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ABSTRACT. In this paper, we introduce the concept of the intuitionistic fuzzy prox-
imity space as a generalization of a fuzzy proximity space, and investigate some of
their properties. Also we study the relations between intuitionistic fuzzy proxiinity
spaces and intuitionistic fuzzy topological spaces.

1. Introduction

As a generalization of fuzzy sets, the concepts of intuitionistic fuzzy sets was
introduced by Atanassov [1]. Recently, Coker and his colleagues [3,4,5] introduced
intuitionistic fuzzy topological spaces using intuitionistic fuzzy sets.

In this paper, we introduce the concept of the intuitionistic fuzzy proximity
space as a generalization of a fuzzy proximity space, and investigate some of their
properties. Also we study the relations between intuitionistic fuzzy proximity
spaces and intuitionistic fuzzy topological spaces.

2. Preliminaries

Let X be a nonempty set. An intuitionistic fuzzy set A is an ordered pair

A= (NA»’YA)

where the functions pu4 : X — [ and v4 : X — I denote the degree of membership
and the degree of nonmembership respectively, and pq +v4 < 1.

Obviously every fuzzy set u4 on X is an intuitionistic fuzzy set of the form
(NA, 1- HA)

DEFINITION 2.1. ([1]) Let A = (ua,v4) and B = (up,vs) be intuitionistic
fuzzy sets on X. Then

(1) ACBiff ua < pp and 74 = ¥p.

(2) A=Biff AC B and B C A.

(3) A= (va,pa)-

(4) ANB = (uaANup,va V).

(5) AUDB = (paV ps,v4 NYB).

(6) 0., = (0,1) and 1., = (1,0).
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Let f be a map from a set X to aset Y. Let A = (z4,7v4) be an intuitionistic
fuzzy set of X and B = (up,~yB) an intuitionistic fuzzy set of Y. Then f~'(B) is
an intuitionistic fuzzy set of X defined by

S7YB) = (f " Hus), F 1 (v8))

and f(A) is an intuitionistic fuzzy set of Y defined by

f(A) = (F(pa) 1 — f(1 —v4)).

For amap f: X — Y, the following results are well-known:

(1) If A, C As then f(A{) C f(Ag).
(2) If By C By then f~'(B1) C f~!(By).
(3) AC S (f(A).
(4) If f is one-to-one, then A = f~1(f(A)).
(5) B2 f(f~1(B)).
(6) If f is onto, then B = f(f~!(B)).
(M) F7NUB) = U B).
8) 1O B = NS (By).
(9) 7(UA) = UF(A)
10) 7(NA) € (\F(AY).
(11) If f is one-to-one, then f([) A:) =) f(A;).
(12) f~1(0.) =0...
(13) (1) = 1..
(14) f(0..) = 0.
(15) f(1..) = 1., if f is onto.
(16) f(A)c C f(A°) if [ is onto.
(17) fHB) = f7HBO).

DEFINITION 2.2. ([3]) An intuitionistic fuzzy topology on X is a family T of
intuitionistic fuzzy sets in X which satisfies the following properties:

(1) 0..,1..€T.

(2) If Ay,A, € T, then AyNA €T,

(3) If A; € T for each 7, then | JA; € T.

The pair (X,T) is called an intuitionistic fuzzy topological space.

Let (X, 7T) be an intuitionistic fuzzy topological space. Then any member of T

is called intwitionistic fuzzy open set of X and the complement intuitionistic fuzzy
closed set.
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DEFINITION 2.3. ([3]) Let (X,7T) be an intuitionistic fuzzy topological space
and A an intuitionistic fuzzy set in X. Then the fuzzy closure is defined by

{A)=({F|ACFFeT}
and the fuzzy interior is defined by

int(A) = {G | A2G,G € T}.

DEFINITION 2.4. ([8]) Let o, 3 € [0,1] and o + 3 < 1. An sntuitionistic fuzzy
point x4 3) of X is an IFS of X defined by

(,8) if y=u,
0,1) if y#uz.

In this case, x is called the support of x(, gy and a and 3 are called the valuc and
the nonvalue of x4 3), respectively. An intuitionistic fuzzy point 2, 4) is said to
belong to an intuitionistic fuzzy set A = (u4,va) of X, denoted by (3 € A, if
o < pa(z) and B > yalz).

Tap)(y) = {

Clearly an intuitionistic fuzzy point can be represented by an ordered pair of
fuzzy points as follows:

:L‘(aﬁ) = (.’L‘a, 1-— :El_g).

DEFINITION 2.5. ([8]) Let x(4 ) be an intuitionistic fuzzy point of an intuition-
istic fuzzy topological space (X,7). An intuitionistic fuzzy set A of X is called
an intuitionistic fuzzy neighborhood of x4 gy if there is an intuitionistic fuzzy open
set B in X such that x(, 3y € B C A.

