ez,e2) > a.
5. If (e1,€z2,7) is an optimal a-solution for a fuzzy optimal control problem, then
the trajectory t(e1, ez, r) is called an optimal a-trajectory for this fuzzy optimal

control problem.

Proposition 4.3. If (e1,e2,7) is an optimal a-solution for the fuzzy optimal control
problem (E,T,R,S,(T,H)), e3 € SuppS,r’ € R and r'(e3,e3) > «, then (e3,e2,7') s
an optimal a-solution for (E,T,R,S,(T,H)).

Proposition 4.4. Ift(ey,ez,r) ts an optimal a-trajectory for the fuzzy optimal control
problem (E,T,R,S,(T,H)) and e3 € (S Nt(ey,e2,7))a, then t(e1,e2,7) s an optimal
a-trajectory for (E,T,R,S,(T,H)).

Let (E, T, R) be a fuzzy topological polysystem. Now we assume that if A4 is a fuzzy
set in E with e; € SuppA,r(e1,e2) > 0 and e; € SuppdK(A), then t(e;,ez,7) C
OK(A).

Proposition 4.5. If (e;,e2,7) is an optimal a-solution of the fuzzy optimal control

problem (E,T,R,S,(T,H)), then t(e;,e2,7) C OK(S).
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