DEFINITION 2.6. ([3]) Let (X,7) and (Y,U) be intuitionistic fuzzy topological
spaces. Then amap f: X — Y is said to be

(1) continuous if f~'(B) is an intuitionistic fuzzy open set of X for each intu-
itionistic fuzzy open set B of Y, or equivalently, f ~!(B) is an intuitionistic
fuzzy closed set of X for each intuitionistic fuzzy closed set I3 of Y,

(2) open if f(A) is an intuitionistic fuzzy open set of Y for each intuitionistic
fuzzy open set A of X,

(3) closedif f(A) is an intuitionistic fuzzy closed set of Y for each intuitionistic
fuzzy closed set A of X,

(4) a homeomorphism if f is bijective, continuous and open.
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3. Intuitionistic fuzzy proximity spaces

Let I(X) be a family of all intuitionistic fuzzy sets on X.

DEFINITION 3.1. An intuitionistic fuzzy proximity on X is a binary relation ¢
on I(X) satisfying the following properties:

(1) AdB implies BJA.

(2) (AU B)4C if and only if ASC or BIC.

(3) AdDB implies A # 0., and B # 0...

(4) A#B implies that there exists an F € I(X) such that AJF and F°§B.

(5) AN B # 0., implies A)B.

The pair (X, ) is called an intuitionistic fuzzy proximity spaces.

We have easily the following lemma.

LEMMA 3.2. Let (X,§) be an intuitionistic fuzzy prorimity space. Then we
have the following statements.

(1) If AéB, Ay D A and By O B, then A10B;.
(2) AdA for each A #0..,.
(3) Adl. if and only if A # 0.

DEFINITION 3.3. Let (X,d1) and (Y, d2) be two intuitionistic fuzzy proximity
spaces and f : X — Y a map. Then f is called a prozimity continuous map if

A8, B implies f(A)d2f(B).

From A C f~!1f(A) and C D ff~!(C) we obtain the following lemma.

LEMMA 3.4. Let (X,01) and (Y, d2) be two intustionistic fuzzy proximity spaces
and f : X — Y a map. Then f is prozimity continuous if and only if Cs D
implies f~1(C)§1f (D) for each C,D € I(Y).

THEOREM 3.5. (3] Let (X, T) be an intuitionistic fuzzy topological space and
cl: [(X) — I(X) the fuzzy closure in (X,T). Then for A,B € I(X),

(1) cl(0~) =0..

(2) ACcl(A).

(3) cl(AU B) =cl(A) Ucl(B).

(4) cl(cl(A)) = cl(A).

THEOREM 3.6. Let cl: [(X) — [(X) be a map satisfying (1)-(4) of the above

theorem. Then there is an unique intuttionistic fuzzy topology T on X such that
cl= ClT.
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THEOREM 3.7. Let (X,9) be an intuitionistic fuzzy prozimity space and define
amapcl: [(X)— I(X) by

cl(A4) = N{B° € I(X) | AJB)

Jor each A € I(X). Then
(1) ACcl(A).
(2) cl(cl(A)) = cl(A).
(3) cl(AUB) =cl(A)Ucl(B).
(4) <1(0..) =0...

By Theorem 3.6, hence, the family of J(X)
T(0) ={A e (X)]cl(A°) = A°}

is an intuitionistic fuzzy topology on X. We call 7(§) the intuitionistic fuzzy
topology on X induced by 4.

THEOREM 3.8. Let (X,01) and (Y,d2) be two intustionistic fuzzy prozimity
spaces and f : X — Y a prozimity continuous map. Then f : (X, T(61)) —
(Y, T(82)) is continuous with respect to the corresponding inluilionistic fuzzy
topologies T (81) and T (d2).

4. §-neighborhoods on the intuitionistic fuzzy proximity

In this section, we will introduce the notion of §-neighborhoods on the intu-
itionistic fuzzy proximity.

DEFINITION 4.1. Let (X,d) be an intuitionistic fuzzy proximity space. For
A, B € I(X) we say that B is a §-neighborhood of A (in symbols A <« B) if A§B°.

Clearly, we have that if A < B then A C B.

THEOREM 4.2. Let (X, ) be an intuitionistic fuzzy prozimity space and A, B €
I(X). Then
(1) A< B if and only if cl(A) < B.
(2) A < B implies that there exists an element G of the intuitionistic fuzzy
topology T () induced by § on X such that AC G C B.

(3) A§B implies that there are E,F € I(X) such that A < E, B < F and
E$F.
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THEOREM 4.3. Let (X, ) be an intuitionistic fuzzy prozimity space. Then the
binary relation < on I(X) has the following properties:

1) 1.« 1.

(2) A< B implies ANB° =0..

(3) If Ay CA< BC By, then A; < By.

(4) A< ByN By if and only if A € By and A < Bos.

(6) A < B implies B° < A°.

(6) If A < B, then there exists a set £ € I(X) such that A < F <« B.

THEOREM 4.4. Let < be a binary relation on I(X) satisfying (1)-(6) of the
above theorem. Then the binary relation § on I(X), defined by AFB if and only
if A <« B¢, is an intuitionistic fuzzy prozimity on X. Also with respect to this
intuitionistic fuzzy prozimity, B is a §-neighborhood of A if and only if A < .

THEOREM 4.5. Let (X,d) be an intuitionistic fuzzy proximity space and A €
[(X). Then

cl(4) = {B | A < B}.
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